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The past few decades have seen outstanding advances in the use of composite materials in structural
applications. There can be little doubt that, within engineering circles, composites have revolutionised
traditional design concepts and made possible an unparalleled range of new exciting possibilities
as viable materials of construction. Composite Structures, an International Journal, disseminates
knowledge between users, manufacturers, designers and researchers involved in structures or
structural components manufactured using composite materials.

The journal publishes papers which contribute to knowledge in the use of composite materials in
engineering structures. Papers may be on design, research and development studies, experimental
investigations, theoretical analyses and fabrication techniques relevant to the application of composites
in load-bearing components for assemblies, These could range from individual components such as
plates and shells to complete composite structures.
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applied so artfull, that [W" would question iT of composte materials. -[hfe sceemingly es'ai
Such WIi n ig has no t only led most compo sitec position that it Is nececssalx lo cha ractrI l/c It

st!ructrIal analysts to refrain Itrom1 questioning the tudinal and transverse strngths, "in KAI the.
foundat io ns of theQir computLler codes fo r streirigtli tensile mid ct mpressixic di rectiton,. and to) lit" c
pre'dict it n. but has% alt demlted smeri Wx hox uld SOMe nmeat rc tirte shasIM reic 1,1-i,21 \oUld s 2

apply Thcortes Of anlisolropic elasticity for htnno- that five mecasurements are needeL d.lm\ con tmp
"ta/at 'fi Iat.11~ieals To' distinctly 1 ..ctý,'cw site failure nmodels have been Visecd on such in
fiber pt )nlret compo site" into biengthat asslMimtit n. adopted beC~ause of Othe appa)rentl ease.
theret is VIt )t hIc I x I n I,' \it h Such a 'Iin IpIIifv in wit\h uxhich those particu lar mncasn reClIIts Coul'd
aissumnpt ion. me rely because theC individual fiber'S be nude. lBnt if one xx crc it) etusidr It OILrc ICI
inl the :omnposite 11re Miertoscopic. physics of the situatin instead. one xx uld e 'n-

() hers hia ., inst ified the neC d for such sirnph- elude that only (MC me~asu r11em i 1t is needet h

I ication, hy thre etupiexi ty of mieron teehanies. characterize ORmli MOt 0[e of ii lure. If the, ,wic
stigeslngthat soin' simpler t heo r had to be motde Of [ti lure. NuehI as, xWielh- Incli ductile mc:1ia

dcx eloped for all those xx ho w\ould not use anyO alloys. toccurred under dlifferent states ilt: coin

bhet r - at molwe kcornplieat ed than what t hey used bined1C ',tic, less mesurementsII~ iMade u der ic lie et
fot mttalalie structures. I 'his probtlem is ntot helped states, of- stress, would be t'qil ohmlll and 1101t I ndte-'
[h% the xx idesprcad use 4f finite-element pro- pendent, The aI tie ofreudntstxxmdeit
ced umrs xxW it mut isring that both the model and dem ionstnrae a ct nsistecyrc ci n firminc that hec
Il, Nhe mtiuda rx ctonditio ns, simulate reality. But. to) theor\ xx as sound.
be: fail the nmtost po)tent ir~gumlent aca tist rniert - Thus, the five 'a ren,,t h meIasu iremnc ts xw u Id bet
nice lianical ana lxses is the Ia r,-c nu mber of appropriate only if there we\re: preciscly fix
mnate1rial proitperics that cannot be easilx deterI- modes xf' failure to bie characteriied. And, wimde'
mined eXpcrrimentall\ hut ate needed Ito inple- noe ciruwllxlantx eould these lixc Triicastirementsll
metICI the Mo re teCal isteC fail tire nitodels. be integ-rated into a xhnlglc smt ollot Ii.etnti nut Ins

* he end result of4 allI t his is that [x if anx failur enVelt tp. I hey shohuldx represent five
et tnpt site failure: theories have ever been prop- superttfimpoed etikelt pes. truncating each otther
ierl x erified h\ experiment - locally st that one t r another %on Id go vern as the

I his -ý no usic implies that all e comiposite state ( )11 st tess %,aried.
st met i~res designed and built so far arc unsafe: It is clear, then, that thle tUn stated sir mplifxillUc
Qpi.cally. less than m ;A~t composite st ruetu res on assumptions of' traditional composite Ini In i
largec ai rcraft is actually govecrned by unulorcln'd theories are so Contradicto r\ tt. basic laws of
laniinrate si rengths. [he rest is dominated by~ physic% that the theories slit d be disarded.

ii tits. damnage ftolerance. and stiffness require- However, it is cotninil\k held that any iicx and
mcines. FI iTpirical inte rpretatnions oft data aret etrtho:ms nvtbl etti'f hpitw
needed for joint t strength and damage ttolerance, than oldder theories and need additional data for
\huec the laminate stiff-nesses arc not in doubt its implementation. A claim that an entire failureo

because lamnination theory wtorks for even hectero- envelope can be constructedl from at .xug/e test
imcc eous materials. A\t least the predicted elastic result and simultaneotisly bie more accurate than
co nstants are right. even if the strengths are older theories Vi,-sed on mieasuremnelts 'If 0wr

nx rtMg. distinct measuiremenrts of str ength seems difficuilt
Fuirther, nearly all composie structures built so to ;weept. eve~n when it is expblaine that additional

tar have been certified 1y test rather than by failure modes can be covered, if' needed. at the
analysis. And things are likely to stay this way rate of one test per failure mehns.The con-
unless be-tter. mtore realistic theories are (level- elusion seems to run contrary to tradition: the niew\
opeti. theory needs, at most, measurements oif the longi-
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rately pred.ict expert imental results lsZ1I and WU only those biaxial in-plane strs le in chil tile
S197 1I proposed a lamnina failure criterion having sIress componenits ha\ e the sam '~e, ( t aill the
addfitional stress term;, not appearing nthrIe possbibl sulaes of stes %ith xý hich toasesei-
such Zr* Hill anai sis'. posite failure theories,. the in-plane shear "tate: Is

kV 11 ,involved is a simple curve-hit. which the most crucial. But a theo(r\ cannot be \ a1Ldtevd
has no association with the physics of' the ,ittua- " ithout also considering biaxial stresssN ol flthe
lion. Additional tests are needed to provide data samec siun.
for each additional term included in the theo- The criuicality of thle inpaeserstate ot
retical failure model. Ironically, as is wvell known, stress in differentiating betmccii plausible adi
the Tsai-Wu failure modelý contains one inter- implausible faiilure miodels, is, explained in-Ic.
action term for which no reliable measurement F xcept for the tenision-compression shear quadk-
has been found. Instead. it is customarily assigned rantis. virtually the samie comiposite lamint
the value off 05 or zero. streng-ths wo uld bie predicted h\ the author',

generalized maximumn-shear-stress, failuire cri-
terion. the maximumi-strain model- and at comnbi-

THE NEED FOR BIAXIAL RATHER TI-AN' nation of la-snivefracture in tension and
UNRIACAL LAMINATE TESTS TO VALIDATE somec form of instabilitv In comnpresslIon. The
FAILURE THEORIES other predicted strengths are similar because aill

three models are empiricallh forced To pass,
Unfortunatelv, the characteristics of fiber-poly- through the saowme iasured tensile and comiprcs-
nier composites in which strong. stiff fibers are sive strengths under uniaxial loads. T]he theories
emnbedded in relativelv soft matrices are such that predict different strengthsN 0on\ Under in-planec
-failure theories' can nwver be validated, or even shear loads.,so that is the on/v, test capable At
repudiated, by uniaxial testing alone. Indeed. the validating or repudiating any of these proposed
au thor's Ten-Percent Rule" for preliminary design failure mechanisms.

b\mental arithmetic works as w\ell as it does on/v I On the other hand. agreement bem~een test and
because of the dominance ot the load carried byi the predictions in all the stress quadrants using the
fibers aligned with the applied load. Only the author's failure model dfoes not actually prove
biaxial strengths of cross-plied laminates provide that flaw-sensitive fracture could not occur under
at means of differentiating, between gYood and bad tensile loads alone. All that can be said wkith cer-
methods. And it transpires that at least twro tainty is that the other models cannot possibly be
thcories can be validated if attention is Qonfined to valid throughout all states oif combined stresses.

COMMON MEASURED
UNMtIALiJ COMPRESSION - CUTOFF~ FOR FIBER FAILURE PRESUMED FLAW-SENSmTVE\STRENGTH IN ORT40GONAL DIRECTION (CONSTANT STRESS) BEHAVIOR

r7 E/ /

COMMON MEASURED
UNIAXIAL TENSION STRENG:TH COVER-

MAXIMUM.SHEAR-sTRs SHEA STRENATE HFAIUE CRITRbON MA(IMUSTRAIftNS SERSENh
FAILURE MODEL ASMDMICROBUCKUING K

NOTE: ONLY THE IN-PLAjWE SHEAR TEST CAN DISTINGUISH BETWNEEN THESE PHYSICALLY
DIFFERENT FAILURE MODELS SINCE THE UNIAXIAL TENSION AND COMPRESSIONt
STRENGTHS (OPEN SYMBOLS) ARE COMMON THROUJGH4OUT

t'iR.,5. I mportance ot hia ral teist rig t ist iiNnrgu ih hei ' cen I artorc mechannisms
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USE OF MATRIX 'FAILURES' TO dominated maximum-strain failure model as a
TRUNCATE PREDICTED FIBER- basis fo'r a complete failure criter on and moditfy

DOMINATED STRENGTHS the fiber failure criterion for those states, of stress
for which the model was inadequate. TIhis ý%ould

A number of theories postulate that the maxi- have produced an even better theory and avoided
mum-strain theory is valid for the fibers but that it the need to introduce many' other cxperimentally
sometimes needs truncatimn to allow for matrix- determined reference strengths for the theor\.
dominated failures. This concept appears to result The truncated maximum-strain thcor, pro-
from a perception that the fiber-based maximum- posed in Ref. 9 is almost indistinguishable from
strain theory is in such close agreement with tests the author's generalized maximum-shear-stress
for some states of stress that it must be a valid failure criterion for orthotropic materials such as
basis for a composite failure criterion, even if it carbon fibers. and differs from the original
does need some minor adjustment for other states untruncated maximum-strain model only for in-
of stress. plane shear-dominated loads. This approach

Perhaps the best known of these works on limits predicted in-plane shear strenigths just as
failure criteria with multiple characterizations is effectively as matrix cutoffs, but A ithout doublingz
by Puck.- who has influenced others to follow his the number of input properties needed for the
rationale. In one respect, he is quite correct in analysis. In any case. it is more in keeping w'ith the
separating the failure criteria for the fibers and the physics of the problem.
resin, although he seems to have been unaware (Curiouslv. work by Grimes ct al. at Northrop''
that he could not possibly characterize the state of included a cutoff with similar consequences but
stress in the resin with a simple theory that does for entirely different reasons. Grimes imposed a
not provide for residual curing stresses. Similar. limit on the shear deformation a resin matrix
more complex treatments such as those of Grant could withstand if there w\ere not fibers in some
and Sanders' have also relied on presumed matrix direction to restrict file strain. He set the limit ii
failures to modify the maximum-strain failure the form of a shear strain betw`een the (V and L)(rý
model for shear- and compression-dominated directions for either a woven or unidirectiolnal

loads. layer of composite material. He intended to con-
As with much of Tsai's work, use of postulated fine the matrix to elastic deformations only: the

matrix failures to truncate a fiber-failure envelope shear strain limit was set slightly higher than that
seems quite plausible. And, under other circum- associated with the unidirectional tension state of
stances, such truncations are undoubtedly true. stress. so as not to undercut that seeminglv \alid
However, in this specific case, the cutoffs are not test result. But. although he was not a%\arc ofi this
consistent with other test data. The very highest at the time. the in-plane shear cutoff also implied
measured in-plane shear strength of an all ± 45' a limit on the axial strains of an\ fibers in the
laminate has the fibers failing at barely half the ±450 directions to far below\ the fiber strain,,
axial strain at which they fail under uniaxial loads, which the maximum-strain failure model \\ould
This implies that the matrix strains are also barely have permitted. Indeed, (irimes's cutoff has virtu-
half as high. which leads to the following question: ally the same effect on predicted fiber-dominated
How can a matrix failure be used to explain a strengths in the tensimn-compression quadrant as
fibcr-dominated in-plane shear strength when the author's own theory. And to think that it all
both the matrix and the fiber can withstand mwice originated from a desire to prevent the matrix
as much load under uniaxial tension or compres- from cracking! Nevertheless. the linear limit on
sion. design shear strains in the matrix implies thal tie

Researchers such as Puck, and Grant and actual ultimate failure would occur at higher
Sanders must have been aware that the fiber- loads. There is no evidence to support this.
dominated maximum-strain failure model pre- In the late 1 960s. long before Grimes's work
dicted excessive strengths for in-plane was published, entirely empirical truncations for
shear-dominated loads since their 'matrix' failure in-plane shear strengths were made at Grumman
equations truncated those regions - and some- Aircraft on the lamina rather than on the fiber or
times the compression-dominated regions - matrix, to achieve a similar end. '
without changing predictions for the tension- These works, as well as that by Black." shown
tension quadrant. It seems strange that these in Fig. 6. are noteworthy because they imply ( )an
authors and others did not accept the same fiber- acknowledgment that classical composite failure
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Hi.!. 6. Michk', ihiI 1I)I1O (lCtatic ClIICi '[io. a, ljst oil lhic

theory Is inf'erior to empirical ml dificationS I 4 the Compo site" if] NN hichI st ro eStitt khber' tic
popular mlaXimuI Lm-stI rain failure mnodel th r embtedde~d in reClatively, Sol mt rMi]ce. lint This
fiber-polymer cornpositeS. and - i anl acceptance frlimiatniol atN)IM s miet hA, thle erca t ma i ri\

of' predicted Strengths, similar to tho se later pre- Composite mlateriak". Such as earbll i--epl \\. fiber-
dIctcd h\v the author Usine! a _,encralization of' the glass -e poxy-. and boron--epo\. -]'here is a1~o thle

mia\imumi-shear-stress f'ailure criterion as his customlary restriction to fibers patternls ill thle
ph~sical miodel itýý.fad9'taly1. \\11 kta 111hVAl

DeCspite a paulcity Of' publications Oil this topic fibers in the +~45ý and -45, directions. Sonime ()I
and af lack of' aereement on aI sinaic f'ailu re model. the simiplifications are loSt for arblitrarv, lam i nate
the aerospace industry has f'ound reliable empiri- pattern,,, and a computer code is neceded1 to ippl\
cal techniques to predict the strength of corn- thle samne physical miodel in Such eases.
po site lamni ites quite independen fly of" the The basis of' thle Nimple analysis. is that. f'or at
ne( classical mathematical theories of' anilsotropic load in the t()- direction. tlie longi-1tudinal strengthl
ela-sticit rx' fr t ruly h( )moeene( us materials, and stillness oft cross-plied lamninates can be

deducedI b\ appl\ in! a1 sim ~plc factor to thle p1pro-0
priate unidirectional W f strength and mo dulus of a

THfE TEN-PER( ENT RULE unidirectional tape laminate. The refereceic
sti-renlth and stiffness areC adustedI f'Or the efieclts

The manl\ abstract mathematical theories stir- of thec envirollnment and must lIes established
% eved by RovNlandsý that purport to lie capiable of* experimnittally, as [or any\ other composite failure
predcicting, the strength of' structural composite theory . The strengthis niav need to account f'or the
laminates w\ould seem to suggest that there is load direction tensionl or Compression as x~cll.
someithineL dillicult and myvsteriouIs abou11.t the task. Laminates mIadeC from bi\s oven f'abrics can be
On the contrary, provided that one dfoes not lose analyzed thle samne w~ay liw first anal\vticallx
track of physical realism in the model, it is easy to deconiposing thle clo th Into eqjuivalen~t orthogonal
gene erate plausible sets of" uniaxial and biaxial tape layers, This simple theoiN is set apart fro in
predicted strengths with the simplest of mathe- thle others, liv its ease in computing thle scaling
matical techniques. ats the following approximate f~actor. Fach ( plNy counts. as, one unit ofl Strength
methods developed by the author are intended to and stiffness, wvhile every crosS-plv{_ contribiutes
Show. Admittedly, it i's necessary to restrict the
thel rv to fiber-domlinated l'ailures aI priori, but no

skilled composite deige would kn.owingly I Ccc th mo , sn h trm cli 15-pt) i Iit gcn IlCd

k~astc expensive fibers in infecrior structures in tIi. dnnenyPiiter a a VbVhII011
iffot'tos to Coifiril the ticsiolatioll ii iAIlI\ 901 title, ar11. to

wkhich the inexpensive matrix really does fail first. 11:1, thle co~ltfl~sill teIll ImAc nIep 1)\ Ito dsil!IV1l C lit all other dAlICC-
T his, theory is also restricted to fiber-polymer liollls ('.I ('/)1 0, and 90
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only one-tenth as much to the strength and stifl-
ness. On that basis, a 0°/90' laminate wlould have
1 1 (Vý 0. 1_ = (VSS'as much strength and stiffness as
an all-O° laminate. Likewise, a quasi-isotropic
laminate \Mould be predicted to have , I + 3 x 0. 1 ill
4 = (0325 as much strength and stiffness as an all- BIAXIAL

0' laminate. An all-9 0 ° or entirely ±+45' laminate
%\ould be expected to have about one-tenth of the
strength and stiffness of the all-0° laminate, but % -- '

those particular properties are really matrix-dom-
|Rated and the predictions may not always be rel-
ied on for such plies in isolation.

Biaxial _ýt', niths for stresses having the sanme BIAXIAL STRESSES DEVELOPED IN TEST SECTION CAN NEVER EXCEED
THE UNIAXIAL STRENGTH OF THE SURROUNDING FINGERS

sign are then predicted on the basis of the maxi-
mum-strain theory for fibrous composites. For -i. 7. I)ctii\iI k',t pccmcn
uniaxial loads with a strain i, in the 0' direction.
any 9•0 fibers would be strained by -vt-. while laminate is 50 stronger under equal bilxial
4_45ý' fibers would develop an axial strain of stressing than ý\ hen loaded uniaxiall\.
1- if_'2 times the strain in the 00 fibers, as This widespread error in trving to cxpcri-

explained in Fig. 4 of Ref. 13. Here. the Poisson's mentallh determine the biaxial strength of compt-
ratio I, refers to I,,, of the laminate. For a quasi- site materials using test coupons uhich arc
isotropic laminate., v,, i inevitably ver\ close to inherent]\' incapable of protiting the correct
0'33. as derived in Ref. 6. \ hile it is only0 (-) for result has been a major reason wh\ (o man\ scien-
the (°/9,( laminate but almost 0I'8 for an entirely tificallv unsound composite -failure theories- lime

45: laminate, not been exposed.
Consequently. a uniaxial 0' load on a quasi- In Ref. 14. the author proves that biaxial testing

isotropic laminate x\ould strain the ±+450 fibers to \%ould indeed he a very difficult task. requiring a
only one-third of their ultimate capacity. Since the large circular sandwich plate supported around its
stress on those fibers would contribute only half periphery and loaded h\ lateral pressure. a;s
as much after rotation to the reference 0- direc- shown in Fig. 8. it premature failure at some
lion. an improved estimate of the scaling factor for uniaxiallv stressed area is not to precede failure in
the strength and stiffness of this laminate would the biaxially loaded central test section. Such an
be l.I0) + 0. 1 + 2 x (0333 x 0.5 i/4 = 0).358. a value expensive specimen has yet to be tested, although
adequate for design purposes. However. if we the author is confident that it will xe ntuall\ be
examine the hiaxial rather than the uniaxial stress used b\ those who design and build submarine,
state. ill the fibers must now be stressed equally since know\ing the true biaxial compressi\e
and the scaling factor would then become I "() + strength of composite laminates iH so critical to

0- 1 + 2 x I x ()5 /4 =0525. or some 50'% higher the success of their activities.
than the strength under a uniaxial load. However. in Ref. I -. S,\anson and Nelson used

This easily established increase in strength can pressurized tubes with varying tensile axial loads
e'ver be demonstrated bv the common kind of to prove beyond any reasonable doubt that the

"biaxial' test specimen shown in Fig. 4 of Ro\w- maximum-strain theory is acceptable - and uin-
lands' work ýsee Ref. 4). the key features of which likely to be improved upon - for carbon-epoxy
arc summarized in Fig. 7 of this paper. The bi- composites in the tension-tension quadrant see
axially loaded interior of the test coupon cannot Fig. 9). Interestingly. their finding that the
possibly experience a higher stress than that Tsai-Wu 'last-ply' failure model was totally incon-
needed to lail the uniaxiallv loaded fingers around sistent with Swanson's test data as long ago as
the periphery. The most obvious demonstration I986 seems to have had even less effect on the
of this deficiency is testing for the biaxial strength technical community than this author's efforts.
of a ± 45' laminate which. by definition, must be Some test data in the compression-compres-
the same as for a (W0/90' laminate. The surround- sion quadrant seem to support the author's pre-
ing ± 45' fingers would have less than one-fifth of' dictions about the straight-sided form of the
the required strength to fail the interior test failure envelope. Howýever, the strengths
section of this specimen. Fvcn the quasi-isotropic measured are all too low, as are Swanson's in this
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FIBERS ALIGNED IN

0, 0' AND 90" DIRECTIONS

PANEL FAILS AT THE

UNIFORM PRESSURE - SAME LOAD REGARDLESS
OF WHETHER REFERENCE

, ~OR AT ,45"

; i ;90"

HONEYCOMB SANDWICH PANEL - I

QUASI.ISOTROPIC PANEL
MUST HAVE EXACTLY THE

RING . SAME BIAXIAL STRENGTH

CIRCULAR SUPPORT RING AS 0' 90" AND -45' PANELS
UNDER THESE LOADS

CONSEQUENTLY. ANY PANEL THAT IS A COMBINATION OF 0-190' AND -45' LAYERS HAS
THE SAME BIAXIAL STRENGTH THAT STRENGTH IS A LITTLE GREATER THAN THE UNIAXIAL

STRENGTH OF A 0*/90' LAMINATE

Fig. S. Maia) test I ,1,pccimCn demonstrating idcnlical biaxial ,trenoflhs, oft Il( 91 and 45 hL 111111 it,.
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Fig. 9. S, ansIon+L comparisen (4l litinat1 fcailII thc re Ic- -%'. ith lailurC 'tIre ,I in -i ,,lri11, plC Tit o IIndl,,

stress domain. New tests are needed to truly because the only difference is the reference direc-
characterize composite materials under biaxial tion for ilv- ,ibcr axes (see Fig. , Shirr',rly. the
compressive stresses. biaxial strength of a quasi-isotropic laminate mu-.t

Nevertheless, the author contends that there is also be the same, since it must le the average of
really no need to directly measure the biaxial these two identical quantities.
strengths of fibrous composites since they. can be This biaxial strength serves as a kind of mauinc
determined with an extremely high confidence number for all laminates containing the same
level from uniaxial testing of 0'7901 flat laminates, number of 0' and 90' fibers. with the remainder
Because the Poisson's ratio is almost zero in this shared equally between the + 45' and - 45' direc-
case, the biaxial strength cannot differ signifi- tions. Once the biaxial strength has been obtained.
cantly from the uniaxial strength. According to the the uniaxial strength is derived with great preci-
maximum-strain model, the biaxial strength would sion by multiplying the biaxial strength bv 1 -- ,.
be higher than the uniaxial by the ratio 1/( I - v), as explained below, there being only one Poisson's
or about 1'05. Now, the biaxial strength of an ratio for this family of doubly symmetric lami-
entirely t45' laminate must be precisely the same nates.I



In the case of the W/mr lamninate. onle would truix atr~i.-d0InhinlateC raMllr thanl tibe"r-dol imi
expecct the nornimati/ing, factor \\ith respect to nated and w~ c( nt ravene the oin,_inal smifplif~inLC
the unud inretional larilina st rength to he 0-55.,, awssurnp1-tit ns.
I ~-- 405 (105 75, quite close to the 05-S25 ilrenhpshiieetrefbrpaen.

deduced earlier. l.ikew\ise, the I.mliaXial strength otl bIfawed on thle len- Percent Rule. 11'C slit 'firl In in.ý
the qjLiawi-isotropiC alaminlate N\ tndd be I - (4133 x k MC I. whchisn ;tat all similar t( the predictil-I on f
0575 = 0383. amain only lI~htly above the 0-*325 1 sairs theories in I-in. 1I1
deduced aboxe bytreatinn, thei len-Percenit Rule T1his ;imple proced' Ir. dUcloh ped bx thle autho r
inl its simplest form as a rNo of Mmaxue and the for predicting in-plane %hear strengths. has been
faictor 01-358 deduced by resolving and summningn criticized asbit'n16n- uns~cientifiC and Ulxx rlhx of
hie stresses inl the varius fiber directions. -I hese publicatio n. ltxwevcr_ Mx en at paper ad \ocat inn_

va ions11 ft rnml if simp~lified anlalswis are self- this appnrmich x\ as presented inl 9S7.` wtruet ii ra
consistent. tile resulto If eMy based tin a phlyki designers had neither rejiable test specimens nt i

caitix realistic model, credible theoretical metho ds, \\i th which 14 eý Ctal t-
Aurnin nox hi the in-plane shear strnnth for lish in-plane shear strengths for laminates. \\hat

the ,ame fanimil of doulylh sxmmtri70C lamninates. \\as, desperately needed wasw sonelth inn17 atl least
the author has suggested a strength be selected gooid enough for prlimcrinarx desgnn .And, if this
that is eq n~al to 11l0 ihe unidirectional st rength of controersial idea inspired others, Io inlprm e hot h
the com)nplemnirtary fiber pattern. xxRih K(101) an the test specimen designs aud thle analx is

-45 fiber contents, interchanned~." Thus. the methods, the paper xx ould have serx ed anl ,:ven
fiber-domninatedI in-plane shear strength of' an greater purpose. Nov, th at suchl predict ionil call be
en tik -ex45' lamninate w\ouI~ lde half the uni- made s~cinifically. the Crude appro~irinalat nw A
di reetit ifal tensioin or compressive strength. inl-planle shearl strengLth I'\ thle enI- Per-Cen RUle
xx hichex er is oraer f a (W"10' lamninate. The ar still close enough01 11il e h.I ialxses to lie
sealin nl factor fo)r this lamninate. \xi th respect to the used for foirmal st ressitng I -or a ci mparis( n

nlia~il st rennith of a unIlidirectlional laminlate, b~l etwee tesýts and theo ries, sec 1-in. 1 5 of Ref.17
xxottld be 0-5 x 0-55 = I F275. Similarly, the factor [enC1 thle malXinIrun-st raIn model oIt Re2t. 1 S.
for a1 qjuasi-isotropic lamninate x ou ld be xk hich is, outstandilun- in thle tension--IcnsiorI anid
0 5 x (025 - 016I(i3. althouch either of the higher eomnpresvuion -c0I ipressainI quadrants. Lrowwslx

cwtr mates lor thle seconmd factor wý( mld be equ1_al lv ovr 'n'rinial ill -plamie-slicar strength'. typically
acceptahle. 'I Ilie predliction 4f (-5 x HI I 0-0f 5 for b\ 50" t'. inure 1. of Ref. 6 shoxx s that. for- the
tliCý ti-plane ,hear strerlh of an all-W) (AV, lamni- mlaXinlum111-strain failure model, thle in-plane shear
1hate hlappens w it he nearly co irrect. but is, really tr-emunt i is I - II 1,r times asN hinlhitas thle hi-
suspe)Ct because that p-articular prt pc'rt\ is oh\1i- axial st reut Iil fo r (I// doublx \sx m1ieric cross,

0' ~ ~ 4 L0ALAINANAAMIAT

Figt. 10. Failure cnvselopcs aeccrdiirg itotihc t'n-Perccnr Ruic.
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plied lamninate pattern,,. Therefore. in place of accepting the la rger est inuite for mi tn ioto niCall\
tilt 1lac:twI 0- i~ 10(3 . and 0-05 abhove, the loadedCL test coupon', onI pp. 1 2 -- 1 of hV, \\O(ik. vs
Eflaximuni -st rain model would o-verestimate the sh Iln onl thle rii~ht Of Ilhis, Ii cure. 'I his ee mn
in- plane-shear ,trenoth \ia the factors, I - 0 -1 5- dation is based- on hli,, proposedpr(It-i\-

I Hi X 01-5 1 -- 0 0-1) - 21-4. I - 13 3 f ailure miodels,. "I he anthor\, co rrespondillii:

1~ (3,3, x (0- 55 1 - 0J-05 =0-290f. and I I (-M preic 11Cfi~t if u1sin theC smn' Input pr Operti~ be Ut
1 0.8 X 01-5 5 ;! I (H- 0- ) -0 64. respectively. 1,icorine those for \\ hidh there \' as no- call1. are2
Whilde thle sample solutions here alre confined to Iciv en in FI,_,. 1 3for cornparison. [-here are u'reat

dOhIV ubvisymmetric fiber patterns (or simiplicity%\ dilferences. parfticularly w\ith respect to thle first-
saýke, the orici nal derivations of the simplified ph~ failure pi-edIiCtions. whIch d1 1ot even permit
analy,ýsis methods also cover fiber patterns wxith agreement under unlaxial loads,. IT-he agrcreme ni
different () and 90' fiber t-intents, but th eana ith thle last-pl\ failure pre~dietions, is better, but1

(ion of' the biaxial strengths for these laminates the failure enx elope is lar fromt smooth aind con-
req~uires at pocket calculator raither than mental tinuious at the laminate lc\cl. Mi ich enco.uraces'
arit hilmtic. one to question thle i mpo rtance of such at Conl-

straint at thle unidirection~al lamnina level -
lsafiis fi rst-pl\ predictions fall far short(iof tile

COMIPARISON WITl I OT] 1ER strengths predicted 1)\ thle authoir throughou01.t thle
PREDIC'TIO N'S OF BIAXIAL COMPOSITE tension-tension qua.1idrant anid creatl11\ exieed~
STRENGTHIS themn throughout the compilression -compllression

quadlrant, Remarkably, thle strainsl to fai~lure under
t[his section reveals vross deficiencies in conre- biaxial compressive loads exCceed thle input uini-

sponding, predictions fromt a widely promoted directional comnpressiv: ,,train limit hy ai f~actor Of

Computer eodc based onl mathematical theories of nerl 2No explanation of' this is provided and.
anisotropic elasticity for homogeneous materials, in the author's opinion. none ever could be. And
Although the illustrative examples refer to only the Justification given by Tsai for reducing these
one such computer program., that of Tsai."t the acknowledgzed excessive estimates i-equirE.s the
criticisms apply equally toI all similar codes ats kind of matrix degradation that could occur only
well, many of w~hich arc'cited in Ref. 8. dluring somec prior application of wi('le/ loads inl

Figure 1 2 contains first- and last-ply failure order to crack the matrix and reduce its ability to
predictions published by Tsai"' for a quasi-iso- support longitudinally compressed fibers, in at
tropic carbon-epoxy laminate. Tsai advocates 8subsequen, application of load.
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l-urther, dic predicted hlst-ply biaxial tension It is difficult to make concrete comparisons
strength still f'alls short of the author's prediction. with any theory using a progressive failure model
even when the transverse properties have been because, as indicated in Fig. 14, also taken from
adjusted to match the uniaxial tensile strengths Tsai's (Composite hign book, his failure enve-
reasonably well. Surprisingly, the best agreement lope will collapse onto that for the maximum
seems to he with the in-plane shear (equal and strain theory if one presupposes the necessary
opposite tension and compression) state of stress. amount of matrix degradation. There seems to be

i



Alea)in/uil and ii/uorv compimite /fi/hun' 1h1"wics I

- LTRANSVERSE TENSION CUTOFF
0ý0110 f:y
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0 001
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LPF ENVELOPES FOR QUASI-ISOTROPIC T/300/N5208 CFRP LAMINATE
WITH DEGRADATION FACTOR EQUAL TO 1, 0.3, AND 0.01

Fig. 1 4. T',ai's first- and las-plv failure anatvcs shtmini! p re'ýsiw Iransfornalt i(in 111W 11aI\I mum-', rati t lti Urc c ux c ,..

an error in coding his program because the strain In theory. one could al\Navs add t\,.0 more
in the compression-compression quadrant has adjustable paramelers to the lamina lailure model.collapsed onto the value of strain entered for to be set to• niach the hia~xia)l estinL, of m() ros
transverse tension. not longitudinal compression. 1 plied laminates. Ashizma.a" did so hV using! ý
However. the agreement achieved in the cutoff based tn measured fiber-doni nated m

tension-tension quadrant h\ invoking matrix plane shear strengths of _+450 laminate'. 1-
degradation has invalidated the agreement previ- ever. while this technique \worked \\hoenoer the
ously reached for the in-plane shear loads, measured shear strength w;as accurate. the predic-

Given the difficulty of making comparisons tions were obviously inconsistent whennc\er the
ý\ith a moving target, as the degree of matrix shear measurement was far too lov.1. Unles one
degradation is altered, one is entitled to ask had a valid physical model to guide the process, it
"\thether or not it would have been easier to go is likely that those particular biaxial tets \\,uld be
directly to the maximum-strain failure model inconsistent with predictions based on other bi-
instead of arriving at it indirectly via adjustments axial tests. And. if one really did have a reliable
to the transverse properties entered into some physical model, one would not need an\ addi-
other failure model which would not at first give tional terms.
acceptable answers. The abuse of progressive The quadratic 'failure criteria" for fibrous com-
failure theories to 'enhance" predicted composite posites arc not the first unsound theories w•hich
laminate strengths will he discussed in a future arc capable of predicting some numerically
work. correct answers to problems despite a consistent

A comparison of Figs 12--14 indicates that no inability to solve other problems. The beliefs of
matter what degree of matrix degradation is the Flat Farth Society come readily to mind.
assumed, no vingle set of input properties for While the old idea that the sun revolves around
Tsai', theory will ,;imu11aneoushA match the the earth is no longer taught. many celestial and
author's predictions for uniaxial and biaxial states seasonal observations were explained at the time
of stress. F)ven when the transverse properties are by use of this model. The author can only hope
suitably 'adjusted' to match the uniaxial tensile that it will take less time to recognize the correct
and compressive strengths. the predicted biaxial way to predict the strength of composite laminates
tension strength will still be too small and the than it took to reach agreement on a model for the
biaxial compressive strength too large. solar system.



Another tailing, of these ablstract mathematical criteriat are ncded xhn r multiple tailtire
failure critcria is expoised by it phyINsical assess- mlodes are possible ho II an Cornstrt ne1t.
menit (of thle most severe 'triaxial' st resses that can T'here shon ki per-haps, he additIrional intecr-
he appik -i. ,Actually'. it :s thle combination of hi- lamiliar criteria 1h r thle immnediiat pr .simit\ tx
axial in-planec direct loads with additional in-plane any' boundaries. bun this ref inemeritn is en st imard\l
,hear. so it is really a case of biaxial loalds xx tih ig-noredl. alo ng, with sakn-eunecfcs
respect to different axcs..ý As the author noted in xx hich is why: exerv so oftenl composite kirlaminaes
!985 :Fi!g, 13, of Ref. 131. the cross-section of the with cxcessi:Ve clustering_ of' parallel fliber lax ers

failure envelope looking along, the biaxial stress dlCaminate dtrin1[1 cookiown1 beb re they are: Ccx e
line must he rectangular. ats show\n in F-ig. M1. For removed from the autoclave. And nni n e fte
tile caSe of, a quasi-isotropic laminate. the Specific thanl not. at laminate Xx as designed that xx ax
load of' equal and opposite a, arid a, stresses in because somle comnputer opnuaonprogrami

the absence oif any in-planec shear stress T, "Was used] to identify thle miost "suitable' laminate
Induces 11o load inl either th~e + 4 Y; or - 45Oý fibei -s. Instead of allowing accumulated experience ito
Most of it is reacted by1 axial tension in thle 0 ' dictate that there 1be at rin uinium percenitatue of
fibers, for examnple. and siniul.ta11CLn ous ( preCs- plies In each if the four standard di reeti( ns ind
,,io n inI the 90( ) fibers .A xery small fraction of the that there be strict Ii niil, (sin tile clstering iA

load Is reacted I)\ shearinu the resin matrix. O n parallel plies. ']Sai\s positi mon ()t dlhiilmatter Ill

thre o ther hand, the applieation of aI pun-c i n-planec stated on P). 7-1 Iof' Ref. 1) '[)1 H r\vmnimetrjc Laimi-
shecar load to1 the sanie laminate. xx ith respect to nates sub-iected to in-planec loads only, thle "tack-

hie samile reference aIxes. w~ould load uip the + 45' in(, sequeince of plies is inoit imniportant:. tie
fIbr xxc, hki Icle lax ilrt the W arid 90t 1 il~crs accounts fo ir stacking sequenice ()ilx\ x\Olen stud\-
urnloaded. 'I 'his particular cross-sect~ion oif' tile ins. thle bending oif laminates and All but g e
fa11Ilure erix lope is therefore rectangll-11ar becaluse the issue of edge-I dekilairtathHis. xx ile coriicen-
there is essentially no interaction Ietxx ccii the trating on iiitraplv4 falilures.

10ids, ()ne of xx hiChi is carriedi b\ the O-l 9t0" fibers A itmajor difference betxx cni thle ant in iors
Mf ile the othecr is resýisted bw the ± 45, fibers, lie miethods of predicting thle strength if fibrous Corni-
hirni 0' thle abstract mathmalIt11ical1 falreeixe- posi tes and those typi fied by lie Nx )rks, of Tai Isl
1h pes i Fig. I I is, iii tark cont rast to Fig. IW . than, in the authtor's caise. mino(r L han ges inl

being rtt Ii(iot li\ Curved all over. lamlina* properties do not affect the basic b rimn oif
I hie failure envelopes iiin g I I are obviously the failure envelopes. The faillure envelope hlas

a~m si ii erroir at the biaxial teiisi ui and biaxial remained characteristically flat-face ted sintce the
e(HiipressIont points. Since all fiber-s are equally very, first report on the suibject in) 1984." Fach
s.trained uinder t hoise conditions. it is physcicl lV facet has been defined h\- thle failukre of one par-
impossIibl to add in-plane shear loads xxithount ticular fiber diirectioin tinder a uniform failure
decreasirtg the in-plane direct loads, [ lie ends of mode througahout. The Iuitersections oft the farcet"
thle failure envelope ntust lie poiiii'd. not ro unded deniote thle simultaiieous failure of' txvo or three
as they- are inl Fig. 1 1 . fiber directionis. depeniding onl hoxx maiiv fl-icets

J tic reason f .or these errors is that Tsai', ficti- intersect. Reference 22 even includes parametric
tiollHis failure criterion. cited on i. 1I 1 -5 oif Ref. 19V. studies showing the small effects (of' systemlatic
em ntainis a nuixture: - unrelated reference variatioiis it material properties. Yet a stud\ tit'
strengths. some pertaining to the fiber and others Ref. N9. for exanpip. wvill shoNN ain enidless -,ariet\
to thle matrix. Tsai's formiula and Its miany clones of shapes. somle associated wvith (ditferent 1'ibQi-
are restricted in validity to truly hiomogerteois patterns but niany caused merely b\ at changt-e iii1

miaterials exhibiting only one failure niechanismi tile level of'-degradatioii' due to maltrix 'craek-ing'.
foir all the states of combined stresses being con- Such variability does not Inspire conifideiice in at
sidered. And. unuder such circumstances. the use theory.
A fOur or five test measurements to characterize The au.thor's failure model for coimpoisite lamii-
the strength of tite material should not be neces- nate analysis has been criticized ats beingy too
sairy. f-or dlistinctly heterogeneous materials such simplistic by, some welcl-regarded researchers. A\

as fiber--p~oiylymr composites. on the (other hand. it particular stumbling block is that the final failure
is necessary to write weparatv failure criteria envelope shows only one line for compressive
against the fibiers. thle niatrix. and possibly also the failures while there is considerable evidence that
interlace lietweeri the two. F-urthier. addlitional several failuftre modes arc possible. This is not
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germane to the level ot analysis being performed LO

here. Also, the critics seem to have missed the
very clear coverage of both shear failures of the
fibe~rs and some not necessarily defined form of
compressive instability. depending on the par-
ticular composite material under investigyation. -j
The author is interested in only the iveakesit of the eo
possible failure mechanisms. whatever it may be.
It might even change wvith operating environment ?

and certainly changes between unidirectional and L

cross-plied laminate patterns. There is no need
for the author to address this issue of multiple ULD ANYONE BELIEVING THIS ANALYSIS BE WILLING TO PUT TO SEA

possibilities for any one facet of the failure FRTEDVN RAS

envelope because 'the experimentally derived Fig. 15. AIlnprofl C&I c(IIlpoil\I C matI rial I L I '11Ihilial 1tC fit 11
h% dvcreasim- nc rt'\ rcIcI oLl'rcn t 11'' I Ut11 IiI IcCIII'11d

input data will automatically identify the weakest I un

mechainism provided that the test coupon and
fixture are representative of the real structure.

T~he reluctance to admit that the art of' predict-

i,,tie strengths of composilte laminates hats not D____ _ PU OES

been perfccted is apparent iil a response to the us ECUL
author's attempts to find interest in improving, the
a nalv tica I techniqueIs. It' one were to be1lieve the Fi*g. 16. Lital ltav% inl tcri~o p1 L' 111111u omL LI, 1,111wI

predictions of the Tsai-Wu 'failure theory', for L10ltI.

example. one would be forced to conclude that
the underwater compressive streng-th of' a corn-Ipwh .t11L' submrine hull could bie lincreased suhstan- half of each Is -,ho\ It. x' ith the -tape' anail~sc, In

byilý ~ reducing the interlaniinar and henct: the lo\%c right aindtheqiant'lh'nke.
transverse-tension. strength of the lanmina a in the uipper left. Plreeislvl the samec fiber sris
explained Iin FI-g. 15. While mans' goIt the message,. to-failure are usedl throughout thle alye.and
one response wais: -Iha sounds like a great idea. the ouptOf t11e tapelamnae I nl sisusdt

l-io\ dto \\ e reduce the interlaminar tension definec the elastic constant inputs fotr thle cloth
strngt."analysis. The fi rst-plvf fatilure FPV analvseNs oni

thle right of' the fig-ure shlum at -ori underest MMfl-
lion of tilie tensile stingh) aith repecCti t) both

A MAJOR INCONSISTENCY IN' STAND)ARD) the author's theory andI the iael-non nxi-
cOMPOSITE FAILURE THEORIES mnumi-strain failure model. %k ieih is. compensated

for by at gross o, erestirnation of the comlpressi\ c
A al tieal preclictions of strentyth based on astrengths.,]'lhe computer codie then tniodifes* thle
combination of' orthovonal unidirectional tape tape material properties and recalculattes last-ply
layers have no resemblhance whatever to the pre- lailuhres iI .lF which appeari to agree much betterl
dtictled strengths of the same fibers in the same with the author*% theory. lsai\, reduction inlras
resin, in the form (of' a cloth laminate, evecn when verse stiffness to aichieve this tratistornliation Is,

the tolaminates have precisely the sa e lastic directly euvett h uhrsrcnmna
constants and the fibers have precisely the samei tions in Ref 2 ~']There w~as concern that the
failure stress or straiin. The issue has nothing to do predlictions of' the BI A('KAR"I computer code
with kinks in the woven f~ahric. the dissimilarity would be invalidated by premature transve\rse-
also exists wheni thle bidirectional lamina is made tension failures of the type t&,sponsible for the
from unkinked dIry stitched preforms which are distortion ofithe FPF envelope In Fig. 1 7. But the
subsequently impregnated with resin. author's approach ha'% been described] ats merely at

Figure 16 illustrates, this point very clearly. The
irreconcilability is quantified in Fig. 1 7 by variou I hc cusp atl the hiIIxill tenlsion point II ill t Ii rcqtlth t-wIn

anatlyses (if 0' and 90') and Wr/90' laminates. The sv;Insýon'\ Interpretationf tha t ifall tlhc latmnac arc equa/i

criticat accorirli ng it) thlc I M1 an, noa~s' cICfhdflcenIen't of
analyses are symmetric about the (diagonal run- strcngth is, p~issible unldc all IT OTt- alat heI 1wiaibm-
ning from the lower left to the upper right, so only varse phN prlpcrticsý '.crc degraidcd in Fig. 17.



(BOTH ANALYSES SHOULD HAVE fyTWO ORTHOGONAL LAYERS
BEEN THE SAME IF THEY HAD FpF OF UNIDIRECTIONAL TAPE
SCIENTIFIC VAUDrrv)

HART-SMITH'S TRUNCATED ---------
MAXIMUM-STRAIN MOE

tT(F

SINGLE ORTHOTROPIG
MATERIAL HAVING THE
SAME ELASTIC PROPERTIES LPF-
AND FIBER STRAINS TO-
FAILURE AS THE CROSS-~~ *-* -

PLIED TAPE LAMINATE

~ / TENSOR-POLYNOMIAL "ANALYSES"'
PHYSICLY USING TSAI-WU FAILURE MODEL

REGIONS(MATRIX DEGRADATION FACTOR = 0.2)

F-ig. 17. ( iinlictrin anahc ox ~l he samc 090f comf4-;tt lanliflaic.

hIdek(. 1 Peha,,it ouAld have appeared more wrong, would be thle originail hypothesis, that it \\;I
"decltii t thdhci accomplished byi o- appropriate to create at Composite flailure niii del

p~tcrcodcbased on n1eaSured tensile and ci mpreokiv
IheC FIT predcictions shown in the upper left of' sitregths in the longi'tudinal and trnii sedrc
1 I - s~houl~d corrcsp( nd to fiber-dominated tions for aI unidi rectionlal tape lamlinate.

failures, and, indeed. thev' aszree well with the

aIutho r", pr-cdictnon'. apart from tile minor prob-
emi (A phys~ically impossible small overestimia- CONC~LUSION'S

tions of ,trength whenever the twko in-planec stress
componentis ha~oe the same rather than opposite ( )C 'wouldl have t0 concIlude from the simiplicityý

si.15. It \\ ever. thki apparent reconciliation is ol thle jt ho r's len- Percent Rule ft n approximate
unIde:rmined_ h\ further computer c(oding iii the analysis of fibrous comuposite lamliniate" thatiIt
torm of H+.PI predlictions for the eloth laminate should he extremely dilficult to develop coin-
Mihich are significantly wkeaiker. No jUStificat1ion h tr puterized composite flailure theo ries, that are
this seeon'd ainalysis has beeni found in I'Sai's book. incapable of correctly predlicting the uniaxial
and no physical explanation is given in the text strentigths under Itensiofl and compressoon. Surpris,-
aeeom)Rpaflvinaz the computer code. inulv. the literature On thle Nt~bjCC1'4t10Wx, thalt

1 Iox~cer, the good agreeenirt between the mnany authors hav~e failed to predict eveni thesec
'clotdh* HIT analysis ill Fig. 1 7 and( the author's simplest of lamninate strengths.

anlssrcinforces the author's repeated claims 01' the well-establis!h2d f~ailuire models, onl\ the
m'er the yeairs that the mechanical properties, empirical maximumi-strain model has been found

needed for- predo~icting the strength of' cross-plIed lik the alit hcr and other,, to lead to acceptable
co mpo site laminates are tho se prevailing ill the predictions for even the simplest lo ad cases. ]'hiI.
cI )ss-plied lam1inalte, not those for the unidirec- same theory' has a'ready' been confirmed b\
lit mal tape laminate in isolation. If. instead of' experimlent to be valid throughou0Lt thle
pricceding, fromt the tape it)ia cloth analysis, the tension-tensiofl qutadrant. And the author expects,
process had bee~n reversed to establish represen- that it wvill evenrtuially be proven equally valid
tainive in-situ mechanical properties for the urn- throughout the com press ion'-- cornpress ion qua-
directional tape iti di/' /)rcxenc'( of orfhgýOna/ /iber'ý drant w~hen reliable test data re generated. llo\w-
file -tape, analysis for the combination Of UnidirLeC- ever, this theory has been shown I to be
fin nal 0I" andi 90' plies would also, have been uniacceptably unct'nservative. typicall~ y htP'0.
ci rrect bca'useW till t/h' predicie/ Iriluhrcy would for the in-plane-shear loads in w4.hich the biaxial
have been fiher-dorninated. '[he only thing found stre:ssesare of'opposite sign.
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It should now he evident that the innumerabe Viinitirni/ /)ýI'inr, t )iNi)) NANA (T- 10S~ FRor; -P1
abstract mathematical 'failure theories' for fibrous km'o n
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An evaluation of equivalent-single-layer and
layerwise theories of composite laminates

J1. N. Reddiv
I )eptvurItMC1 1 h( fW tth a!L Fu0/it e lcrin . I At .. | •\ ( !i I i. ( l//h'it ./,Utl 'it. /.A -- ,, ,- "/2 1 S+. I

A re_,% tc t of njui a It t-,int21 C- la .c i a IId I ma crm s I;\ in inate hihct ti. is p i scnttc,, I
and their ct)nPLIUtai.tt na odCls arc dieCUicd, The la cry. i se thcor\ ads alncd
bx the author i,, re, i\,, e and a i ariable diplacem t iin tinite elencrit nmo de.l a tt
th. mc,-h 1 uc 1 rpi itit n telnchn tiqu ;tree: dScls ,,bed, Ihc he .triablec di-plteifl,,'
tin l ,e c lemient contain secr.ril dillcretti Iyeý. ofI asanMd di',pl.acctueiiit hlicid
By'% choosing appropriate terms rorn the multiple displacemcnt lield. a1t C lit i C
arra\ of cl•lem ntS ,\ ith dif•erent o rders of kinel natic fel ineicteitt can e ic lltmed
Itlhe %ari.blc kinemlaltic finite cltenlis c ali bIe COins e it en CeIn tCCetedk t01-'0t1bet

in a sIin lc thntain tOr hlltbal-local anaixsC,. Mihre T•he IOtC al rci 1, i +t e
nmodelcd x\ith refined kinematic clements. In the tinite cleimnt mnesh ,,upcr-
potsition techniqtuc an indepetndent i .rl av mesh i,, suteriipt sed on a .t ghblt
itcih to proside hlcalizcd refirnement hor rc.ns (if ileh rest reeardtlcs of theL
ori ginal global tnch topologx. Integrathi ion f these tix%4 idea, xijld a se r
rot hust and econornmical computtational Itool for talotal-htal o anla sis to delort -
",tine threc-dintcnisional effects cc-. stresses isithi Icaliilcd rci•'o'n, ttl ittcrcl
i practical laninated compoite s,tructutcr .

I INTRODUCTION The governing cqUation,, of mlotion &i,,,oclaltd
x\ith the assumed displacement or stress field can

NUimerous lamninale theories have been proposed Ile obtained using an appropriate principle of
to date to describe the kinematics and stress states virtual work.' For example. \\ hen p . i = . 2. 3
of'colTpositc laminates. Most of these theories are is a displacement component. the dynamic N er-

extensions of the conventional, single-layer plate sion of the principle of \irtual displaccmcnts is
theories, which are based on assumed variation of used to deri\ e 3. +- I equtations of motion.
either stresses or displacements through the plate which are usuall expressed in terms oil stres,,
thickness: reCuitants through the thickness:

I)+ - zX, v

+ iR=J Z rd.. jt) I R'=

where j, denotes the ith stress component :

where Ci x. v. z. t denotes either a stress or a (J,, =(. o,0=0,.(_ = .. Q*=a.
displacement component in the plate, (x, V'0 are =(1 0 =3
the inplane coordinates. z is the thickness coor-
dinate. t denotes time, and '. 1 j= 0, i, 2 ... , N) The stress components are assumed to be known
are functions of x. y, and t. The series in eqn (I) in terms of the displacement functions Oý through
can be terminated at a desired degree of the thick- the strain-displacement relations and the
ncss coordinate, i.e. select the value of N (N= 1, stress-strain relations. When 0,. (i !, 1 .... 6) is
2. and so on). The spirit of these theories is to a stress component. the dynamic version of the
reduce a three-dimensional problem to a two- principle of virtual forces is used to derive
dimensional one; see Refs 1-13 for pioneering 6(N + I) equations of motion. Of course. mixed
works in the field. A review of refined theories of variational principles can be used to derive the
plates can be found in an article by Noor and governing equations associated with assumed
Burton"' and the author," independent expansions (if displacements and
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stresses. Stress-based theories" ' are seldom used The classical plhte theola is also bascd of the
in practice because of the difficulty in developing displacement field in cqn 4, but vith the addt-
reliable finite element models. The displacement- tional assumption concerning the lopcs o; and
based theories1' have received the most atten- Or:
tion from the computational mechanics
community. In the rest of this paper only the dis- (1_1
placement-based theories are discussed. o Y

i.e. transverfe normals before defornation rcmnain
2 DISPLAC(EMENT-BASED SINGLE-LAYER normal to the deformcd surface atl --= 0I n1 sumi-
THEORIES mary. the classical plate theor\ Is based ()n 111.

hypothesis. knvwn as the l.ov'- 'irchliolt to#-
The displacement-based theory of order I !i.e. theksi. that straiehti line,, normal to the k --v plane
VA= I ; is derived using, the displacement field: before deformation. i remain straiulht. ii in-

extensiblc. and iii, normal to the -0 plane after
V. I deformation. The classical plate tlhc r,\ i,

, v. " t = u. x. : t -+-, 0.. . V. governed h- three cqualions of motion in terms oft

It .\' X. V. - v'l,.V. v. + zf - .\. V., 41 1
The second-order"' and thi rd-ordcr

here itu is the displacement component along the theories" ý"' introduce additional unknotns That
.i -coordinate direction X, = -.-\ = '- V, =A, The are difficult to interpret in physical terms. All
di,,placcment field in cqn 4 implies that straight theories in which the normality conditoion Il ecqn
line,, normal to the x - v plane before delormation ;7" is not invoked account for trasv\crsc shear
rcniain s,traiht after deformation. (omparing and normal ,trains. If incxtensihilit\ (f transvcrse
cqns, I and -4.. x•.e have the lollowing: normals is assumed, the transverse normal ,train

becomes zero. Ior example. the third-order ihcor\
0. 1... 0 0. i=I.2.3; of Reiv" > ik based on the di,,placement

It is clear from the displacement field in eqn 4 field."'

that i. i. ii are the displacements of a point on
the 0 () plane in the three coordinate directions: U X. Y. Z.= I if-xw. I I.

= u.N. V.. t - ,,6a /~
A I). ,e note that +: - - o...+ X.Y ,,+

bV .7 11 IN. v.1 + v. t

Geometrically. 0, and - denote rotations about 4 0-(.V. " v +(

the v and x 1 xes. respectively. and 0, denotes the ( f 0.+

Clongation of a transverse normal at the point
Sx. . There will be six equations of motion in the u(( . y - t f V. .. -'

six generalized displacements iuW,'. ,1. The most The displacement field accommodates quadratic
commonly used first-order ph/te theon'."'-' is variation of transverse shear strains ýand hence
based on the displacement field of eqn (4) with stresses) and vanishing of transverse shear stresses
0,() (i.e. transverse normals are incxtensible): on the top and bottom of a general laminate comn-
the number of equations of motion reduce to five posed of orthotropic layers. Thus. there is no
in terms of (u,'. u". u 1 ,. 02). Since the trans- need to use shear correction factors in a third-
verse shear strains are constant through the thick- order theory. The theory was generalized in
ness. the transverse stresses would also be Ref. 3 1.
constant through the thickness - a contradiction Theories higher than third order are not used
with the elasticity solution. This discrepancy is because the accuracy gained is so little that the
remedied in the energy sense by introducing the effort required to solve the equations is not justi-
shear correction factorv. fied. In all conventional displacement-based

_____.....__



theories, one single expansion for each displace- ()/1"' (10 o0
ment component is used through the entire thick- ov o V (x
ness. and therefore, the transverse strains are
continuous through the thickness -- a strain state
appropriate for homogeneous plates. 0, 1-;' = 0 1

3 EQUIVALENT-SINGLE-LAYER = .. + 0 , : =0(I 'h
LAMINATE THEORIES

We note from cqn ,ta that the strains,, \ir\
Extension of the single-layer theories of homo- linearly through the laminate thickness, and the\
geneous plates to laminated composite plates is are independent of' the lamination scheme a,,
straightforward.,._ I " The only difference is in noted earlier. For a fixed value of -. the strains
accounting for the varving laver thicknesses and vary only with respect to the x and v coordinatcs.
material properties in the evaluation of the inte- The transverse stresses according to the
grals in eqn 2 2 In carrying out the integration it is stress-strain relations of the kth lamina arc I\ en
tacitly assumed that the layers are perfectly by
bonded. For laminated composite plates. this
amounts to replacing the heterogeneous laminate _ Q-, .
with a statically equivalent fin the integral sense) Io5 OT , 0Qj II
single layer whose stiffnesses are a weighted
average of the layer stiffnesses thiough the thick- or
ness. Therefore. such laminate theories are I= .h
termed equivah'nt single Ityer (ESL - theories. 0 4 1 Oh

For many applications, the FSL theories pro- where
vide a suffi'ciently accurate description of the r vglobal laminate response ýe.g. transverse d ielc- '= _., '=2 ... =• , I
lion. fundamental vibration frequency. critical and ý0t ' represents the matrix of material stiff-

ucklingy load. force and moment resultants). T he nesses of the kth laver referred to the global
main advantages of the ESL models are their coordinates of the laminate. Thus. the stresses at
inherent simplicity and low computational cost the interface of the kth and k + I st laver, called
due to the relatively small number of dependent intterlaminar stresse.s. are not continuous because
variables that must be solved for. However, the I# and jV This deficiencyi•
FSL models arc often inadequate for determining most evident in relatively thick laminates, in local-
the three-dimensional stress field at the ply level. ized regions of complex loading, or near gco-
The major deficiency of the ESL models in metric and material discontinuities.
modeling composite laminates is that the trans- While the inplane stresses f(,,. o,,. I,.) can be
verse strain components are continuous across computed only through stress-strain relations, the
interfaces between dissimilar materials: thus. the transverse stresses Y,. u.. (7. can be computed
transverse stress components . t,.. c,:. i:) are dis- through either the constitutive equations or the
continuous at the layer interfaces. To see this. equilibrium equations of three-dimensional elas-
consider the linear strain-displacement relations ticity. As shown above, the constitutive equations
for the first-order shear deformation laminated give discontinuous interlaminar stresses. Alterna-
plate theory.'", I" tively. the equations of stress equilibrium

= cl + ,1, 2, 6.4,5) 19a) 9o, (,a,+ a.,I:+ .... .() 1 2a
where ax aV az

I _ O,,(JA% 6011 ao,
ax ax- )X a v Oz

00, ou• ,a• o, +o1,,. +,o1-.
o" = Ovv, - ... \+.2+ (I= 12c)
dv - el x d' d

I
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can be used to compute the intcrlaminar stresses,
when the inplane stresses ((j,,. (,, .,,! are known. N U.

Integration of eqns f 2a. b) with respect to z gives Y ' - 1 A' U
o-. a,:). which then can be used in eqn (12 ci to ,/

determine ao.. It is found that even this approach
Zives inaccurate. but continuous, stress fields at
the layer interfaces for thick composites. This
inaccuracy is attributed to inaccurate representa- 2

tion of the inplane stress components in ESL 2u
theories. - - " 1

Fig. I. Schcmllatic o{"a .milliat. and \ tcrc rila!L ll

4 LAYERWISE LAMINATE THEORIES

Unlike the ESL theories, the laverwise theories theory will have 3N variables and as many differ-
assume separate displacement field expansions ential equations in two dimensions. An advantaze
within each material laver, thus providing a kine- of this laverwise theory is that it require,, onl\
maticallv correct representation of the strain field two-dimensional finitc e,:ments \\hile incorpor-
in discrete layer laminates, and allowing accurate ating the kinematics of three-dimensional ela,-
determination of ply level stresses. Numerous ticitm.
displacement-based. laverwise laminate theories While the same interpolation functioms are
have appeared in the I.2rature.ýý -'' In most of used in eqn i13 l for all three displacements for
these laverrwise theories, displacement continuity simplicity, independent interpolation of the dis-
across laver interfaces is enforced via constraint placements -espcialy ii, can be used. The func-
equations that allow some of the dependent vari- tions 4), are piecewise continuous functions.
ables to be eliminated during the model develop- defined only on t\,o adjacent la\ers, and can be
ment. Howcver. in the laverwise theory of viewed as the Ilobal Lagrange interpolation tunc-

Reddv,4 .. the transverse variation of the dis- tions associated with the Jih interface of the layers
placement field is defined in terms of a one- through the laminate thickness, and U" denotes
dimensional. Lagrangian. finite element the nodal values of u at the nodes througwh the
representation that automatically enforces (' thickness. Because of this local nature of O•. the
continuity of the displacement components displacements are continuous througzh the thick-
through the thickness. resulting in transverse ness but their derivatives with respect to - arc not
strains that are laverwise continuous through the continuous. This implies that the transverse
thickness. The variation of the displacements strains can be discontinuous at a rPoint P) on the
through the thickness can be represented to any discrete layer interfaces. t? -. leavingi the
desired level of accuracy by simply increasing the possibility that the interlaminar stresses computed
number of one-dimensional finite elements (i.e. from the laver constitutive equations at the point
numerical lavers) or increasing the order of the from the two layers can be continuous:
transverse interpolation polynomials. Thus. the . , - ,.-
laverwise theory of Reddy provides a generaliza- 1'-,, c..
tion of the layerwise displacement field concept. The inplane strains F, will be continuous and

The layerwise theory of Reddv is based on the therefore the inplane stresses c,, will le discon-
following displacement expansion through the tinuous at laver interfaces, as they should, because
laminate thickness. The ith displacement com- of the difference in material properties of adjacent
poncnt is expressed as 'see Fig. I layers.

The choice of A' in eqn ( 13 provides the
, U analyst with many' options and tlexibilitv in

i , . t U ,",3 modeling. When N is chosen such that at least one
element per layer is used, the interlaminar stress

where i = 1, 1 3, N is the number of subdivisions distributions can be determined accurately. The
'e.g. finite-element discretization) through the sublaminate concept can be used to model several
thickness of the laminate, and (1) are known func- identical layers of the laminate as one equivalent
lions of the thickness coordinate. z. The resulting layer by choosing one element through the layers.
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On the other hand, a layer can be modeled with Fiber-reinforced composite laminates arc
more than one element to represent matrix splits constructed of orthotropic layers, with the
or to capture local effects. In addition, the layer- material principal axes (x1 . xj of each layer
wise theory of Reddy can be used to model oriented at an angle with respect to the global
imbedded delaminations between layers"' and coordinate system (x, vy while the material prin-
study their growth. cipal coordinate x, of all layers coincide with the

The linear strain-displacement relations asso- global z axis. In the layerwise theory, the
ciated with the layerwise displacement field of eqn stress-strain relations of three-dimensional elas-
(13) are ticity are used. For a typical lamina. we have.`

11?14 " ',= 8U 4" Ez. ud4 )  K]
d4), aUu- , ---- + 4),t, l J.
dz d O lo,

2~14 2 d),
__d + • ('• 1.o (1, ,

dv ax

where summation on repeated indices is assumed. sym , 1
The jgoverning equations for the nodal vari- The stresses can be written in terms of the di'-

ables L ,_U 3) can be derived using the placements by means of eqn. ?14 and 17 . and
principle of virtual displacements. The equations the resultants in i 16 . can be N\ ritten in terms of the
of motion of the laverwise theory are displacements i', l It' 1by suhtitUlLlor

stresses into eqn (16 . Thus, the governing di'-
.+ - Q/ =,, ferential equations can be uiltimatelv written in

Ox - = terms of the displacements. i '. I and
their derivatives with respect to x and v.

ax aY
5 VARIABLE KINETIi FINITE ELEMENTS

ax a v While laverwise finite elements allowv accurate
determination of three-dimensional stress fields.for = 1. 2...... .where the resultants are they are computationally expensive to use due to

defined by the large number of degrees of freedom per cle-
,, _" ment, comparable to stacks of thrce-dimensioni

finite elements. Thus, it is often impractical to
,. ,, , dz. discrctize an entire laminate with la\erwisc finite

elements. Further. for many laminate applications.
o. (1;), the indiscriminate use of laverwise elements is a,Q~ ( f ,Q . )= t ,. , .1 i d

fz waste of computational resources since significant
4,: three-dimensional stress states arc usually present

(K',,, K'.',)-- (,:, o,.)(, dz. only in localized regions of complex loading or
f, : geometric and material discontinuities. A logical

idea is to subdivide the laminate into regions that
1)4 ) (i)D / (16 can he adequately described by ESL. models and

f, ,: other regions that require some type of laverwise
model (i.e. a simultaneous global-local strategy).

where h is the total thickness of the laminate and In this way. the most appropriate model is chosen
p is the material density. for each region, thereby increasing solution

-A
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economv without compromising solution accur- represent the inplane coordinates and z is the
acv. Such global-local schemes can be developed transverse coordinate. The underlving foundation
using established finite element technology:5-. of the displacement field is provided by u,
however. currently available methods make which represents thc assumed displacement field
implementation extremely cumbersome. The for any desired equivalent-single-layer theory e.g.
primary source of difficulty is the enforcement of the first-order shear deformation theory %. The
displacement continuity across boundaries that second term i, represents the assumed displace-
separate incompatible subdomains. Currently ment field for any desired layerwise theory ecg.
established methods of achieving displacement the laverwise theory of Reddyv. The laverwisc
continuity between incompatible regions include displacement field is included as an incremental
A multi-point constraint equations via Lagrange enhancement to the basic ESI. displacement field.
multipliers., i. penalty function methods, and (iii so that the element can have full three-dimen-
special transition elements. Each of these methods sional modeling capability wN hen needed. Depend-
is too cumbersome for extensive use under a ing on the desired level of accuracy, the element
wide variety of operating conditions. Thus, there can use all. part. or none of the laverwise lield to
is a need for the development of a global-local create a series of different elements having a \Nide
analysis procedure that provides greater robust- range of kinematic complexity. For example, dis-
ness. simpler computer implementation. and crete laver transverse shear effects can be added
vwider applicabilitv to practical composite strut- to the element by including- t',' and u.resulting
tures. in a laverwise element, which we denote as the

To overcome the limitations of the current LWI element. Further. discrete layer transverse
procedures used in the global-local finite element normal effects can be added to the clement by
analysis, a variable displacement field concept also including itu,\'. resulting in another laverwise
kkas proposed by the author and his col- element which we denote as the LW2 element.
leagueIs.4" .. The variablc displacement field is a Displacement continuity is maintained bemeen
slim of all admissible displacement fields. single these different types of elements by simply enforc-
la:ier as w\ell as laiverwise. so that appropriate part ing certain homnogeneous essential boundary con-

of the displacement field can he invoked in a yiven ditions ;see Fig. 2 _. thus eliminating the need for
region of the domain. The finite elemcnts based :cuti-point constraints. penalty function methods.
on different displacement fields can be connected or special transition elements. Such variable kine-
together in a single domain for global-local matic plate elements have been developed by
anal\sis. 1o further reduce the computational Robbins and Reddv" and showN much potential
cffort the mesh superposition is employed. In the for a wide variety of global-local analysis of com-
mcsh superposition technique, an independent posite plate problems.
M)erlav mesh is superimposed on a global mesh to
provide localized refinement for regions of inter-
est regardless of the original global mesh topo- 6 MESH SUPERPOSITlON TECHNIQUE
log}. Integration of variable kinematic elements
and mesh superposition technique yields a very The use of hierarchical. variable kinematic. finite
r,buj,.t, economical analysis fir glo!.,,i h,cal eleentlnt concept provides a convenient means of
analysis of practical laminated composite struc-
tures. B trU= 0

hle variable kinematic, finite element is devel- 5 Rotation

oped 1y superimposing several types of assumed 4 A•-

displacement fields within the finite element z £

do)main. In general, the multiple assumed dis- 3
placement field can be expressed as .3

I S1 I \&I,Il•x.V. 1,=u, (x. v" )+ it x, Vv z), 2 7- .

1= 2. 2,3 (18) Trsilasion.-..

where it, and it. are the local inplanc displace- I 2. Supcrpositioii of ihe lirsi-ordcr shear deformation

merit components and a is the local transverse thcory displacemncll ticld and laxcrkise displacemcent li,.'h.

displacement component. 'The coordinates (x., Y) lcormation ofthe transrsc nornial Ali in the %z plane.
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simultaneously discretizing subregions of a single R, with boundary 8,, i.e. the rectangle ABCD,.
computational domain with different theories. Assume that a solution obtained with the original
Thus. the analyst can use the most appropriate 4 x 3 mesh indicates high displacement gradients
theory for each subregion of the domain. How- in a subregion R, enclosed by houndar% -S, Ii.e.
ever, the efficiency of a global-local analysis the quadrilateral region EFGI) . An independent
based solely on variable kinematic elements is still overlay mesh is then constructed corresponding
strongly dependent on a priori knowledge of the to the subregion R, and this overlay mesh is
locations of subregions that require the more superimposed on the original mesh to form a
powerful laverwise elements. This limitation is composite mesh. The total displacement field u
duLý to the requirement that the inplane discretiza- for the resulting composite mesh is then defined
tions of adjacent subregions must be compatible as follows:
across subregion boundaries. The removal of this
restriction would result in a very general, robust
global-local computational model. In keeping and
with the hierarchical modeling philosophy of the U inIR,-R, 19)
previous section. the finite element mesh super-
position technique isce, for example. the recent where u is the total displacement field. u is the
paper by Fish5> is chosen as the means to remove displacement field interpolated on the original
the strong dependence of initial mesh topology 4 x 3 mesh, and uI is the additional displacement
upon global-local solution efficiency, field interpolated on the 5 x 5 overlay mesh. Note

The mesh superposition method is an adaptive that u' serves as an incremental enhancement to
refinement technique that creates refined areas the global solution within region R, A ne\k
within a chosen crude finite element mesh by solution is then computed based on the mul!iple
superimposing independent, refined meshes displacement field, which permits an enhanced
overlay meshes) on the original mesh. No representation of the solution within subregion

changes are made to the original mesh during the R,. Note that the process of forming a composite
superposition process. The mesh superposition mesh does not require altering the original mesh.method is adaptive in the sense that the size, An important consequence of the multiple dis-
shape and ultimate location of the overlay mesh is placement fields is that the original mesh and the
based on the solution provided by the original overlay mesh need not have compatible discreti-
mesh alone. The overlay mesh and the original zations along the boundary S,. since (, continuity
mesh need not have a compatible discretization: of the displacements across S, is imposed My pre-
the overlay mesh can be used to provide enhanced scribing homogeneous essential boundary condi-
interpolation capability precisely where it is most tions on the additional displacement field UI:
needed, regardless of the original mesh. 2W

To illustrate the mesh superposition idea,' U =0 on 5,
consider the two-dimensional, displacement-based. (i.e. along EFG). Homogeneous essential bound-
finite element model of an elastic solid shown in arv conditions on ul arc not required along the
Fig. 3. The original coarse mesh occupies a region houndary Y, ES,, (i.e. along EI)G unless EI)G

happens to be part of a Dirichlet boundary i.e.
boundary where the solution u is specified, for the
problem as a whole. By circumventing the mesh
compatibility requirement along 5,. a tremendous
amount of flexibility is provided for the construe-

. .... ........--- tion of the overlay mesh, and the adaptive refine-
F. G ment process can proceed in an optimal manner

regardless of the original mesh topology.
. .. The assembled finite element equations of the

global-local analysis with mesh superposition
technique are of the form,

A" E D
Fig. 3. Finite element mesh superposition showing a [K,, KI K1V" dl -i,1

coarse 4 X 3 global mesh and an independent, refined, 5 x 5 [K, [it' (21)
overlay mesh (shaded). 2
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where [K11] and [K-J represent the independent stiffnesses ([K, 2j and JKJ) destroys the bandedstiffness matrices for the global mesh and local nature of the composite stiffness matrix, thus a
overlay mesh respectively, the submatrices [K,2J conventional direct banded equation solver is
and [K,_] represent the stiffness matrices associ- inefficient. Due to the incremen:al additive iature
ated with the coupling between the global and of the variables interpolated on the overlay mesh.
overlay meshes, and [d} and Jd,} denote the nodal ýd2} J=0 provides a reasonable starting estimate
degrees of freedom associated with the global and for {di}. Thus, the following iterative method is
local meshes respectively. Thus, the process of used to solve the composite system of equations:
creating a composite mesh by adding an overlay
mesh to an original global mesh destroys the Step 1. SetId,-=
banded nature of the composite system of equa- Step 2. Solve[Kti]{di]=jF"•- Kt:Itdi
tions. This process is illustrated in Figs 4 and 5. In for Jd1
Fig. 4. one quadrant of a 2 X 2 global mesh is Step 3. Solve [K ,.ltd ,ý l ý = K , ' i di
superposed by an independent 2 X 2 local mesh to Ste . S ,
form a composite mesh. The local elements can
be different from the global elements, both in Step 4. Repeat steps 2 and 3 until convergence
terms of the degree of interpolation as well as the is achieved.
theory (or mathematical model) on which they are
based. In the composite stiffness matrix, Fig. 5
shows the composite stiffness matrix in terms of 7 NUMERICAL RESULTS
zero and nonzero entries for the composite mesh
of Fig. 4. While both [K11] and [K2 ,I retain the 7.1 Accuracy of the layerwise theory
usual banded form, the presence of the coupling

Numerical results are presented here to illustrate
the accuracy of the layerwise theory. The numeri-

Global Mesh Oveday Mesh Composite Mesh cal results were obtained using a displacement
So 0 0.. •.. -0 finite element model of the layerwise theory

described above. The reader is referred to the
0 -0 . .. 0 .. . o.... ... paper by Robbins and Reddyv'" for a description

of the finite element model and additional0 0 0 ° * -numerical results.

Composite System of Equations Consider a cross-ply laminate (0/90/0) sub-
Kill{F2 jected to sinusoidal transverse load at the top

2F1 surface of the plate. This problem has the three-
rK21] [Ki2 I{d2} (F2 dimensional elasticity solution." I ne plies are of

equal thickness (h/3). and the material properties
Fig. 4. Finite clement mesh superposition showAing the of each ply are

structurc of the compositesystem of equations. 25 msi. E .= I msi, E . F, G 1= 0-5 msi.

ElK = G2, 0 =2 msi, , = , , = 0-25 (22

L2'i [K22] The intensity of the sinusoidally distributed load
is denoted q,. Two different finite element meshes
are used. The two meshes differ from each other
only in the mesh refinements through the thick-
ness. A 2 x 2 mesh of eight-node quadratic ele-
ments is used in a quadrant of the laminate. The
mesh used through the thickness are as follows
(see Fig. 6):; Mesh I - three quadratic elements through

Fig. 5. Form of the stiffness matrix for the composite mesh. the thickness (441 dof).
Nonzero entries are indicated by dark areas. Banded nature
is lost due to extensive coupling between global and overlay Mesh 2 - six -,,adratic elements through the

meshes, thickness (969 dof).
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z •Figures 7 and 8 contain plots of nondimensional
stresses (a,, •,) through the thickness of the
square, thick, laminate (b/h = 41 The stresses are
nondimcnsionalized as fcllows:

Y ._a, a, i ih1 bqL
1 1 t - D a,: o (b ,, a , .z .)h l( bh q ,,) 2 3 ;

X z

2-D Y where a,.= 01'05662(b/2), bh.=0.894338 b/2;
-- are the (reduced order) Gauss points closest to the

points of maximum stresses. The coordinate
system is taken in the midplane of the laminate.
with the origin of the coordinate system being at

X the center of the laminate. In Figs 6 and 7. the
Fig. 6. Finite element meshes of lavcrwise elements used solid line represents the three-dimensional elas-
for a three-laver (i0/0/tO . simply-supported square laminate ticity solution of Pagano,"' the solid circles repre-
under sinusoidal transverse load. Mesh I is shown in the
figure, mesh 2 differs only in doubling the number of layer- sent the finite element stresses at the Gauss points

wise elements through the thickness. for mesh i, the open circles represent the finite
element solution at the Gauss points for mesh 2
(refined), and broken lines correspond to the

-"Exact3- Es ,classical and first-order theories. Excellent agree-
aLayerasti Mh 1ment is found between the three-dimensional elas-

Layer-wise Mesh 1 ,, ticity results and the finite element results based
; Layer-wise Mesh 2

--- CLT on the layerwise laminate theory. The deflection
0.67 FSDT ui(x,y) coincides with the exact three-dimen-sional elasticity solution and is not shown here.D All stresses in the layerwise theory were com-

-,3- puted in the post-computation using the displace-
iment field, linear strain-displacement relations,
and linear constitutive relations. The inplane
normal stress (o,, in the classical laminate theory

o.00 (CLT- and the first-order sheai deformation
-0.6n-04 -0.2 0.0 0.2 0.40.60 (FSD) theory were post-computed at the Gauss

points using the constitutive equations. The trans-

Fig. 7. Distribution of inplane normal stress a, through verse shear stress cr. in the CLT was post-
the thickness of a three-layer (0/90/0). simply-supported

square laminate under sinusoidal transverse load, computed from the first two equilibrium
equations of the three-dimensional elasticity.
whereas they were post-computed in the FSD

1.00 both from constitutive and three-dimensional
S ""elasticity equations.

- , -- -- From the plot of the inplane normal stress a,,
.6 -,- - .. Exact3-0 it is seen that both CLT and FSD predict wrong

0.67 - " -sh I sign of the stress at the layer interfaces. This is due

KMSh to the fact that the stress is approximated in the
S-- CLT (equ")

. - u classical and first-order theories by a linear
0.33 " ."- .. .. .. -j FSfT euO expansion. In trying to best approximate the non-

- -.. - -linear stress distribution by a linear variation.
- K% ' both CLT and FSDT yield wrong interface stress

0.00 .. values. This can lead to inaccurate prediction of
.0A -o.3 .0.2 -0.1 oM failure load and failure mode. The equilibrium-

Transverse Shear Stress (Y. based stress o5 from the single-layer theories is in
Fig. 8. Distribution of transverse shear stress o,; through considerable error compared to the three-dimen-

the thickness of a three-layer (0/90/0), simply-supported sional elasticity solution; in fact. they predict
square laminate under sinusoidal transverse load. maximum value of az in the middle layer while
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the three-dimensional elasticity Lrives in the outer The variable kinematic finite elements, are used in
layers. Note that the error introduced in the corn- it global-local analysis to determine interlaminar
putation of the inplane stresses (cx. 0a11, all free ed-te streý;cs near the middle of' one of the
through constitutive equations will influence the two free edges (see Figs 9 and 1W0. The global
accuracy of the transverse stresses computed reg~ion is modeled using first order shear deform-
Using the equilibrium equations. The transverse able elements: the local regtion is modeled v ith
shear stress computed in the FS[) by constitutive L.,12 elements in order to capture the three-
equations is in qualitative agreement with the dimensional stress state near the free edtue. Fiv
three-dimensional elasticity results. For all different finite element meshes are used. Tlhe
stresses. the laver-wise theory yields accurate inplane discretization for all five meshes is exactly
results, the same, consistint- of a 5 x I11 mesh of' iehi-Yt

node quadratic two-dimensional finite element,,.
7.2 Global-local analysis with variable kinematic All elements have the same length ,21,)z H 4),A -
elements ever, the width of the elements decreases as the

fr e e~eatix. W is ajipproached. T'he widthso
To demonstrate the accuracy and efficiency of the the eleven rows of elements. ats one moves mawv
variable kinematic finite elements, a global-local from 1he refined free edgle are 12/I16. h/i, 6. Iz X.
analysis is performed to determine the nature of h/4. Ii/2. It. It, 2 h, 3h, 3hi. 5h. where h is the ph\
the free edite stress field of the free edeye effect in at thickness. The five meshes differ only in the size
thick. symmetric an le-plv laminate under of the local rei-zion that is discretized with 1.11 2
imposed axial extension.7' Consider a thick. svm- elements. The LWI2 elements used in the local
metric. angle-ply laminate i45/ - 4 5 ), sub~jected to region employ eight quadlratic layers through the
axial displacements on the ends. The laminate has
a lengyth of 2L. width 2 I and thickness 4h. witLh
L = 10l WIand IV= 8h fsee Figs 9 and 10(I. E~ach of'
the four material layers is of equal thickness h,. V.W =10 Lomlc2 Region (LW2)and___i\________= __8 __ Y__Global____ Region___________

an sidealized ats a homoggeneous. orthotropicW/= YA. Glb(ego(SO
material with the following properties expressed A -

in the material coordinate system: ----- --.- ----

1. 20 x 1 (Y psi. I., L"1/ =2. 1 x I 0`*psi,--
2W . .-.....

(i = 0 =(-8 5 x 10' psi, x

'Mhcre subscript L denotes the direction parallel __

to the fibers, subscript 7' denotes the inplane ---.----..-- 2L -..-

direction perpendicular to thc fibers, and sub- Fig~. 9. lonlAinc dihcrctitationl (ta 4 4 anni

script zdenotes the out-of-plane direction. The unldCr a)Xlal C.\CrII.iofl.
origgin oif the global coordinate system coincides
with the centroidl of the three-dimensional com-
positc laminate. The x-coordinate is taken along
the length of' the laminate: the pi-coordinatie is 2h 45---~-.-~. .

taken along the widlth (If laminate: and the Z- -45.. .. .

coordinate is taken through the thickness of the 2W y
laminate. Since the laminate is symmectric about
the xv-plane. only the upper half (If the laminate Is
Modeled, Thus the computational domain ish
defined by ý- L• x: .,--W1< 0:5z52h). Locw Region
The displacement boundary conditions for this LW28offiets h~
problem are:+

Up"L IV. Z) = ~ 1(1 -L .z) =0, W-h-..- h-y

It(-1. 0. 0) 0, 11,(L, t), 0) =0. Fig. 10. Laverwise disecrtization of the local region
(through the lhickness( near the free edge of a (+45/-451,u(.y, 0) =0 (25) laminate' under axial extension.
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laminate thickness Jfour per material laver). Trhe at the reducedI Gauss points nearest the middle of
thickness of the numerical layers decreases as the the refined free edge. i.e. along the line --0-1 1 51L

~-45,1-45ý interface is approached. From bot- 0-998 14 Li -i.i.al orL1)hll"a
torn to top. the layer thicknesses are 0-533/h, meshes compare very well with the control mesh.
0-267h. 0- 133hi. 0-083h. 0,083hz. 0-133/h, 0-267/i. In Fig. 12, meshes I -and 2 showv some error. ifldi-
05,33/i (see Fig. 9ý). cating that (:is more sensitive to the mnesh and

The five meshes used in this problem arc sum- the boundary laver thickness is lartuer than that oA
marized below (see Table I. ~ Meshes 3, and 4 are practically indistinguish-

"* 1Xlesh I - 3 x 4 local mesh of LW 2 cic- able from the control mesh.
ment. cnterd aout he oint(0.w ~Fioures I13 and 14 show the distribution of the

The~~ ~ ~ ~ LI2ceret xen itneo 1 interlaminar stresses (;, and (j:. res pectixely.
aN Lv 2ro telfement Lxc a4 dtanctie goba ai2 'cross the width of the laminate near the ý4

away~~~ ~~~ frmtefe-de234atv lbl 44;5 interface. The stresses are computed at the

"* Aft's/ 2 - 3 x 5 local mesh of L W2 edc- reduced Gauss points closest to the line 0. Y. l
mens. entredabot he oin 0.~ ( . i.e. alongy the line 0-tl 1 5L. v. 1-0 1 4h/ In both

The LW 2 elements extend at distance of If Fis1 n 4 teitraiarsrse on
av.av from the free edu.e t2 740) active cl(obal puted with meshes 3 and 4 arc v'ery close ito the

[if I-,t.I stre isses obtained wilth the co -ntrol miesh. Once

"* Ah'V/ 3 - 3 x 6 local mesh of LIV2 edc- again, the stresses computedI x ih mes-hes, I and 2

nients. centered about the point fO. It: W. shwasihero:oee.te irOtol lc
The 1-112 elements extend a distance of 2/h qualitatively similar to the other mieshes.

away a from the free edgee: 3 2 26 active gl~obal
dof *.

"* .lch'i 4 - 3 x 7 local mesh of i.IX2 ele- 2
nients. centered about th ont(.I' WMesh 1

The LW2 elements extend a distance of' 3I'l 1.5 0Ms .Ms
avvfrom the free edgze i35 I12 active gtlobal 4

" Viuesh II an 12 showtedsrbto of the 2l-1e5n1s-0n5 4

interlaminar stress (j, and ( .respectivecl\ rnv.s ha StressG,

thro gh te la inat thiknes. A l stesse are Fig.11. Iniclarnnar hcar (j.disinhution ia th

factr i.where r,, is the nominal applied~~hh stese are Computednarlt

2 eh

I ble 1. G lobal- local finite element mneshes us~ed in the 15 0Ms ,Ms
studv of the free edge problem" -Meh

u inier ot With ()I [Total -j

ek ntenvs in local acti~ve
hi cal rein e iontl

Mesh I 3 114 h2 2354
Mesh 2 3 ~'5 /1 274to 0 ...

Mesh 3 3 X 6 211 322(, -0.6 -0.4 -0.2 0 0.2
`vesh 4 3 x 7 3hi 3512 Transverse Normal Stress Y
Mcsh 5 5 ), 1i 1011 9) 6

F-ig. 1 2. int erIlaminiar normtal 'Ilcss o dti Iribut ii tin ar the
t he ti tal iniplane drscret i/atio ifo r all l ive globhal -loc al 1%c- edge ot it yrnini mtric 4 , t -i/-I; larninate uinder asial

moesheis 5 ý, 1 . extCeltsion.
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0 - Piezoelect.-c

Adhesive

-0.5 z4-~ Local Region of frmerest

mMesh 1
dj o1 Mesh 2______

00 Mesh 3. KMAesh 4

~ 1.5 -Mash 5 Aluminumt

k 2 t0 n -

0.4 0-5 0.6 0.7 0.8 0.9 1
Piezoelectric thickness 0 2,n . Actuation strain z2 '52

Y/W ~Adhesive thickness 0.01 tn

Fig. 13. Interlaminar shear stress o, distribution across Fig. 15. (Mindrneal hending (iftia cantileser plate ssjthi
theivwidth of a -4-45 '-45\ý laminate under axial extension. surtace bonded piezoelectric actuator ,train induccd mn the

act uator =I0)

0.1A 8

~ -. 1A B

in Meshi1
- 0.27

E Mesh 2 Global Region. a FSO elements
Z5 -0.3 - 0 Mesh 3
Z 04 AMs Local Region. 13 LWV2 elements

-0.4 A Meh 44 layers thtrough PiezOeiectni:
----- 0h5 3;ayers througir adhesive

-0.5 . 4 layers through aluminumn

0.7 0.75 0.8 0.85 0.9 0.95 1 Fig. 16. f-inite element mesýh used to model thle cdhndlfleal
Y/W bendinug of a cantileser plate with a surfaee bonded pleil)-

1-ig. 14. Interlaminar noi rmal stress it 0- 15 electric actuator. Variable kinematic elemeumsV are usecd toý

Il)14/1 diitribUtilln lierols the w-idth 1)1 a +--5- 4 5 permit the simulltaneous use ot (%wi different mathematmeat
haimInate Uinder axial ext en 511)1. mnodek s or theories

20000-.-

7.3 Variable kinematic elements and mesh I

%llperpositioflq

1I) illustrate the utlifty of' comrbinini! the variable _

w 5000i
kinematic element concept with the mesh super-
pos),ition technique. consider the cylindrical bend- 0!
tng of a cantilever plate by a surf'ace bonded U

piezoelectric actuator swni Fig. 15. The 50001I

objective (if the analysis is to determine the trans-oo ----- - i- - -

verse stresses in the-thin adhesive laver necar the 32 4 36 8 4

end o)I the actuator. The local reg~ion of' interest, y (in)
"shere signmificant three-dimensional stresses are Fig. 17. D~istribution of transverse .tresses along the center

expected.* is shown in Fig. 1 5. If this problemn is to oI the adhesise laver near the free edese (if the actuator, asý

he soulved byt variable kinematic finite elements, in determined using at mesh lof %ariablll kinematic finite

order to capture these local three.-dimiensional cenns

streisses while maintaining an overall economical
solution. the majority of the plate should be dis-
cretized using FSI) elements while the local Y. Several points of interest should be noted. First.
region of interest be discretized using the 1,W2 both of the transverse stresses approach z~ero ats
elements (see Fig. 16), the global-local boundary, A A is approached (i.e.

Figure 1 7 shows the computed transverse as -v decreases, toward 3-0), this suggests that the
stresses; in the center of the adhesive Layer verses sieof the local region is sufficient to capture all
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of the free edge stresses n,.ar the end of the actu- Global Mesh 10 ,rs, ore, shear ,Itofcle el•zre,,
- -... ... .... 63 degrees of reedom

ator. Seconmily. the transverse shear stress appears ____ -..........
to satisfy the traction free boundary conditions at
the free edge of the actuator and adhesive. Third.
a significant transverse normal stress exists in the Overlay Mesh
adhesive layer near the free edge of the actuator. 13 layese tnte eierwrt5

T~fis transverse normal stress is of particular 4 layers througr, ezoeiec'lc

concern since many adhesives are relatively weak 3 ýayers thrOugh aChesve

in tension. It is also interesting to note that if this 4 layers throu e e fl•eam o
L, Layers3 hoghN refined n~ear 3&,esi•e

problem is solved using FSDT elements only, then and coarse etwhere
both the transverse shear stress and transverse Wan ceares° ofreer•e

normal stress are predicted to be zero over the Composite Mesh
entire domain.

To illustrate the utility of combining the vari-
arle kinematic element concept with the mesh_ _____

superposition technique. consider once again the
example problem shown in Fig. 15. Figure 18 Fig. 18. Finite clemen nich \upcrpi,moifhl hhovkm. ,hc

colarsec udhbal mc-,h (it t,%) clcnicnlý, th,: mindependent
showes the global mesh, the local overlay mesh and incrla\ mc,,h mtc 1.1, 2 aclem ntd.., tK'.ukm ,,p,,-

the resulting composite mesh used to solve this 1,

problem. The global mesh is a coarse uniform
mesh of ten FSD elements. To capture the local
three-dimensional stress field in the adhesive proposed by the author is described. A finite
laver near the enJ of the actuator. an independent element modeling methodology is presented for
local overlay mesh of 13 LW2 laverwise elements the hierarchical. glohal-local analysis oif lamP
are used. The 114`2 elements used to form the nated composite plates. The method incorporate,
overlay mesh contain four layers through the a new variable kinematic, displace'nent-based.
aluminum substrate. three layers through the finite element that is based on a multiple assumed
adhesive, and four layers through the piezoelec- displacement field approach. The variable kine-
tric actuator. The local overlay mesh is super- matic elements provide a great degree of flcxi-
impcsed over the fourth and fifth global elements bility in defining the transverse through
1() achieve the composite mesh. The composite thicknessi variation of the assumed displacement
mesh shown in Fig. 18 has the exact same inter- field. The resulting finite clement model perrnit,
polating capability as the mesh shown in Fig. 16. different subregions of the computational domain
Thus, it is not surprising that the solution to be describedby different mathematical modcl,.
obtained from the composite mesh of Fig. I8 is Enforcing displacement continuity along sub-
exactly the same as the previous solution obtained region boundaries requires only the ,pecification
using variable kinematic elements only; therefore of certain homogeneous essential boundary con-
the results arc not repeated here. The advantage ditions. thus avoiding multi-point constraints.
of the present model over the previous model is penalty function methods, or special transition
that the same global mesh can be used in the elements.
investigation of many different local regions of To increase the utilitý of the variable finite
interest. For each new local region of interest, an elements, an intcrzration of the variable kinematic
independent local overlay.mesh of variable kine- element concept with the finite element mesh
matic elements is formed and superimposed on superposition technique is developed. The reuhl-
the global mesh. Since the global and overlay ing global-local model permits selected local

meshes need not be compatible, the effectiveness subregions in a composite plate to be convent-
of the global-local analysis is not strongly tied to ently discretized with an independent refined

the global mesh topology, overlay mesh composed of FSDT. 1,II 1. ,nd-or

1I12 elements. Due to the independent nature K,'
the local o'.eilay mesh, the present integrated

8 CONCLUSIONS method allows several different local regions of
interest to be accurately and conveniently investi-

A review of the "'-,-layer theories of composite gated regardless of the original global mesh topol-
laminates is pj%,,':::cd, and the layerwise theory ogy. The computational procedure described
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The influence of trigger configurations and
laminate lay-up on the failure mode of composite

crush cylinders

H. G. S. J. Thuis & V. H. Metz
National Aerospace Laboratory, Voorsterveg 31, 8316 PR Marknesse, The Netherlands

In this paper the results are presented of a test program on the energy
absorption of composite cylinders loaded in compression. The influence of the
laminate lay-up and of the trigger configuration were determined. Two different
failure modes for the different laminates and triggers were observed: a splaying
mode and a fragmentation mode. The splaying mode is more efficient in
absorbing energy. The failure mode did not change during the crushing process.

I INTRODUCTION
right choice of laminate lay-up and trigger

The increasing importance of improved safety configuration.
and crashworthiness in aerospace and automotive In an experimental study. performed at the
vehicles leads to additional design requirements. n an imenta studifferformed he
To meet these new design requirements without NLR,4 the influence of different trigger mech-
severe weight penalties designers are searching for an.sms and laminate lay-ups on the crush charac-
new materials and structural concepts which can teristics of composite sine-wave beams was
absorb a large amount of crush energy. Com- investigated. The fabrication of the sine-wave

posite materials have a large potential in absorb- beams is cumbersome, however, and not suitable

ing crush energy. Unlike metals, which absorb for studying the influence of the different trigger

energy by plastic deformation, composites absorb configurations and laminate lay-ups. Hence, in
crush energy by multiple microfracture of the this study the crush characteristics were evaluated

fibres.2.3 by testing cylinders loaded in compression.

In order to establish a large amount of energy The test program on the cylinders was con-

absorption in composites it is important to: ducted in two phases. In the first phase the in-
fluence of different laminate lay-ups and trigger

(1) Trigger the failure of the structure. When configurations on the energy absorption of the
the failure of the structure is not triggered, composite cylinders was determined. In the
a peak load occurs before crushing is esta- second phase the different failure modes intro-
blished (see Fig. 1) and an undesirable duced two different trigger configurations which
failure mode may be generated which has a were investigated. In this second test program the
negative effect on the energy absorption. crush zones were analysed in detail.
Furthermore a high peak load leads to high
acceleration levels which are undesirable in
the case of a crash, whereas the peak load is 2 TEST SPECIMENS AND MATERIALS
only a small contribution to the total
amount of absorbed energy. The specimens were composite cylinders with a

(2) Create a stable crush zone that will pro- inner diameter of 42-2 mm, a length of 100 mm
pagate through the material, because this and a wall thickness of 1-2 mm or 126 mm
will assure a process of continuous high (depending or the laminate used).
energy absorption. The occurrence of such The specimens were composed of a combina-
a stable crush zone must be achieved by the tion of hybrid carbon/aramid fabric at the outside

37
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of the laminate, and unidirectional carbon layers 4 TRIGGER CONFIGURATIONS
on the inside of the laminate. The materials used
and their mechanical properties are listed in Table In this program five different trigger configura-
1. The laminates used are listed in Table 2. These tions were examined (see Fig. 4):
laminates were used also in the experimental
program of Ref. 4. The aramid fibres in the lami- Inplane triggers:

nates provide post-crush integrity which is desir- (1) Shortening of the three unidirectional

able for materials in crashworthy structures. carbon layers, located in the centre of the
laminate, by 0, 2 and 4 mm respectively.

3 FABRICATION OF THE SPECIMENS (2) Shortening of the middle layer of the uni-directional carbon layers by 10 mm.

The specimens were made by the trapped rubber (3) Removing squares of 5 mm X 5 mm from

moulding technique. The inner part of the mould the unidirectional carbon layers.
consisted of the TYGAVAC moulding rubber (4) Shortening of the unidirectional carbon
RTV 60. The outer part of the mould consisted of layers by 10 mm and filling the gap with

two steel form blocks and two steel caul plates unidirectional carbon layers at 90*.

which could be bolted together (see Fig. 2). The Out-of-plane trigger:
specimens were made of prepreg layers. The pre- (5) Adding a flange to one end of the cylinder.
preg layers were laminated with an overlap (see A radius of 5 mi is applied as shown in
Fig. 3) to prevent a zone of pure resin. The lami- F ig s 2 5 4. is trier as th e
nate was rolled around the inner mould. This Figs 2 and 4. This trigger simulates the
package was placed in the steel mould and the web-flange connection in a sine-wave
mould was closed. The closed mould was put into beam.

an oven and heated to 120"C at which curing of
the laminate took place. After curing the cylinder
ends were sandpapered flat and parallel. 5 TEST PROGRAM

5.1 Test matrix and test set-up for the first test
phase

PeA bW Avwp ausDuring the first test program the cylinders were
LoW loaded in compression between two flat plates

4 Lusing a 250 kN, mechanically driven test machine.
LOWd The loads were applied under displacement con-
t ef TT trol with a velocity of 50 mm/min. During the

tests the applied load and the shortening of the
cylinders were measured and plotted. The
(specific) energy absorption of the specimens was
determined. The failure modes of the specimens

Fig. 1. Typical load-deflection curve of a cylinder loaded were photographed. Table 3 presents the different
in compression. specimen configurations which were used in the

Table 1. Material properties

Code Type Material Ply Specific
thickness mass

(mm) (kg/rn)

TenCate Unidirectional Carbon/epoxy 0.154 1500
CD-553/8475 tape prepreg

TenCate Crowfoot weave (60/40) 0.20 1430
CV- 170-40-8475 fabric Carbon/aramid

epoxy prepreg
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Table 2. Laminate composition Hybrid labric

Laminate Stacking sequence" Thickness / Trigger no. 1:
n o . (m m ) 0 ) S f or t er the u n idir c na ) layers

1 [Fa+ 4 ., Fa,,10, Fa .•L, 1"20 4 If ' I Ly by 0, 2 a•ld 4 mm respecty

2 [Fa I 4i. Fai•4 , (UDI) 1. Fat, Fa± , 1-26
3 lFa. 4•. Fa_, 4 . (UD,)•. Fa± 4 . Fa. 4s 1-26 2 ¢_,onUD
4 [Fa(,,,. Fa,,,,,, (UD,,),. Fa, , t,,,,j 1-26

"Fa, fabric; Fa_-, fabric in the x/y direction; I ]_ symmetric;l Trigger no. 2:
UD. unidirectional tape; UD,, unidirectional tape in the x .. _4] ) Sheguw ltem~d layerofthe
direction; (UD),, number of unidirectional tape layers; 0' 1
direction, longitudinal direction of the cylinder; 90' direc- 0 unirectlcarn layer by 10 mm
tion, hoop direction of the cylinder.

Carbon U.

X (00) Tagger no. 3:

s5 Z (900 Reommi rectaes 0of 5mm x 5mm
in U* unidirectional cabon layers

0 Trigger no. 4:

X (00) Shorening of the Ldniectional

10 L (oo) carbn layers by1Omm andr•tac'ng
it by 10 mrnm 90 degrees ndnrectonalI •carbon layers

Fig. 2. Steel form blocks. rubber inner mould and speci- Trigge no. 5;
men with trigger no. 5. =5 X (0o) Adding a radu of5 mm at one end

PA d d n la e L Yn of tm m at o n e e n d

Fig. 4. Different trigger configurations.

The loads were applied under displacement con-
trol with a velocity of 5 mm/min. Of each con-
figuration 10 specimens were tested. The
specimens were crushed over increasing dis-

e Itances, ranging from 1 mm to 10 mm (the first
Rt iw md specimen 1 mm, the second specimen 2 mm, the

Fig. 3. Laminating the prepreg layers with an overlap on third specimen 3 mm and so on). After the speci-
the inner rubber mould. mens were crushed the crush zones were potted in

a resin while the specimens remained under com-
pression. After curing of the potting resin the

first test program. Of each configuration three cylinders were cut and the crush zones were
specimens were tested. analysed.

5.2 Test matrix and test set-up for the second
test program 6 TEST RESULTS

During the second test program two different 6.1 Failure modes
cylinder configurations were tested (see Table 3).
The cylinders were tested on the same test According to Ref. 5 laminates can fail basically in
machine as was used during the first test program. two different modes (see Fig. 5): fragmentation of
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Table 3. Test matrix

No Trigger Trigger Trigger [rigger Trigger
trigger no. 1 no. 2 no. 3 no. 4 no. 5

Laminate no. I Prog. I
Laminate no. 2 Prog. I Prog. I and 2 Prog. I Prog. I Prog. I Prog. I and 2
Laminate no. 3 Prog. I Prog. I Prog. I Prog. I Prog, I Prog. I
Laminate no. 4 Prog. I

test results of the specimens with trigger no. 1
were used.

e, 6.1.2.1 Fracrure behaviour of laminate no. 2:
IFa 4 , Fa±,,,,, (UD).,, Fa,,.,,, Ea ± 45 (see Fig. 6).
The fabric layers which are forced outwards have

Fig. 5. Different failure modes, induced by different lami- to stretch (increase in diameter). The fabric layer
nate compositions. Fa,. 5 can do this by increasing the orientation

angle of the fibres. This leads to high interlaminar
shear stresses and the fabric layer (Fa,,,) is separ-
ated from the rest of the laminate and pushed over

the laminate (cylinder on the left in Fig. 5) or the remaining cylinder like a sock (see Fig. 6). The
splaying of the laminate (remaining cylinders on fabric layer Fa ,,,, which is forced to bend out-
the right in Fig. 5). wards can only increase in diameter by fracturing

the hoop fibres. Figure 5 shows that the fabric
6.1.1 Fragmentation faiture mode layer Fa4,1 . is not separated from the axial
This failure mode occurred in specimens with (splitted) unidirectional carbon layers. The
laminate no. I with lay-up [Fa+,_., Fa,,,,,, Fa_+4 j crushed carbon fibres in the fabric fractured in
(see Fig. 5 cylinder on the left). The crushed many small pieces. whereas the aramid fibres
carbon fibres in the fabric fractured in many small show a lot of wrinkling.
pieces. whereas the aramid fibres show a lot of
wrinkling. Because of the presence of the aramid 6.1.22 Fracture behaviour of laminate no. 3:
fibres some post-crush integrity was accom- [Pa± , 5Fa(+, (UD,,)#, F ., Fa+4.4 (see Fig. 7).
plished. The fabric layers which bend inwards (decrease in

diameter) showed a decrease in fibre angle orien-
6. 1.2 Splayingftdilure mode tation. The fabric layers which bend outwards
In the splaying mode the laminate is split by a (increase in diameter) showed an increase in fibre
wedge of debris which forces the laminate into angle orientation. Figure 7 shows that the carbon
two parts, one part folding outwards and one part fibres in the fabric fractured in many small pieces.
folding inwards. The way the unidirectional fibres A number of these fragments remain bonded to
will bend depends on the way they are supported the unidirectional carbon fibres. The picture
by the fabric layers. The more hoop fibres present shows that the aramid fibres (light grey fibres in
in the fabric the better the unidirectional fibres are the photograph) are no longer interrupted by the
supported. This will lead to a decrease in bending carbon fibres (black fibres). Axial splits occur at a
radius of the unidirectional fibres during crushing. more frequently repeated interval than the axial
A small bending radius induces large bending splits in laminate no. 2. Because of the aramid
stresses and an increase in the number of fractures fibres some post crush integrity was established.
in the unidirectional layers. This will lead to an
increase in energy absorption. Three different 6.1.2.3 Fracture behaviour of laminate no. 4:
possible splaying failure modes will be discussed, /Jaa,,,/, F ,, ((D,, F Fa(,j (see Fig. 8).
observed for three laminates. In the discussion the Figure 8 shows that the fabric layers which are
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Fig. 8. Fracture mode in cylinder with laminate no. 4:
Fig. 6. Fracture mode in cylinder with laminate no. 2: ((Fa,, t.. l- ,, ;. Fa,

lFa_,ý. Fa, .90. UD50).1. FaO. Fa-4.1.

"Table 4. Peak loads and crushing loads of the diferent

specimens of the first test program

Specimen Laminate Trigger Peak load (rush load
no. U1o. KN kN

1. 1- N,7 lf2'6

2-1 2 423
2'2 2 1 35"- 20-0
2'3 2 1 40.4 2 .4 3

.- 2.4 2 3 17 -7 2,f)
2.'• 2'5 2 -4 3(v-I 20 4

2'6 2 2 "t6A 14"4

3.1 3 - 33-6 21-_
3'2 3 1 318 216f

Fig. 7. Fracture mode in cvlinder with laminate no. 3: 3-3 3 2 2-84 18-6
SFa . - U Dj,,i;,3 i Fa . ,1. 3.4 3 3 36'6 21-0

3-5 3 4 25-8 211-o
3-6 3 5 23-I 15-2

forced to bend outwards are not separated from 4A1 4 I 29-9 25o
the axial carbon layers. The increasing curvature ..
in the layers which bend outwards leads to frac-
ture of the hoop fibres and axial splitting of the
axial carbon fibres. 6.3 Effect of laminate lay-up on the specific

energy absorption
6.2 Effect of the different trigger configurations
on the peak load In Fig. 10 the effect of the laminate lay up on the

specific energy absorption can be found. The
Table 4 presents the peak and the crush loads specific energy absorption is defined as the area
which were measured during the tests on the under the load-displacement curve (see Fig. II
cylinders in, the first test phase. Figure 9 shows the divided by the crushed mass of the specimen.
efficiency of the triggers used. The trigger effi- Figure 10 shows that laminate no. I (pure fabric)
ciency is defined as the ratio of the peak load and has poor energy absorption. This is probably
the average crush load (see Fig. I). In the case of caused by the absence of axial carbon layers and
an ideal trigger this ratio should be close to one. the absence of the splaying mode during fracture.
Figure 9 shows that it is difficult to reach a trigger Figure I , ,hows that laminate no. 2 can absorb
efficiency of I-0 with the triggers used. Figure 9 more energy than laminate no. 3. This is probably
also shows that trigger nos 1, 4 and 5 have the caused by the large hoop constraint of the fabric
best trigger efficiency. layers Fa(..,,,.
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2.0 8* Uam,1: (Fa45, Fa oFa 45]s

7 C3~ Lam, 2, [Fas, FaO. 3(Uo). FaO. Fa4 jsI
RM. o Lim. a: 14(Fa 4s), XOtDO), 2(Fa45))

Tnggr elcieny /0 Lan.4: l2(Fao),3(UDo),2(F*6I,

11 Trigger I JII Trigger 4

-. *. PtTrigger? 2 j Trigger 5
0. m ---

- Trigger 3
0_ L 1

No trigger Trigger I Trigger 2 Trigger 3 Trigger 4 Trigger 5
Trigger configuration

Fig. 9. Trigger efficiency of different trigger configurations.

120 ~~~ 7 m. 1: [Fa 45,Fa o,Fa 45s
0Lam. 2: [Fa4S, Fat, 3(UD 0), Fa 0 Fats451

Spe0f 0 enrg 80 .... .. o Urn. 3: f2(Fa45), 3(UDO), 2(Fa 45)l

0 Lam. 4: [2(Fao), 3(UDO), 2(Fao)]
absorpt ion XII1111

'~(Triggeri I jjj Tnigger4

riigget 2 Trge

- W Trigger 3
Notrigger Trigger 1 Tnigger 2 Trigger 3 Trigger 4 Trigger5

Trigger configuration

Fig. 10. Efect of laminatc structure and trigger configuration on the energy absorption.

Fig. 12. Bending of' the out-of-planc trigger in a specimen
Fig. 11. Splaying mode in specimen with laminate no. 2 with laminate no. 2 and trigger no. 5 after crushing of 3 mm.

and trigger no, 1.

with equal laminates absorb more energy with
6.4 Effect of trigger configuration on the energy trigger I than with trigger 5.
absorption Figure I I shows the failure mode of a cylinder

with laminate no. 2 ([Fa.,5, Fa,.q41, (UD14),. Fa,,,,,,
Figure It) shows the effect of different trigger con- Fa ,45)] and trigger no. I (shortening of the three

figurations on the energy absorption. Specimens inner unidirectional carbon layers by 0, 2 and



The faidure flode o] composite crush cylinders 43

It can be concluded that a trigger with a good
efficiency (trigger 5: adding a flange to one end of
the cylinder) does not necessarily lead to a high
energy absorption level, as the subsequent pro-
gressive failure may be unfavourable.

7 CONCLI USIONS

Fig. 13, Fracture of the out-of-plane trigger in a specimen A study of the influence of several trigger con-
with laminate no. 2 and trigger no. 5 after crushing of 4 mm. figurations and laminate structures on the energy

absorption of composite cylinders was conducted.
Composite cylinders were fabricated and tested in
compression. From the tests the following conclu-
sion,, are drawn:

(1) By using hybrid carbon/aramide fabric
post crush integrity can bi, accomplished.

(2) Cylinders which fail in the splaying, nvndc
can absorb more energy than cylinders
which fail in the fragmentation mode.

(3) Cylinders with axial and hoop fibres can
absorb more energy than cylinders which
have no hoop fibres.

(4) To achieve a splaying mode. the use of axial
unidirectional fibres is essential.

Fig. 14. Failure mode in specimen with laminate no. 2 and (5) The trigger configuration affects the failure
trigger no. 5 after crushing of 10 mm. mode during crushing.

(6) The trigger configuration affects the
amount of energy absorption during crush-

4 mm respectively). The cylinder was crushed ing.
over 9 mm. The picture shows the wedge of (7) The trigger configuration which simulates
debris which causes the splaying mode. the chamfer has the best trigger efficiency.

Figures 12 and 13 show the development of the
failure mode in a cylinder with laminate no. 2
ý[Fa 45. Fa0.,•, (UDI)•, Fai,,,,,, Fa±,4s]) and trigger 5 REFERENCES
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Comparison between the short and long term
behaviour of fibre reinforced and unreinforced

concrete beams
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The paper deals with the results of tests on concrete beams with and without
steel fibres, reinforced (with high yield flexural steel only) and without any
reinforcement loaded statically both long and short term. Tests were carried out
for both serviceability and ultimate limit states. Measurements were taken of
load, strains, crack width and crack pattern, and deflection. For short term
loading the beams were loaded incrementally to failure, whilst for the tong *Trm
tests were loaded incrementally to their service load which was maintained for
28 days before being increased to failure. From the long term tests the effects of
cLreep can be determined.

A total of 15 beams werc tested over 28 days. The fibres were stainless steel
w ith an aspect ratio of 55 and a volume fraction of 1-5%. In all cases the results
indicate successively better performances as fibre reinforcement and bar
reinforcement were added.

INTRODUCTION 1:1"18:0-86 OPC:10 mm co se aggregate
(crushed gravel): sand (zone 2), with a batched

Designers are becoming much more aware that water-cement ratio of 0.4. The actual
serviceability, and as a result the need to limit water-cement ratio was slightly lower as the
crack widths, is becoming increasingly important coarse aggregate has an adsorption of around 3%.
in the design of reinforced concrete structures. The fibres used were Stainless Steel Melt Extract
The extent that fibre reinforcement can play in fibres (Fibrex SS35) 35 mm long, with an equiva-
this has not been properly evaluated, although lent diameter of 0.64 mm and an aspect ratio of
Swamy' provides some indication of the potential 55 (supplied by Fibretech, Nottingham, UK). A
benefits of such reinforcement. It should be constant volume fraction of 1-5% was used.
realised that there is also a certain amount of The mix constituents were mixed dry for 3 min
prejudice within the construction industry to be before the addition of water, after which mixing
overcome, in that fibre reinforced concrete is continued for another 2 min. The test beams were
perceived to produce problems on site. cast in timber moulds and vibrated with a poker

This paper evaluates the benefit both on short vibrator.
term static loading and long term loading that the All specimens were demoulded after 24 h with
addition of steel fibres has on the strength and the control specimens cured in water and the test
serviceability of reinforced and plain concrete. beams cured in the laboratory, all for 28 days

before testing.

MIX DETAILS CONTROL TEST DATA

The mix proportions used were those that have All control tests were carried out in accordance
been established over a period during various with the relevant section of BS 1881.2 The results
projects carried out at Aston and were, by weight, of the control tests are given in Table 1.
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Table 1. Control test results in the long term tests the beams with bar

Test No fibres With fibres reinforcement were incrementally loaded to 22-5
kN, the load was then held constant for 28 days

Mean Std. dev. Mean Sid. dev. before being finally taken to failure. The load for
(MPa) (MPa) (MPa) (MPa) the beams with fibres only was 8 kN representing

Compression 66.9 4-0 68"9 2-8 a similar fraction of ultimate load.
Split 4.2 0"4 6-1 1-0

cylider Test measurements
Modulus of 8"0 0-5 10-7 2"2

rupture Besides recording values of the applied load, the

following measurements were taken:

Cube strength (1) Deflection
This was determined using dial gauges at centre

It will be noted that the cube strength of the fibre span and under each load point.
reinforced concrete is only marginally higher than
that of the plain concrete. (2) Strain

Values of strain were obtained at the positions
Splitting tensile test shown in Fig. 1 using electrical resistance strain

gauges. Also in some of the tests strain gauges
The fibres increase the splitting tensile strength by were attached to the reinforcement.
around 46% over the plain concrete.

(3) Cracking
Flexural tensile test For all the tests, except the long term tests with

fibre reinforcement, the crack widths were
Here the increase in strength is less marked monitored using demountable strain (displ, -
!32%'). This difference between the two tensile ment) gauges, and the crack propagation wAas

test results is common. noted by eye.

TEST DETAILS RESULTS

Specimen details Short term static loading

All the beams were 2000 mm long by 100 mm The ultimate loads for each of the beam types is
wide by 176 mm deep. For all the tests except for given in Table 2, where it is observed that the
the long term fibre reinforced only beams three beams reinforced with fibres only are 72%
beams were cast. In the case of the long term fibre stronger than those without any fibres, and that
reinforced test it was only possible to test a single the beams reinforced with bar and fibre reinforce-
beam, and thus the results of this test will need ment are 13% stronger than those with bar
treating with a certain amount of caution. The reinforcement only. Swamy' indicates that the
beams with bar reinforcement had two 8 mm high addition of fibres gives larger increases in moment
yield bars (f. = 550 MPa) at an effective depth of capacity, but his results are based on a fibre length
162 mm. None of the beams had any shear rein- of 50 mm.
forcement. The load-deflection characteristics are plotted

in Fig. 2a for the beams with no bar reinforcement
Test procedure and in Fig. 2b for beams with bar reinforcement.

For the beams with no bar reinforcement the
The beams were loaded hydraulically through a addition of fibres increases the load to non-
spreader beam to give loading at the third points linearity and allows a certain amount of post-
of the beam. Short term loading and the load in crack deformation. For the beams with bar
the long term test was applied at the rate of 10 reinforcement, the addition of fibres increases the
kN/h in I kN increments. For the short term tests linear portion of the loading characteristic and
the load was taken directly up to failure, whereas produces a very clear second linear portion of
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"Strain gau ge
Aý positions

P12 P12

121

I t 2f 3 t•A

Dial gouges

" 640 320 j320 j 640 4e.0 0

Aý AA

Fig. 1. Details of the tests with the locations of dial and strain gauges.

Table 2. Beam test loads

Test type Load ,,kN Plain concrete Reinforced concrete

No fibres Fibres No fibres Fibres

Short term tets Failure 8-0 13-0 32-o 36006"5 11"0 30'0 35-0

7.5 130 33'0 36.0
A\ cragc 7-33 12'33 31'67 35657

First crack 12.0 1 S-0
S2"0 1881)

12,0 1780
Acntc 1 20 17'67

I ong term tcsts Failure, mean 32'84 39- 17
First crack 12.0 18.0

12-0 ISO
1 11) 17,0

Average 11"67 17'67

steeper slope indicating a degree of extra stiffen- in Table 3. The results from the short and long
ing not apparent in the beams with bar reinforce- term loading tests are generally comparable. In
ment only. There is. however, a slight anomaly in Table 3 the average for all tC tams in a test
that the beams without fibres appear to have a series is quoted. This is reasonat,. since cracking
greater capacity for post yield deformation. A is a statistical phenomenon as cracks will tend to
comparison between the deflection profiles at the occur at points of apparent weakness in the
design service loads and ultimate loads is given in matrix.
Figs 3a and 3b.

For the bar reinforced beams with and without Long term static loading
fibres the load to first observed crack is also given
in Table 2, when it is noted that the addition of Measurements of deflection under a constant load
fibres increases the load to first crack )Y some of 22.5 kN for all specimens were taken over a
47%. period of 28 days after application of the load.

Measurements of crack width were taken on Following the 28 day period the beams were
the beams reinforced with bars with and without loaded to failure. These failure loads are noted in
fibres in both the short term tests and the long Table 2 when it will be observed that the failure
term tests during the loading phase and are given loads from the long term tests showed only a very
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a slight increase for the beams with bar reinforce-
Sment only, but an increase of 10%/, higher for those

S..with bar and fibre reinforcement over those from
• 4t ," . . - - Fibres the short term tests. The deformation-time

-,,/No fibres respoe.es aie plotted in Fig. 4. For all the tests the
deflection profile was initially sharply curved

t,'j. followed by a sensibly linear portion. The slope of
the linear portion for the bar reinforced beams
either with or without fibres was similar. i.e. the

4 . . . ..0 addition of fibres did not appear to hav- a signifi-0 2 6 e 10

Central deflect,on tfm; cant effect in these tests on the rate of creep. This
result is explained by the fact that the predomi-

Fig. 2a. Load-deflection characteristics for beams with no nent mehanis g r the rat oce i the
bar reinforcement. nant mechanism governing the rate of creep is the

compressive stress level in the concrete which is
the same in both tests and that the elastic proper-

. h ties of concrete are little affected bv the addition
Si - - of fibres unless cracking occurs.

.- The single result for a beam reinforced b.
, .fibres alone is included as a comparison, but it is

- - Fibres not advisable to draw too much conclusion as
</ ''-Nthere is no indication of repeatability, except that

, a very similar profile is obtained. It should be
noted that the single fibre reinforced beam failed
at a load of II kN.

.Central defettrton (nmm)

Fig. 2b. Load-deflection characteristics for beams with Table 3. Crack width developmentbar reinforcement.Tae3.rakidhdeoet

i.oad Crack width i mm

kNi Reinforcement type

Fibres only Bar and fibres

LOAD WAD Short term Lone term Short term Long term
H- -- o- test test test test

Z~~~~~~~~~ H):-. "-..... .- "•-" ? I 0,16 (H'II
FIBRES 13-0 0119 0!15 0 0

": • ' '"15'0 0122 0.21r 17"0 (125 0,24 (003 0-06S1901 028 0"27 0-05 0(1)7
""1[ 20(0 0'31 0.30 0.06 00)9

225 0133 0.33 (1. 0.14

Fig. 3a. D)eflection profile at design service loading.

t LOAO bar

L 
-

'N-. . . .- --
-P .b eN" - . FIBRES - t-C I.. !

0 74 21 28
Time (ds ys)

Fig,. 4. I)cformation-time responses for the long term 2X
Fig. Ab. D)eflection profile at design ultimate loading, day creep tests.
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"Table 4. Deflection rates

Beam type Load 6, , ,- 't, -r I5
(kN) mm; mm tun.m. mmnk N

Fibres only 810 0.96 2-56 160 1-67 '.2'

Baronv ' 736 10-6 329 0445 011
22-5 5.61 8-47 2-86 451

Bar + fibres 22.5 282 52 247 0).8 1-111
22-5 3,80 6-14 2.34 062 6 24
2.."5 3.95 0.34 239 6 .1 1

"This beam failed after I I days under load.

Table 4 gives the absolute and percentage strength, and also decreases the deflection and
change in central deflection for all the long term amount of cracking.
tests. It will be noted that although the absolute (2) In the long term the introduction of fibres
change in deflection for the beams reinforced with reduces the amount of creep but appear, not to
fibres and bars is lower, it is a higher percentage of affect significantly the creep rate.
the short term elastic deflection as this is much
lower than the equivalent for beams with bar
reinforcement only. The change in deflection per
unit applied load, which can be taken as a ACKNOWLEDGEMI.NTS
measure of specific creep. is also smaller for the
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Examples of the multicriteria optimization of
cement-based composites

A. M. Brandt & M. Marks
h.ttitw (-'t fnd. i-i'chni(cal Research, XweitokrcvYAka 21. tM0)-49, ttaran, Poland

The materials considered in the paper are called concrete-like composites or
materials with cement-based matrices. These are not only ordinarv and high
performance concretes, but also materials with different admixturc,,. dispers•d
fibre reinforcement, polyimers. etc.

The selection of the most appropriate material composition and inltcrnal
structure is proposed using the methods of the optimal design. In the paper
basic methods of mathematical optimization are briefly discussed and applied
to the formulation and solution of six different problems.

The main aim ot the paper is to demonstra.c how the optimiiation approach
inav be used in practical situations of the dc,,ign of high performance concreles.

INTRODUCTION In this paper the optimization approach is
limited to materials with cement-based matrices.

Optimization as a part of the design process is a like ordinary plain concretes. fibre reinforced
direct wa' in which the goal and main conditions concretes, polymer concretes. etc. Its importance
are formulated and the best solution is looked for. is increasing when applied to high performance
In that case the search for the solution is con- concretes. The properties of these materials are
ducted in an objective and rational way. in- related in a very complicated way to their internal
dependent of the intuition, experience or structure and composition and determine their
particular abilities of the designer. Thus. optimiza- utility in building and civil engineering structures.
tion takes over that part of the process ot material A short list of papers on the optimization of' dif-
design which consists of selecting proportions and ferent composite materials is given and corn-
distribution of basic components, and sub- mented on by Brandt.'--lThe approach initiated in
scquently of checking that imposed criteria and both these papers is developed here to present a
conditions arc met. general formulation for multicritcria optimization

There are many analogies with structural opti- and to demonstrate it on a few examples of
mization. which is relatively more advanced than ce-nent-based composites.
the material one. Optimizatioa of materials is
related to the mechanics and to mathematical
optimization theory and makes use of methods BASIC CONCEPT OF MATERIAL
and results developed in both these disciplines. In OPTIMIZATION
particular, for brittle matrix composites the frac-
ture mechanics, general damag.- theory and all An optimal material is described by a set of deci-
knowledge of the mechanical properties and sive variables x,(i = 1,2 ... , n) which extremize an
behaviour of materials are exploited, optimization criterion.

Optimization of composite materials deals with Variables x, are considered as independent and
the selection of values of several independent together with arbitrary selected parameters they
variables which determine the composition, in- determine the object of the optimization: a
ternal structure, but also methods of production material, i.e. characteristics of the components.
and curing. their mass or volume proportions and distribu-
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tion, also their reciprocal relations (e.g. adher- criterion is expressed by these variables as a func-
ence). tion F(x,), subject to constraints of different kinds

The decisive variables belong to a feasible set. and forms, e.g. the limited volume of material may
It means their values beyond imposed limits can- be presented as an integral.
not be accepted in the problem for constructional, If the problem is formulated with one single
functional or other reasons. The constraints may criterion F(x,) with the constraints (1). then the
have the form of equalities or inequalities necessary conditions for a solution are derived

from the Kuhn-Tucker theorem and have follow-
(1) ing form:

h,(x,)_<0, s--l.2 . .aF*(x,)= ±' )<_0

or simply limit values may be imposed ax, 0 x, ,

x,:5 x,:<.i,. i= 1,2,..., n ,2)

lower and upper bars indicate lower and upper ,F*(x•)=0 OF*(x_
limit values, respectively. For example, the vari- ap, alp,
ables which describe the components are limited 0 =
to available materials (cement. sand, gravel, etc.) x - i 1.2..
and their possible properties. All constraints here y,- Ž0. s= 1, 2.... t, and p,- P= 1.2.. are
determine the domain of feasible solutions. so-called Lagrange multipliers, and

The variables may be defined as continuous or
discontinuous (discrete) ones. The quantities of t;*(x)=F(x,) + I !gtx,)+ " h , 3
particular components are continuous variables, ;-7,
e.g. volume contents. Discrete components are
represented by discontinuous variables. e.g. two The problems are correctly formulated when
or three different kinds of Portland cement may criteria, constraints and variables are defined.
be considered as variables in an optimization Sometimes the design variants are imprecisely
problem. ca!led 'optimal solutions'. Calculation of a few

The properties of the components as well as cases and selection of the best one is not an opti-
their effective distribution in a composite material mization approach. There is no optimal solution
are random variables. Their final values and their without clear determination in what sense and
nominal values determined by testing are sub- within what feasible region.
jected to unavoidable scatter. When in an optimi- It should be also emphasized that the optimiza-
zation problem only design and nominal values tion problem is solved not on real materials, but
are considered. then that is a deterministic on their approximate models. [he res;ults of an
approach. In the opposite case, when the distribu- optimization procedure are dependent on
tion functions are taken into account, the stochas- assumptions and approximations admitted for
tic problem of optimization is formulated. these models, e.g. materials may be assumed as

Optimization criteria describe the basic pro- elastic and homogeneous.
perties of materials. They are also called objective The optimization does not replace entirely the
functions. In material optimization the objective material design, because it may not cover certain
functions describe selected properties which are aspects and requirements, which determine the
considered as important and decisive for the material completely. The omission of secondary
quality and applicability of the designed material. aspects is justified by necessary simplification of
The solution consists of the determination of the optimization problem. In the next step of the
these values of the design variables which extre- material design, on the other hand all require-
mize the objective functions. As material pro- ments concerning safety, serviceability, economy.
perties, all physical, chemical and other properties etc., should be satisfied. That is why the material
may be considered. For engineering materials par- optimization, like the structural optimization.
ticularly important are mechanical properties does not replace the design but is its part, in which
such as strength, Young's modulus, specific frac- some intuitive procedures are avoided.
ture energy, durab;lity but also specific cost. Determination of constraints and objective

When a set of independent variables x,, functions is important in the formulation of the
(i = 1,2,..., n) is considered the optimization problem: it is based on given conditions, but
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sometimes an objective function may be replaced b I

by a constraint or vice versa. It occurs also that a F.. B

small modification of a constraint may influence --.. ,---

considerably the objective function. In such a case T2

the resignation of preliminary assumptions con-
cerning constraints may be justified.

In rare problems it is admissible to limit the
optimization to one single criterion, e.g. a structure -T F,

of minimum cost or a material of maximum 1 F r
strength may be looked for as an appropriate Fig. t. Feasible regins: a in variable space. bin objec-

solution. In general, such a formulation has a
somewhat academic character or is a simplified
example for a preliminary explanation of the
problem. In most cases the existence and necessity multiobjective optimization is that the criteria are
of several criteria is obvious as presented below, in conflict, then the ideal solution is outside the

feasible region. That is indicated in Fig. I by point
A, in which both objective functions F, and F.

MULTICRITERIA OPTIMIZATION OF have their maximal values.
MATERIALS The solutions of the problem are situated on

section BDC of the boundary of the feasible
Let us consider an n-dimensional space of vari- region. These are called the nondominated solu-
ables xi in which objective functions F,(x,), tions, Pareto ideal solutions or the compromise

= 1, . k, are determined, here k is the num- set, it means that no one objective function can be
ber of objective functions or functionals. It means increased without causing a simultaneous
that a solution of the problem should satisfy k decrease of at least one other function. In effect.
objective functions and the problem may be for- the difficulty is that there is an infinite number of
mulated as follows: 'determine an n-dimensional Pareto solutions along section BDC. It is therefore
vector in the space of decisive functions which necessary to apply another procedure for the
satisfies all constraints and ensures that the func- selection of one solution, called the preferable
tions FA have their extrema or limit values', solution.

The decisive functions are the components of The compromise set is a rigorous and strict
the vector V in the n-dimensional space. Every solution of the problem, but the next step, i.e.
point of that space indicates one particular selection of the preferable solution is based on a
material defined by n decisive variables. The feas- subjective decision. Different preferable solutions
ible region Q is a part of the n-dimensional space may be found using different assumptions and
and is defined by the constraints (1). methods. For example, when strength and cost are

The space of the objective functions R' has k two conflicting objective functions, then the com-
dimensions. Every point of that space cor- promise set contains all possible solutions. For
responds to one vector of the objective function one application the cheapest solution may be
Fk(x,). In that space the feasible region Q is repre- selected, and for the other the strongest one. In
sented by a region F(Q). Without giving all general, a system of arbitrary weights may be
mathematical formulations which may be found assumed for each objective function, it means that
elsewhere, it may be proved that the points of the some functions are considered as more important
feasible region Q are represented by the points in than others. A further development of that
the region F(Q). An example of regions Q and method is the creation of a utility function, by
F(Q) are shown in Fig. I in the case of k = 2 and a which the weights of various criteria are intro-
two-dimensional region. duced.

The optimization problem formulated in this Another method is based on the selection of a
way may have several solutions and the solution point on the curve of Pareto solutions which is
appropriate for the given conditions should be closest to the ideal solution in the space of
selected using other arguments. To present that normalized functions. That second method is
procedure a few definitions are necessary. applied in the examples below. For explanation of

The ideal solution is an extremum for all objec- other methods the reader is referred to manuals of
tive functions. Because a characteristic feature in mathematical optimization.
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APPLICATION OF MULTICRITERIA describing materials used and 4,' = 2.57 N
OPTIMIZATION TO DESIGN OF CEMENT mm
COMPOSITES

Example 2
The application of the optimization approach to
cement-based composite materials requires selec- The same problem as for Example 1 is considered
tion of appropriate decisive functions and objec- in a more general way. Namely, with the same
tive functions. Effective solutions of such objective function two other variables are added:
problems are possible only when the relations the length of a single fibre I and its diameter D.
between these functions may be presented in an The optimization problem has been published
analytical form. These relations should be based more in detail in Ref. 3. The constraints for the
either on verified models of materials or on variables are:
experimental results, presented in a form of Z
approximate functions. 0<_b I< <_: D< D< I

The decisive functions (variables) and objective 2
functions (criteria) are presented in Table 1, which where 1= 10 mmm, D = 0" 1 mm. = 1=00 mm.
is only an example and may be completed by I) = 1-0 mm. These limits for length and diameter
other variables and criteria. It is not possible to of a single fibre are imposed by an assortment of
present all of them, and this does not even seem available fibres and by construction requirements.
necessary. Table 1 is shown here as a general in- To solve the problem an auxiliary function
dication of how the problems may be formulated. F*(2) was constructed with Lagrange constants
The subsequent examples may be related to dif- and the solution obtained for the same set (of
ferent parts of Table 1. numerical values of the parameters as in Example

I is:

EXAMPLES OF MATERIAL OPTIMIZATION f--- 19'5', 1= 10(0mm. [)1-1 mm.

Example I ,, = 17"68 Nmm-

Two variables should have their maximum values
A simple optimization problem is considered in corresponding to the boundaries of the feasible
which there is only one variable and one objective region and angle 6 is smaller than in Example I
function. The problem has been solved in Refs I and the value of objective function is much higher.
and 2 and is only briefly described here. This reflects the influence of the two other in-

A composite element shown in Fig. 2 is sub- dependent variables.
jected to direct tension. The only variable is angle
i which determines the direction of parallel fibres Example 3
ID) reinforcing the considered element. The
objective function is the fracture energy W accu- Example 2 is further completed with a second
mulated in the element at the limit state, which is objective function which expresses the loading
formulated as corresponding to the appearance of capacity of the element P= PI W which should
a crack of given width v,. reach its maximum, cf. Ref. 3. The function fP(h

The energy W is expressed as a function of one is based on experimental results and is presented
independent variable i) and of several given para- in the form of a polynomial
meters characterizing the mechanical properties It() = 28 - 8.94185 0- 0"318293 iY
of the matrix and fibres and the matrix-fibre bond

W= Wl)(O)+ 0"445299if•

It is assumed that P does not depend on the other
The analytical function W was derived from a two variables. The constraints imposed on vari-

complex model in Ref. 2. The solution is obtained ables k I and 1) are the same as in Example 2.
from the equation d W/db=0 in the region That is the problem of multicriteria optimiza-
0°-<•-<90° and is shown in Fig. 3. It may be tion. For determination of the compromise set an
observed that the optimal value of angle 1 is equal auxiliary function is constructed and the
to 36' approximately for a given set of parameters Kuhn-Tucker theorem for multicriteria optimiza-
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P ,,P. 1.0

LI 095- 0

0.90 C

OT.I, I, = 1 I ,

0 0.90 0.95 1D W

SP Fig. 4. Compromise set BC and preferable solution D for
Example 3 (A is ideal solution, after Ref. 3).

Fig. 2. Fibre reinforced (ID) concrete element subjected
to axial tension before and after the crack opening (Example

I. after Ref. 1).

mum of the fracture energy in an element sub-

-2, 10 jected to tension and the minimum cost of that
wT 1  - -Pt element, which is made of brittle matrix and is
°opt 2zs 57- oSo. reinforced with parallel fibres (1D) with angle
":21-- " 8 N mm 6= 0°. There are two variables: volume fraction of

3w0 2.M- T 0.8 N .ý,211 N fibres / and factor r,, determining the quality of
1 J D o.4 mM the fibres:

- 54 - C002 mm
1.4 VO 1.0 mM T-maxS• :0.3 Traax

0.15
P.50 + ff 210 N ihi

1 f, :30 N m4 here rma, is the actual characteristic value of the

AN GL 1 , 20 3 o 60 8oeg90 pull-out test for selected fibres and .rm,,x is this
ANGLO.8 Ideg,• characteristic value for the fibres which are the

Fig. 3. Diagram of the fracture energy W'" as a function of least effective for the fibre/matrix bond. The
angle fb here W1, W,.... are energy components (Example 1,after Ref. 2). values of #l and -r, may be selected from the

ranges s; #-5 fl# and -r,, r,,-5 i., respectively. The

quality of the bond of the fibres is reflected in
their cost and the total cost of the composite

tion is applied. With the numerical values of the ter is e sd in tollown f om:

parameters as in previous examples the com-

promise set has the form as shown in Fig. 4. The K(fl, r) = k, Vl + kJ r,, + (r,, - r,,) 0.251 Vf
preferable solution in the space of normalized
functions with W, =0.9625, P1 =0.9544 cor- +g0) Vf
responds to the following values of variables: here k•, kf, V, and Vf are unit costs of concrete

matrix and of fibres and their volumes, respect-
-= 8°9'. I= 100 mm, D=0"1 mm,

I,,p = 17.02 N mm- 2, P,,p, = 26-72 kN ively. The function g(fl)= bfI + b,f is proposed
to account for the increased cost of material tech-

It may be observed that due to the second criter- nology related to the application of fibres. This
ion the angle b obtained is much smaller than in function is assumed to be nonlinear, because the
Examples I and 2 and value of W,,p, is smaller increased volume of fibres introduced to the
than in Example 2. matrix causes additional complications to the

execution of the composite material. Here b, and
Example 4 b2 are constants which are selected according to

the local conditions of construction.
This example is taken from Ref. 4 and is based In the problem considered the numerical values
also on modification of the problem in Example 1. of the parameters are as in Example I and the fol-
Two objective functions are introduced: the maxi- lowing constraints are assumed:ii_
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carbon fibres, cf. Ref. 5. The elements made of
this composite material are subjected to bending.

40 In the problem there are the following three
objective functions:

I1. Ratio of the fracture energy of the com-
2 - posite material to the energy for the plain matrix.

I which should be maximal, it means that the best
1 !effect of the reinforcement is sought:

0 I

0 0.01 0.02 13 F,(x,) = ( max F,.

F 2. Ratio of the first crack composite stress to
-0 C the stress for the plain matrix should be maximal.

Again the maximal effect of the reinforcement is
expected:

06

0.4 F,(xi) =-(x,) max F,

02 B 0)

0 3. The total cost of fibre reinforcement should
0 0.2 0.4 0.6 08 1.0 F1  reach its minimum:

Fig. 5. Compromise set BC with idea! so!ution A and Fx,(.x) =k x, + k,x,min
preferable solution D: ýa) in objective tunctions space for " -
Example 4. (b) in variable functions space (point D' indicates Here x, and x, are the volume fractions of carbon

preferable solution, after Ref. 3). and steel fibres, respectively, and these are the
only variables, k, and k, being the specific costs of

p = 0, p = 0-02, _1, i,, = 4 these fibres. The additional constraints

The cost of the components is characterized by x, + x, '< (" , 2!> 0. i = 1. 2
the values mean that the total volume fraction of both kinds

k, = 8 x 10%, k= 36"57 X 1I', b, = 4 X 101", of fibres is limited by the good workability of the
b,= 6 x 10s fresh mix required and that these volumes are

taking into account particular unit costs of basic expressed by nonnegative values. In the solution
materials and workmanship. the volume fractions of both kinds of fibres should

The compromise set is presented in Fig. 5(b). In be determined in such a way, that the effects of
the space of decisive variables it is represented by reinforcement in the sense of the fracture energy
the corresponding section B'C' in Fig. 5(a). The and the first crack strength are a maximum and
ideal point A is determined by its coordinates the cost of reinforcement is a minimum. Here
(1-0, 0"30488). As the preferable solution it is pro- several simplifying assumptions are accepted.
posed to be a point which is the closest to the ideal among others:
solution A in the space of normalized functions. It - that the matrix properties do not depend on
is point D with coordinates F' =0-6819 and the kind of reinforcement.
F,=0-7145 (Fig. 5(b)). In the space of the vari- - that the cost of reinforcement may be
ables the solution is obtained in point D' in Fig. expressed as proportional to their volume
5(a) for #3=0014 and r,,=4. This means that in fractions.
the preferable solution the volume fraction of the
fibres is 3 = 1-4% and the best possible fibres with The functions l-'(x,) and It".x,), i = 1. 2, are
r., = 4 should be applied, determined from the test results and represented

by two polynomials.)
Example 5 The feasible region for the design variables is

shown in Fig. 6. The maxima of functions F, and
Let us consider a cement-based matrix with a F. are determined by the Kuhn-Tucker theorem.
hybrid reinforcement composed of steel ;and All seven solutions are shown as points in Fig. 6.
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2 Example 6

e The optimization problem was formulated on the
2 basis of data obtained from testing of concrete

used for the construction of piers of a highway
3 bridge across the Vistula near Zakroczym. The

text which follows is based on Ret. 6.
Al X Two criteria were used: maximum compressive

SE' Xl strength and minimum specific cost. Five in-

Fig. 6. Feasible region in Example 5 (after Ref. 5). dependent variables were selected as mass frac-
tions of: p, sand (0-2 mm), z, gravel (2-8 mm), g,
crushed stone (8-16 mm), c, cement and w, water.

Using experimental data approximated by the
These are the solutions inside the feasible region least squares method and a set of curves from the
in point 1 and on the constraints in points 2, 3, 4 design method applied in the UK for mix design
and A', C' and E'. The maxima of functions F1  the compressive strength was presented as a
and F, are obtained only from the solutions which second order function of five independent vari-
satisfy the necessary conditions. The function F, ables f,(c, p, g, w, z).
is linear with respect to variables x, and x, and The specific cost was proposed as a sum of the
has its minimum in point x, = 0, x, = 0. costs of particular components (water was

The solution of an optimization problem for excluded) multiplied by a nonlinear coefficient a
three criteria is the compromise set, the ideal solu- related to the content of cement and representing
tion and the preferable solution. In the dimeilsion- the increased cost of high strength concrete. The
less space of objective functions the ideal solution cost function has the following form:
is in the point (1-0, 1-0, 0'0). In the problem con- F(c, p, g, z)= a(540c + 12p + 20z + 40g)
sidered for imposed c= 5% and k 1/k, = 10, the
maximum of the normalized function 4>, is where the numerical coefficients are the approxi-
obtained for x, = 0 and x. = 4.0975 (point B' in mate cost of components in PLZ per 1 kg and the

Fig. 6). The maximum of function D, is for x, = 5 coefficient a was proposed as
and x,=0 (point ['). The minimum of function 9025x 10 3 (,-2 8 -49-2 x -2-228c+ 423-75
4) is for x, = 0 and x, = 0 (point A). a =

The set of compromises may be determined
using one of the methods proposed in any manual The constraints were taken from effective
for mathematical optimization. Its projections on mixes used on the site where the conditions of
all three planes 0 = 0, 02 = 0 and 01 = 0 are shown workability were taken into account. Using similar
in Fig. 7. The preferable solution is determined as mathematical methods as in previous Examples,
the point nearest to the ideal solution. Its coordi- the solution obtained is shown in Fig. 8. Scction
nates are: 0J1P = 0 9 6 2 9 , 02p, = 0.47 7 4 , 03, = 0- 10 . BC in the space of normalized functions (D is the
This point is projected on the planes in Fig. 7. In compromise set and points C and B represent
the space of the design variables point C' with solutions for maximum compressive strength and
coordinates x, = 0, x, = 5 (Fig. 6) is the preferable minimum cost. respectively. The preferred solu-
solution. The optimum composite is reinforced tion in point D was selected as the one closest to
with a volume fraction of steel fibres equal to 5% the ideal solution in point A. Points with numbers
and without the carbon fibres which are assumed indicate the test mixes realized on the site.
1(0 times more expensive. It is interesting to note that the compressive

If the conditions are modified in such a way strength of optimum concrete appeared to be
that the difference in the cost of fibres is neglected 9 MPa higher than the average taken from 10
and kI/k2 = 1. then the solution is 237% of steel samples of the test mixes. At the same time the
fibres and also without carbon fibres (point F '). In specific cost turned out to bc 6% lower than the
the case when the cost of fibres is completely actual mix Nr 6 on the construction site. That mix
neglected and k =k = 0, then the solution is: was the closest to the calculated optimum solu-
4"83% of carbon fibres and 0- 17% of steel fibres tion, but it was weaker.
(point D' in Fig. 6). It is interesting how the condi- The results of this Example show that useful
tions imposed on the cost determine the solution, information may be obtained from the solution of
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a) b)

ID[ T 10

I) 0

, 3 3

Fig. 7. Compromise set: (a( for functions 0, and 02 in Example 5- (b) for functions 0, and 0, (c) for functions 0, and Oz 'after
Ref. 5).

an optimization problem even though a rather ý2 ((
simplified model was adopted for calculations. 1.0- a C

CONCLUDING REMARKS 08 3I) 0

0(2) (6
The problems were solved as examples of the
optimization approach to design of cement-based 0.6 o
composites. The examples were selected for [410).
explanation of the proposed procedures in a sim- C A

pie way. In all cases only one method of deter-
mination of the preferable solution from the 04 06 08 10 •

Pareto compromise set was applied: in the space Fig. 8. Compromise set, ideal solution A and preferable
of normalized objective functions a point closest solution D in Example 6 (after Ref. 61

to the ideal solution was found as representing the
preferable solution. It is possible to determine the
preferable solution in many other ways, e.g. using research in each case when an optimization pro-
numerical factors as weights which represent the blem is formulated. Often, however, the relations
importance of each particular objective function. between all variables and objective functions arc
By that method a so-called utility function may be not given explicitly and special methods should be
created which represents all objective functions applied to obtain approximate solutions from
with their weights in the form: incomplete test results.

D = ( , +() + Pk, +The last difficulty in these problems is the
effective solution of the equations obtained.

where (, are objective functions and k, are their Further development of the optimization
weights. approach for cement-based composites should be

The principal difficulty in the problems of directed at consideration of various objective
material optimization is their correct formulation functions and variables. Mechanical models which
from which effective and useful solutions may be express optimization criteria as functions of in-
derived. Here the sensitivity of the objective func- dependent variables should be considerably
tion with respect to the variables is a separate improved and random variables should be also
question. The next difficulty is the determination considered in the optimization approach. The
of analytical relations between objective functions optimization for the least cost seems to be of par-
and variables. Such relations may be established ticular importance because of the increasing cost
from various test results available from publica- of both material components and sophisticated
tions. It is not necessary to execute experimental technologies applied to the composite materials.
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Measurement of the strength of laminated composites is very difficult because
their failure processes imply various failure modes, which are, for example. an
interlaminar delamination, a destruction of matrix and an interfacial fracture
between fiber and matrix. However, that strength is one of the most important
characteristics in structural design using laminated composites. Hence we try a
fractural progress analysis of laminated composites using a quasi-three-
dimensional analysis method under a tensile load. 'Fhe quasi-three-dimensional
model is constructed of shell elements and beam elements which represent
fiber and matrix respectively. The fractural progress analyses of the laminated
composites are carried out to evaluate this proposed model. The precision is
very good. Therefore we confirm that this proposed model can simulate a
transverse crack and an interlaminar delamination.

INTRODUCTION element method is an important guide to the
design of structures with laminated composites.

There is considerable interest in many industries The use of three-dimensional solid elements is
in the use of carbon-reinforced plastics as sub- considered to be most proper for the simulation
stitutes for the conventional metallic materials, of the behaviors of laminated composites since
This is because of the benefits of high specific the behaviors have complex three-dimensional
strength and specific stiffness. The other advan- deformations with Poisson's effect. Therefore the
tages such as high corrosion resistance and design simulation of the fractural process of laminated
flexibility are added attractions. Particularly a composites by using a three-dimensional element
laminated composite fabricated from unidirec- requires a very small element and a huge number
tional reinforced prepregs is widely used. There- of elements, because the fractural process consists
fore we can read many reports for experimental of local failures such as interlaminar delamination.
estimation of their characteristics. The tensile On the other hand, assuming the laminated com-
strength is considered to be one of the most posite as a single equivalent stiffness plate by
important factors in structural designs and estima- means of Classical Lamination Theory, we cannot
tion of tensile strength is not very difficult. How- simulate the in-layer fracture and the interlaminar
ever it is very difficult for experiments to consider delamination separately. Hence we need to con-
a situation of a damage process, the effects of fiber sider a new numerical model by constructing shell
and matrix and interface on the damage process. and beam elements which represent fiber and
Moreover the estimation of a critical tensile load matrix respectively. And we call this model the
for a laminated composite with holes is more dif- quasi-three-dimensional model. We reported that
ficult because of stress concentration in the vicin- the quasi-three-dimensional model is effective for
ity of the hole.' Accordingly the consideration of the estimation of various static stiffnesses of the
the tensile fractural mechanism by using the fimite virgin laminated composites. Moreover we con-
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firmed that the quasi-three-dimensional model book5 respectively. Figure 2 shows our proposed
was appropriate for damaged laminates enough to model, known as the quasi-three-dimensional
simulate the eigen-frequencies by deleting beam model. In Fig. 2 the distance between each ply is
elements. In this study we try to estimate the ten- equal to the thickness of each ply hO because the
sile strength of fair types of quasi-isotropic CFRP shell elements are placed on the neutral surface of
plates. We also investigate the estimation of tensile each ply. Then we connect the shell elements with
strength for holed CFRP plates. the beam elements along the thickness direction in

order to produce an interlamina. The material
properties of these beam elements correspond to

QUASI-THREE-DIMENSIONAL MODEL the resin used. Figure 3 shows a top figure of the
quasi-three-dimensional model. As shown in Fig.

As already mentioned, conventional models are 3 the beam elements have various cross-sections
not good enough to simulate the strengths of lami- depending on their positions. Figure 4 shows a
nated composites. The main reason is that the quasi-three-dimensional model of the eight-layer
laminated composite is modeled by assuming it to laminate. Using a quasi-three-dimensional model.
be a homogeneous object though it has a hetero- we hope that the calculation time is very short as
geneous nature. Therefore one of the aims of our compared with that of the three-dimensional
new numerical model is to iake into account the analysis because the quasi-three-dimensional
heterogeneity of laminated composites. Our pro- modcl need hardly consider the aspect ratio.
posed model is constructed of orthotropic shell
elements and isotropic beam elements, which
represent fiber and matrix respectively.

Figure l(a) shows a cross-section of single layer 00 00 0° • .ca.

of the laminated composite. The cross-section is 0 000 0 0
usually modeled as a homogeneous material. 1 0 0 s.i.n le Oa J ,1
However according to OUT concept, this cross- 000o 00 o,
section is considered to be heterogeneous as i o. 0 0 J deye-t

.,hown in Fig. l(b). Namely we divide each layer 0 fibr ,b hi h0x--IL
into a fiber area and two resin areas. In the fiber

area of Fig. l(b), we assume that the array of Fig. i. Basic concept for quasi-three-dimcnsional model.

fibers is hexagonal. By means of this assumption.
the fiber fraction Vf is:

where 2R is the distance between fiber and fiber, ho i-- a

and 2r is the diameter of the fiber. When R is
equal to r in eqn (I ). the fiber volume fraction IV Composite Laminate 1 4 layers) Quasi-3Dimensional model

becomes the maximum value Vfm,,,. And V'ma,' is Fig. 2. Example of making quasi-three-dimensional model.

equal to 0"907.' Thus we model the fiber area of
orthotropic shell elements whose V, is 0-907 and
the resin area of isotropic beam elements whose
[!, is 0. In this case the thickness of the shell ele-
ments in the individual plies hi is:

hi =hOx -... (2)

where hO is the thickness of the ply, and Vf1, is the
fiber volume fraction in the ply under considera-
tion. The material properties of the shell and the o Beam Element n Shell Element

beam elements used in our proposed model are [3 Sectional Area (Beam)

obtained by means of Tsai's equation4 and a hand- Fig. 3. Top figure of quasi-3-dimcnsional model.
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Y

Fig. 4. Mesh division of virgin laminate.

TENSILE DAMAGE ANALYSIS FOR VIRGIN Table i. Stacking sequence
LAMINATES Type A Type B Type C Type D

Analysis procedure 8th layer 0 deg. 90 deg. 45 deg. 45 deg.
7th layer 90 deg. 0 deg. -45 deg. -45 deg.
6th layer 45 deg. 45 deg. 0 deg. 90 deg.

The CFRP plates analyzed in this study were set 5th layer - 45 deg. - 45 deg. 90 deg. 0 deg.
up to form an eight-layer quasi-isotropic plate. 4th layer - 45 deg. - 45 deg. 90 deg. 0 deg.
The stacking sequences were of four kinds as 3rdlayer 45 deg. 45 deg. 0 deg. 90 deg.
shown in Table 1. The overall length of the model 2nd layer 90 deg. 0 deg. -45 deg. -45 deg.

I1st layer 0 deg. 90 dee. 4ý 'len 45 deg.
was 100 mm, the width 15 mm and the thickness

1 mm. On the other hand, we carried out an
experiment to investigate the appropriateness of 10
our quasi-three-dimensional analyses. The speci- O Analysis
mens tested were fabricated from unidirectional | l 1st Failure
prepregs. These were supplied by TOHO-rayon 0 2nd Failure

and consisted of 'HTA-7' carbon fiber embedded
in common epoxy resin 'No. 114". The fiber 1-
volume fraction (V,) was equal to 57% constantly. 5 5 -1,

Figure 4 shows the quasi-three-dimensional
model of the virgin laminated composite used in A
this study. Here the X, Y and Z axes show the
loading, width and thickness direction, respect-
ively. The load condition is that the outermost |
layers (first and eighth layers) are tensioned by a 100 2•0
load incremental method, And we calculate the Time /sec.
components of the normal and shear stresses Fig. 5. Analytical result for type A.
separately with every load increment. Figure 5
shows the analytical results for an A-type lami-
nated composite. Two kcids of failures appear in
the quasi-three-dimensional model with an modulus on 900 layers E.`' to the resin elastic
increase in the tensile load. At first, when the modulus En,. As the tensile load increases. the
transverse stress value or on 90' layers reaches beam elements representing the interlamina begin
the transverse strength F, with V, = 90-7% (point to yield (point B in Fig. 5). Here we apply 'Von-
A in Fig. 5), a tailure called a 'transverse crack' Mises law' to the yield condition of the beam ele-
appears. Also this point is usually called the'knee- ments.' When the first of the beam elements
point'. We define the tensile stress on point A as yields, we define the tensile stress as 'second

'first analytical failure stress'. We must con- analytical failure stress'. Moreover we investigated
sider that the redistribution of the stress field in the yielding progress of the beam elements after
the laminated composite is caused by the trans- the second failure ,•tress. On the other hand, we
verse crack. Accordingly after the tensile stress carried out a tensile experiment in order to evalu-
reaches the first failure stress, we continue the ate the appropriateness of the above analytical
analysis by reducing the transverse elastic method. For the experiment, we used an



641. \Ihnii IoAnv'aa. Z. WIat'ka~iva, 11 Ilanraua, Y..~cu~~

LS-
pro 1 s

5)TeA*pý

9-x

74

I y"e C ,w;

Fi. .''prk no anyr' l [n xtrm w lr~ hlrni miaý

INSTRON testing machine 'ith comlputer non- Wahe 2I Sur% salues of ýielded beam ekmvinvm al fir,-i
trol. and ~"carried out an AcoustiL Emils.Sion aiiayiiai faiure %ires%

measurement with a 40) d3 threshold at the sanint I ype' HuiSm n 11 Oi~c I ~t. yividcd licamn oi Mi'd r, NIPI;s
time. For the .'3resuls we mneasured the cumu-
lative hit counts at lo' amplitude 100-6 ) d 13. A .45 9111 tcmtmnimnia 1 1( 4 1

B 90) 0 mmk'r~ialnul i I 1i i-
middle amplitude i6(1-SO dB and high am plhi 0dt 90 14) mncfrlainni 4()'
MW1 I (H) dB;* seraraelv. 41 ~ inhcriarnrna 1 21 i

Results and discussion

Vinre h shows both analytical and experimental atgreemlent %kith thke starting of thle low amplitude
re~sults. In F'ig. 0. it is evident that there is g-ood events arid the first analstical failure stress lcex e
agreement between :he! analytical and experi-' I-or A-'! types. "e confirm that thle firsNt analyNtical
miental stress strain behavior of virgzin lamninates,. failure stress vallues are almlost constant at I,- 10.ý
TVhe first analý ical failure ,t ress is in accordlance I 2MA1-t.I28-1 and 1 28-5 NI ['a respectively. *1 hen
with experimental po sitions, of the -krie-poi nt' fo r thle middle-ampilitude ekvcnt.s appear at thle second
all fou r types,; and they arc associated wvith the anali tical falure s tos l r Wi, four types. Ihs
start of tile lfow -ý, .pliludc eventsý for the AF: events minlicaic in terilaminar dclalli nafio ln
inca' urements. These events in(Iieate thle occur - /Xccordingly wec confirm that the y'ieldin~g of beaml
reirec of )lficio- cracks in the resin rcgon. We~ elements co~rrespo nds to inte rlarnin ,r r delanimia-
decided that the transvere ei'ack appears at the O n because of the agiceenicn between thle evecnts,
firsti nalytical faine stress level. because o)I tile and thle seconid analvfircal failure stress level. 'ihale



Tensile damage analysis method for composite luminates 65

9 0* 4, 7

-45' 45

(1) at 456 MPa Loading (2) at 484 MPa Loading

go
9* *11 Al Al

45'~ 45*,I

.45,

9090

0'

(3) at 497 MPa Loading (4) at 525 MPa Loading

JYielded Beam Element

Fig. 7. Yield progress for virgin type A.

2 shows the stress values of the first yielded beam TENSILE DAMAGE ANALYSIS FOR HOLED
elements and the positions of their beam elements LAMINATE
under the second analytical failure stress level.
Judging from Table 2, the yielding of beam ele- As already mentioned, we can simulate the trans-
ments is controlled by shear stress and the posi- vwrse crack and interlaminar delamination for
tions of yielding are the interlaminas connected virgin laminates using the quasi-three-dimensional
with 90' layers for all types. Figure 7 shows a model. In this section, we try to apply' this model
series of features of beam element yielding pro- to a holed laminate whose strength is more dif-
gress in four stages for A type. Judging from Fig. ficult to measure as compared with the virgin
7. the yielding starts at the edge of the 90/45 laminate.~'- Because the holed laminate has var-
interlamina. then the yielding spreads in the same iable stress values in each layer. The objects 1na-
interlamina in proportion to the tensile stress lysed are the same laminated composites as shown
increase. In consequence of modeling the fiber in Table 1 with ~ 6 mm center hole. The quasi-
and matrix separately such as in the quasi-three- three-dimensional model of the holed laminate is
dimensional model, we confirm that the different shown in Fig. 8.
fractural phenomena such as the transverse crack
and the interlaminar delamination can be simu- Results and discussion
lated at the same time. On the other hand, the
partition of the different fractural phenomena Figure 9 shows both the analytical and expert-
may be impossible using the conventional solid mental results for holed laminates. We confirm
elements because the use of them indicates that that the first and second analytical fractural stress
the laminated composite is assumed to be homo- levels are interrelated with the experimental
geneous. Therefore we believe firmly that applica- occurrences of the 'knee-point' and middle-ampli-
tion of the quasi- three-dimensional model to tude AE events, respectively. Moreover Fig. 10
tensile damage analyses is effective. shows a series of beam elements yielding progress
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in three stages for an A type. Judging from Fig. Then, as the tensile load increases, the yielding
10, we confirm that beam element yielding starts propagates along the loading direction. At the
at the edges of the center hole along the direction second analytical fractural stress level, the start of
transverse to the loading in the 90/45 interlamina. beam element yielding is in the 90/45, 90/0, 0/90

and -45/90 interlaminas for A-D types, respect-
ivley. These interlaminar positions are the same as
those for virgin laminates. Judging from the above
results, we confii if the quasi-three-dimensional
model is effective for the estimation of damage
progress in holed laminates.

CONCLUSION

Using the quasi-three-dimensional model we

n I•0 performed tensile stress analyses and both analy-

________]__-__ _ tical and experimental results were compared.
The results are summarized as follows:

! (1) We could simulate the stress-strain rela-
tionship up to the second analytical frac-

Fig. 8. Mesh division of holed laminate. tural stress level for CFRP virgin laminates.
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A reduced basis approach to quantifying damage
dependent dynamic response of laminated

composite structures

John J. Engblom & Qinghui Yang
Mechanical and Aerospace Engineering Department, Florida Institute of Technology, Melbourne, Florida 3290!. USA

A finite element (FE) based formulation is utilized to represent the damage-
dependent response of laminated composite structures. An internal-state-
variable (ISV) approach provides a definition of the stiffness reduction caused
by intralaminar crack propagation at the ply level. These ISVs are combined
with simple stress criteria to accommodate ply property changes caused by
fiber fracture, fiber microbuckling and interior delaminations. A set of
orthogonal Ritz vectors are chosen as basis vectors to transform the dynamical
equations of motion to a reduced coordinate space. The reduced basis form of
the equations provides significant numerical efficiencies, especially for large
ordered systems. Furthermore, damping and its variation with damage can be
generally represented in any number of vibratory modes. The Newmark
integration operator is used to solve the dynamic equations of motion, and
equilibrium iterations are performed in each incremental time step to assure
convergence. Results are given for laminated beam and plate geometries
subjected to dynamic loads.

INTRODUCTION cracking model, incorporated in the FE formula-
tion, is an extension of Talreja's laminate damage

When fiber-reinforced laminated composite model,' i.e. extended to treat variation in the con-
structures are subjected to either static or time- stitutive properties at the ply rather than at the
varying loading conditions, a multitude of damage laminate level. In combination with the ISVs,
modes can initiate and propagate. These modes stress criteria, e.g. those developed by Hashin,-
may, for example, include some combination of Lee 3 and Greszczuk,4 are utilized to accom-
matrix (intralaminar) cracking, fiber fracture, fiber modate ply property changes due to fiber fracture.
microbuckling and delamination (interlaminar fiber microbuckling and interior delaminations. A
cracking). A general capability to model such set of orthogonal Ritz vectors are chosen as basis
damage modes at the macro-mechanics level vectors to transform the dynamical equations of
would provide a much needed capability in the motion to a reduced basis.5 6 Response of the full
optimal design of composite structures. Further- model is obtained as a re-expansion of the
more., such modeling capability would be required reduced system solution. The approach is similar
in many 'smart structures' applications, e.g. those to the modal superposition method, except that
aimed at sensing the struu(ural integrity of a corn- the basis vectors are the Ritz vectors proposed by
ponent. In the present fi,°ite element (FE) formu- Wilson et al.7 These vectors have some advan-
lation, an internal state Nariable (ISV) approach is tages, e.g. they can be generated with much more
used to represent the smooth transition in ply computational efficiency than can the eigen-
stiffness properties due to intralaminar crack vectors (mode shapes), which is especially sig-
propagation. These properties vary smoothly due nificant for large ordered systems. Furthermore,
to the nature of intralaminar crack distributions, unlike eigenvector-, Ritz vectors can account for
i.e. as cracks develop in a given ply the material the spatial load distribution. Not only does this
between cracks remains bonded to adjacent plys reduced basis approach provide an efficient incre-
resulting in a gradual reduction in moduli and mental solution of the dynamic equations of
Poisson's ratio values. The ISV ply-level matrix motion, it also provides an effective numerical
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method for representing damping and its variation in (1) is simply equal to the total numher of un-
with damage, in any number of modes. The pro- restrained degrees of freedom in the FE model.
posed approach, therefore, does not have the limi- Through use of the Newmark integration
tation associated with proportional damping, i.e. scheme,' eqns (1) can be written in a form appro-
that only two modal damping factors can be pre- priate for solution of the incremental displace-
scribed independently. The Newmark integration ment vector, i.e.
operator is used to solve for the dynamic response K*AUU,,, =AP* i3!
in the reduced coordinate space, and equilibrium I I 'A F

iterations are performed within each incremental where the effective stiffness matrix K* is defined
time step to assure convergence. It is important to as
emphasize that the damage model presented
herein requires a significant experimental data- K*= Kl+ 2 . 4
base. The ISV approach requires that matrix AT+ A-T---+.M
cracking thresholds and saturation levels be esta-
blished and related to ply stresses. Unidirectional and the effective incremental load vector has the
ply properties must also be available, i.e. tension, form
compression and shear strengths. When damping
properties are an important consideration, both ATPAI APIAI + I1
baseline modal damping parameters and changes (4T
related to damage should be measured for a parti- + -M A T1+20] +2C1('t 1 5
cular laminate geometry and loading condition of
interest. where the term AT in these equations represents

the incremental time step used in the solution pro-
cess.

UNREDUCED EQUATIONS OF MOTION

The 'unreduced' equations of motion governing DAMAGE MODEL
the dynamical system can be given in the incre-
mental form In the present formulation, damage is accounted

MAUCT.Al + C- A LTrI Al+K7AUr+AIr for at the layer level. Note that the term 'layer*
herein represents a ply or a subset of adjacent

APA.17 (I) plies of equal fiber orientation. Stress criteria"-

Here, M is the mass matrix, C, is the equivalent provide the numerical basis for reducing the
viscous damping matrix at time T, K., is the stiff- appropriate ply properties for fiber fracture, fiber
ness matrix evaluated at time T, AU+,-,- is the microbuckling and interior delaminations. The
incremental displacement vector, AP÷Ai, is the solution assumes step changes in ply properties
incremental applied load vector at time T+AT when such failures are predicted. In combination
and IT is the residual (unbalanced) load vector, with these stress failure criteria, the ISV represen-
The dot and double-dot superscripts on AU tation' of intralaminar cracking takes the form of
represent the first and second derivatives of the a smooth variation of the ply moduli and major
incremental displacement vector with respect to Poisson's ratio as given below
time, i.e. incremental velocity and acceleration
vectors, respectively. Furthermore, the residual (1 - D) -,, (D - DT) EI
load vector relates to the equilibrium balance at E2(1 -Dr) - (I- DTH) -

time T and is given as _L - D) DTH)f
11~~~~( =D)-M---C10- , 2 1 Go;,+ G12 (6)

lT=Pt-MO-r-C1  ,-F.r (2) G,2 (l_-OT( ) - I- DTH)

where P. is the applied load vector at time T, F,
is the vector of forces corresponding to the in- (1 - D') (D' -D r)

ternal element stresses at time T and the time V1.1( - D V2 + -l )v,2
derivatives of the displacement vector U7. repre-

sent the velocity and acceleration vectors evalu- where E 2 is the transverse ply modulus, G,2 the
ated at time T. Note that the number of equations ply shear modulus and v, 2 the ply Poisson's ratio.
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The r superscript represents the order of variation specifying Cy.. A classical approxi.h is to assume
in v•, 2, and the o and f superscripts are indicative that C, is proportional to mass and/or stiffness, in
of the initial (undamaged) and final (crack satu- which case at most two modal damping para-
rated) properties, respectively. Note that D is a meters can be matched with experimental data.
damage parameter which has significance in the An alternative approach, which allows for any
range D-TH < D < 1. Here, D111 is the threshold number of modal damping parameters to be
value of the damage parameter, below which no represented in the solution, involves definition of
matrix cracking has occurred in the ply of interest, the equivalent viscous damping matrix in the fol-
The ply damage parameter is implicitly related to lowing manner.
both average crack density and crack dimension. C, = M0[2 a] (' M (8)
Rather than attempt to directly account for these
crack characteristics, the approach taken here is where D is a matrix of eigenvectors (mode
to utilize the ISV formulation to define the form shapes), which are orthogonalized with respect to
of smooth ply moduli variation and then to allow the mass matrix M. The matrix in brackets is dia-
the damage parameter to depend on the state of gonal and includes the modal damping para-
stress in the ply. This approach requires that the meters ý and the undamped natural frequencies
threshold value DTH be determined from experi- w. Also, the T superscript simply implies the
ment, i.e. based on the observance of crack initia- transpose of a matrix. It is apparent from the
tion in the ply of interest, and relating such matrix form given in (8) that this form of equi-
observation to the state of ply stress. Additionally, valent damping yields the appropriate modal
a ply constraint factor should be determined if damping parameters when eqns (3) are trans-
needed to adjust the damage parameter D to have formed to the reduced modal coordinate space.
a value of 1 at crack saturation. The dependence That is, the equivalent viscous damping matrix in
of D on stress state is assumed to be based on the (8) can be transformed to modal coordinates via
Hashin (matrix cracking) stress criteria.- For the transformation below
example, in the case of in-plane tensile loading the 0 C IO = M [2 ýco] r 'M4 = [2 ýw] (9)
damage parameter takes the form

2 ~Note that the matrix form of (9) is diagonal. i.e.
o) U22 ( 7 each term relates to damping in each of the in-

1)=A + 7 O, dependent modes of vibration. Unfortunately, this

approach to a more generalized definition of
where a__ and U,2 are the in-plane transverse and damping has a serious shortcoming when direct
shear stress in the layer. U22_MAx and aI.MAX are solutions of eqns (3) are of interest, i.e. the equi-
the in-plane transverse and shear failure stresses valent viscous damping matrix given in (8) yields a
as obtained from unidirectional specimen tests and 'full' rather than 'banded' damping matrix. This
a is the ply constraint factor based on the experi- fact presents a formidable storage problem for
mentally determined ply stresses at matrix crack large ordered models when a direct solution tech-
saturation. As previously noted, other forms of nique is employed to solve the unreduced equa-
damage typically follow the intralaminar cracking tions of motion (3). Note that the mass and
and are accounted for in the present FE formula- stiffness matrices are banded and, therefore.
tion at the layer level by the use of stress criteria. banded solvers are normally utilized in obtaining

direct solutions. A representation of equivalent
viscous damping similar to that given in (8) is

NUMERICAL CONSIDERATIONS utilized in the present reduced basis formulation.

The unreduced incremental equations (3) have
been directly solved, using the Newmark integra- REDUCED EQUATIONS OF MOTION
tion scheme, with the damage effects on stiffness
reduction included in the formulation."' Including In order to include the effects of damping in any
the effects of damping in the direct solution of number of modes and to avoid numerical dif-
these unreduced equations, i.e. through definition ficulties, equations of motion (3) are transformed
of an equivalent viscous damping matrix CI, can to reduce coordinate space. Displacement incre-
present significant numerical difficulties when ment AU, of order n, can be represented by mn
modal damping parameters are to be used in linearly independent basis vectors via the coordin-
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ate transformation below care must be taken to assure that the appropriate
AU= VAij (10) order is defined, i.e. the Ritz vectors do not simply

represent an ordered set of eigenvectors (modes).
The basis vectors ap chosen in this work are the In the reduced basis approach, therefore, it is not
Ritz vectors which have been shown to have great necessary to assemble and to store the unreduced
utility in obtaining solutions for highly nonlinear damping matrix C7. The reduced effective stiff-
dynamic systems.5 ,6 Here, At7 represents incre- ness matrix simply includes a reduced equivalent
mental displacements in reduced coordinates. viscous damping matrix of the form
Note that typically n > m, i.e. the set of governing C [ ' (17)
equations in the reduced coordinate space (m) is
quite small relative to the number of degrees of Of course, C, does appear on the right-hand side
freedom (n) of the finite element model. Paren- of (11), i.e. in the reduced effective incremental
thetically, the Ritz vectors can be combined with load vector, see (5) and (14). However, the numer-
eigenvectors and even with the derivatives of basis ical pro'-edure utilized in this work avoids defin-
vectors.5 '6 Using the coordinate transformation ing C7 explicitly by combining the vector term in
given in (10), eqns (3) can be transformed to the (5) involving CT with the definition of C, in (15).
reduced form This gives

*TA?7 +,A = AP*-a (11 2C,(1= 2Mapo[2 ta]w r0' r (18)

where the reduced effective stiffness matrix has and if the following definition is used
the form F=Map 19)

-- 2 - 4
/* K7 2 + '- CT+ ý_ M (12) eqn (18) simplifies to

A T2 CK = 2C-+[2 c] 0Tr , 2 0

and it follows that the reduced stiffness, damping matr ix a rray Femadmass matrices have the form so that the matrix array r of order n x mn must be
computed, and a sequence of matrix multiplica-

/91= lpTKT'P tions performed in obtaining the vector defined in

C, = VTCTV (13) (18). Fortunately, the full matrix C7 of order n X n
need not be explicily defined. On the basis of the

47 =ipTMp =I formulation presented here, the reduced basis
where ip contains the Ritz basis vectors and I is approach provides both a numerically efficient
the identity matrix, i.e. M orthogonality is method for including damping in the dynamic
enforced. Additionally, the reduced effective solution, as well as a general approach. i.e. any
incremental load vector is obtained from the number of modal damping factors can be repre-
matrix multiplication given below sented. Furthermore, variation in damping with

damage can be included in the incremental solu-
AP*+a, aP-AP•÷a, (14) tion by allowing the damping factors to vary with

If it is assumed that the unreduced equivalent damage. Both baseline and 'damage related'
viscous damping matrix takes the matrix form values of the modal damping parameters would

be needed for a particular laminate geometry and
C-1 = MV,0[2 ýowj 0 TVprM (15) loading condition of interest. Simple pre-damaged

where 0 represents a sub-set of the eigenvectors specimen geometries can be subjected to sinu-
(mode shapes) in reduced coordinate space, it fol- soidally varying axial/bending loads to obtain use-
lows that the reduced damping matrix defined in ful damping data. The approach taken here is to
(13) would yield appropriate damping coefficients allow the damping parameters to vary linearly on
in 'reduced' modal coordinate space, i.e. the basis of such experimentally determined

values.
0'r C70- r-[ •al r * -71 [•O] (16)

which is analogous to the expression in (9), except
that here the diagonalized damping terms are RESULTS
based on the 'reduced' eigenvectors. When experi-
mentally determined modal damping coefficients Results are presented for the damage dependent
ý are assigned to each of the reduced coordinates, damped-transient response of selected composite
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beam and plate geometries. For the composite 1 1

beam solutions, the material is a graphite/epoxy 0.6
with the moduli and strength properties given
below o 0.6-

E= 138 GPa; E, = 10-6 GPa;

G, = G,3= G23 G 6"4 GPa
V12 = V13  = 0"30; 0.2-

O IMAx= 1500MPa; 0 /
0MAX = 41 MPa (tension) -

or'MAX= 249"8 MPa (compression); -o-2 - DVET

O'I2MAX = 
0 I3MAX O23MAX = 67-4 MPa -0.4 . • '. &D

0 0.0002 0-0004 0.0006 0.0008 0.001 0.0012 0.0014 0 0016
While for the composite plate solution, the TW (s)
material is a glass/epoxy with properties defined Fig. I. Displacement of simply supported
as [902.-30_.301.,0: beam, without damping, load pulse.

E =417 GPa; E, = 13 GPa; eighth period.

G, = G1 3 = G1 1  = 3"4 GPa 600 ]

v•Z 1•1 .1  v,_' = 0'30;
0
IIMAX 128"8 MPa; O:2MAX= 4 6 MPa (ten- I ] i
sion)
a"~ma = 174"3 MPa (compression); C 3o0i

MAX = O1 3MAX = 0
2SMAX = 44"8 MPa M 200

Comparisons are made between direct and • 100

reduced basis solutions in each of the following
cases. ,' -too

The first case considered is that of a simply I - L"4EAR

supported beam with an aspect ratio of 50 .-40 * RMtCEt
;length/height); the beam has a laminate geometry -300 i

0 0.0602 0.0604 0.0606 0.06o8 01o, 0.0012 0.0014 0.0016
of 190,.-30,,302,0,j; and is modeled using t(S)
eight shear deformable plate elements' along its Fig. 2. Stress in 30' layer of simply supported
length. The beam is excited by a centrally applied r90,.-30.30,0,1, beam, without damping. load pulse,
rectangular load pulse of short time duration, i.e. eighth period.

having a loading period equal to the eighth (un-
damaged) natural period of the model. Parameters Of course, equilibrium iterations have been per-
utilized in the damage model are based on experi- formed in each incremental time step in both the
ments and are defined as direct and the reduced basis solutions.

E, = G, 2 = v', 0; D-.,1, 0-93; r = 2; a = I Figures 3 and 4 present similar results to those
previously discussed; however, equivalent viscous

lDisplacement and stress results are given in Figs I damping is included in the linear and nonlinear
and 2 for the case of damage progression and no (damage) cases. Baseline (undamaged) modal
damping. Three curves are given, i.e. linear damping coefficients are specified for normal
response (no damage), response based on using modes 1, 3, 5, 8 and l10 of the model, i.e. these
the direct solution, and response based on using modes are consistent with the subspace defined
the reduced basis (5 Ritz vectors) solution. It is by the first five Ritz vectors. The baseline values
clear that there is a significant difference between for these coefficients are defined as
the linear and nonlinear (damage) results, and also 0.0175;= 0-0309, " = 0-0823;
that the reduced basis approach provides results 0 ...0166; 0-29
in good agreement with those obtained from the •4- =(.299
direct solution. The damage exhibited in this case where these coefficients are allowed to vary
is in the form of matrix cracking in the outer 90° linearly with 1) (the matrix cracking damage para-
plies. Note that it has not been necessary to meter). Note also that the first two values of . and
update the basis vectors in this case. as well as in their variation are based on experiments with
the following cases, during the solution process. simple laminated beams of the present geonietrv.
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1 1

0.8 0.8

i 2 0.6-
S0.6 0

S 0.4-

0.4 0.0.2• 0,40

0 -0.2
L,-0L4 A

--0.2 -- 0A4 -DIRECT
* 0* .DJCED (3 B51S VECTORS) -0.6-

+ R+ E DUC (5 DA M VECTORS)-0.4 -- 0.8
0 0.0002 0.0004 0.0006 0.0008 0.00f 0.0012 0.0014 0.0016 0 0.001 0.002 0.003 0-04 0.005 0.006

TWE (S) mW (s)

Fig. 3. Displacement of simply supported Fig. 5. Displacement of simply supported
(go 30,,30,,0,1 beam, with damping, load pulse, eighth J90,,-30,.30.,0), beam, with damping. load pulse, fifth

period, period.

400 • 400

& 300-A0 300-

200-
<200 -C

W 100-
0 

-

0 0
ttc- -lOO -9-100-

D-100 -- •RECT -C - LINEAR-200O -300

0 0.0602 0.0004 0.00•0 0.0608 0.00 1 0.0612 0.060140001. 0 0.601 0.002 0.003 0.004 0.005 0.00-
TI" (s) rT: (S)

Fig. 4. Stress in 30' laver of simply supported Fig. 6. Stress in 30* layer of simply supported
190.-30,t.30.O., beam, with damping, load pulse, eighth J90,.-30,.30..0j,1 beam, with damping, load pulse. fifth

period, period.

and the higher three values are based on the pro- vectors gives poorer results in the first half cycle
portional damping model, i.e. of stress response; but otherwise, the results are

2 nearly identical for three versus five Ritz vectors.
a + I Similar results are given in Figs 5 and 6 for the

j ,m (21) sml upre emsbetdt etnua
2a)= m simply supported beam subjected to a rectangular

load pulse of longer time duration, i.e. load period
where a and f# are the constants of proportion- approximately equal to the fifth (undamaged)
ality relating damping to mass and stiffness, natural period. These direct and reduced basis
respectively. This approach is utilized to allow a (five Ritz vectors) results include both damage
comparison between the reduced basis and direct progression (matrix cracking) and damping.
solutions. It is emphasized that while the direct Again, the displacement and stress results
approach is limited to this prescription of damp- obtained via the reduced basis approach are in
ing, i.e. limited to two independently defined excellent agreement with those obtained from the
modal damping factors, the reduced basis direct solution.
approach is not limited in this manner. As is The final case considered is that of a simply
apparent in Figs 3 and 4, the reduced basis supported square glass/epoxy plate with an aspect
approach gives excellent results for both displace- ratio of 20 (width/height); the plate has a laminate
ments and stress. Comparison of the reduced geometry of [0,90,45,-45J,; and is modeled
basis results for three versus five basis vectors is with four shear deformable elements in a quad-
quite interesting. The smaller number of Ritz rant. The plate is excited by a centrally applied
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0.5. be determined, e.g. shifts in natural frequencies
0.4- due to damage.
0.3-

0.2
Z~ CONCLUSIONS

0.1-
0

Excellent results have been obtained using a
-0.1 reduced basis approach for determir~ng the

S-0.2- damage dependent response of laminated beam
0-0.3- r and plate geometries. The approach is numeri-

-0.4 cally efficient and provides the general analytical
-0.5 capability of being able to represent damping

0 G.o005 0.601 0.01s5 0.002 0_0025 coefficients in any number of modes.TIME (s)

Fig. 7. Displacement of simply supported [0,90,45,- 45],
plate, wkith damping, load pulse, tenth period. ACKNOWLEDGEMENT
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Free vibration of generally-laminated,
shear-deformable, composite rectangular plates

using a spline Rayleigh-Ritz method

D. J. Dawe & S. Wang
School of Civil Engineering, The University of Birmingham. Edgbaston, Birmingham UK, B15 27"

A Rayleigh-Ritz method is presented for predicting the natural frequencies of
flat rectangular laminates which can have arbitrary lay-up. The effects of
through-thickness shear deformation are included in the analysis. The displace-
ment field utilises B-spline functions in what has been referred to in earlier
work as a B, -,-spline Rayleigh-Ritz method and the approach is versatile in
the specification of boundary conditions. The results of a number of
applications are presented in the form of studies showing the convergence of
frequency values with increase in the number of spline sections used. The
analysis procedure is seen to have good convergence characteristics when
dealing with laminates of thin and thick geometry.

I INTRODUCTION plates, but are likely to be more expensive com-
putationally, especially so for the FEM.

The analysis of the vibration of fibre-reinforced. The RRM has been used frequently in the past
composite laminated, rectangular plates is made in the analysis of the free vibration of rectangular
difficult by the complications introduced by plates but almost always in the context of CP'T
arbitrary lamination, which may lead to aniso- and usually only for homogeneous isotropic
tropic material behaviour and to coupling plates. Different types of trial functions have been
between in-plane and out-of-plane behaviours, employed in displacement fields within the con-
Even when conducting analyses on the basis of text of CPT. The most popular of these have
classical plate theory (CPT), there are only strictly perhaps been Bernoulli-Euler beam functions as
limited circumstances in which exact solutions can used by, for instance, WarburtonI and Leissa- and,
be obtained. The situation is further complicated for composite laminates, as described in the text
if account is taken of through-thickness shear of Whitney.' However, polynomial functions have
effects, which are known to be important for other been used to some extent. Antes' has used a
than very thin laminates, by conducting analyses spline-function RRM in static bending problems
on the basis of shear deformation plate theory and Mizusawa et al.4.- have considered the vibra-
(SI)PT). tion of skew plates using a similar method. In an

In general situations, then, in seeking to deter- analysis directed specifically to generally lami-
mine the natural frequencies of laminated plates nated composite plates Baharlou and Leissa' have
recourse must be made to approximate numerical used simple polynomials as their trial functions.
methods. For single plates the traditional single- In the context of SDPT the vibration and stabi-
field Rayleigh-Ritz method (RRM) can be lity of rectangular isotropic plates and composite
employed if displacement fields can be proposed laminates have been analysed using the RRM by
which are appropriate for the complete plate and Dawe et aW- 2 wherein Timoshenko beam func-
which allow satisfaction of the relevant boundary tions are employed as trial functions in the dis-
conditions. The related multi-field procedures, placement field. It has been shown in numerical
the finite strip method (FSM) and finite element applications that this approach, which will be
method (FEM), are more versatile, and capable of referred to here as the Beam RRM, is very effi-
use in analysing plate structures as well as single cient in the analysis of isotropic and symmetric-
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ally-laminated (or balanced) orthotropic More recently the authors have examined in detail
laminates. However, there are difficulties in some the occurrence of shear-locking behaviour when
circumstances in allowing the proper satisfaction considering the free vibration of shear deformable
of some natural boundary conditions at the edges beams"5 and of balanced, orthotropic laminated
of anisotropic laminates. Furth-r, the approach is plates.I6 It has been demonstrated that shear-lock-
somewhat lacking in versatility sirce it relies on ing behaviour can be effectively eliminated using
the use of trial functions which need to be an approach which is termed the Bk A -spline
changed every time the boundary conditions are RRM. In this approach w is represented by spline
changed, and this becomes onerous especially for functions of polynomial order k in each co-
unbalanced laminates where five independent ordinate direction, ip is represented by spline
fundamental displacement quantities are involved, functions of order k - I in the x-direction Pnd of

To complement the accurate but restricted order k in the y-direction, and ?p, is represented
Beam RRM the authors' 3 examined the use of by spline functions of order k in the x-direction
versatile B-spline polynomial functions'" as trial and of order k - I in the y-direction. The Bk.k -I

functions in RRM (and FSM) analyses of the free spline RRM has been shown to yield accurate
vibration of balanced laminates in the context of results, and good convergence characteristics, for
SDPT. In this earlier study I cubic B3-spline func- thick and thin balanced, orthotropic laminates.
tions were used to represent each of the three In the present work the Bk.k -- spline RRM is
fundamental quantities. namely the deflection w extended to apply to the analysis. in the context of
and the two cross-sectional rotations ip, and tp,, SDPT, of the vibration of unbalanced and aniso-
along the x- and y-directions, respectively. It was tronic laminated plates. The material properties
found that this particular approach yielded results that are allowed are very general and now five
of good accuracy for moderately thick laminates fundamental quantities are invoAved in the dis-
but that the accuracy decreased significantly for placement field, namely the in-plane displace-
thin laminates due to shear-locking behaviour. ments u and v plus w, tp, and ip,.

2 ANALYSIS

A rectangular plate with its co-ordinates and displacement quantities is shown in Fig. 1. Components of
translational displacement at a general point are -, t3 and t7 whilst ip, and Vp, are components of rotation
along the x and y axes respectively. The plate is of uniform thickness h and, in general, is made up of a
number of layers, each consisting of unidirectional fibre-reinforced composite material. The lay-up of
layers is arbitrary, admitting the possibility of coupling between in-plane and out-of-plane behaviours and
of anisotropy.

During vibration the displacements at a general point in the plate are assumed, within the context of
SDPT27 ." to have the form

1(x. V, z, t) u(x, y, t) + z ,,(x, V, t)

O(xV . 0 1=(x y t) + z( y,+ ,vt) , 1)

ti'(x, y, z, t) = w(x, y, )

B

Figt. 1. Plate geometr.
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where t is the time dimension. The quantities u, v, w, V., and V, are middle-surface reference quantities
and are the fundamental quantities whose variations over the plate middle surface are to be assumed in
the Rayleigh-Ritz approach.

The constitutive equations for an arbitrary laminate, within the context of SDPT, are

N, [A 1  3u/dx

N, A 2 A,, Symmetric (t./8y

Nj,. A 16  A, 6  A 66  at/4y + d3'/&X

M a B 1  B 12  B (6  1I) a3 t]ax= I "(2

MB. , 2  Bi 2  Bi, D 1 2 D22alv/aY
M.yI B16 B26 B66  D(6  D16  D66  a /vI/y + aIp,/ax
Q1/ 0 0 0 0 0 0 A44  i'w!av+ip,

QJ 0 0 0 0 0 0 A 45  A-5 5  3w/ax + ý0,

or in more compact form

B D, 0]e* (3)
00 D,

Here NA, N,. and Nx, are the membrane direct and shearing forces per unit length; M1, M,. and MA, are the
bending and twisting moments per unit length; and Q. and Q, are the through-thickness shear forces per
unit length. The quantities a* and e* are column matrices of generalized stress resultants and of strains,
whose definitions will be clear on comparing eqns (2) and (3). Similarly the definitions of the submatrices
appearipg in eqn (3) will be clear on comparison with eqn (2).

The laminate stiffness coefficients are defined as

(A , IB,/ID,)--- Q,,(l,z,z')dz i,j= 1.2.6 (4)
h12

and
11,2

Af=kkrJ , Q~dz ij=4,5 (5)

Here Q,, for i,j= 1,2,6 are plane-stress reduced stiffnesses and Q,, for i.j=4. 5 are through-thickness
shear stiffnesses. The k,k1 are shear correction factors, determined here usually according to the
procedures of Whitney.'"

During free vibration the fundamental quantities vary harmonically with time, with circular frequency
p. Let u, tv, w, ?, and W, now he regarded as amplitudes of the motion. Then (he maximum strain energy
of the plate is

2 , ý= o a* 8* dx dy =- 2, E, B Dh0 0 E* dx dY (6)

The maximum kinetic energy isf If' 1( ,

I 2 1 + W2 + h
[I -2 p, pit It + + w+ 1, dxdy (7)

2 , 12
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wNhere o is ihe material density. which is assumed here to he uniform throughout the volumie (it he plate,
Thle expression for T, clearly includes rotarv inertia terms.

In applying the spline RRM the assumned spatial displacement field is based onl separate assumlptionsý
for ti I ivW. 4', and V, and each of these is expressed as a summation oft at series of terms which are-
prodlut.]Cs of one-dimensional 13-spline functions in the x- and v'-directions. A full description )Io ne -
dimensional B -spline functions. with equally-spaced knots. is given in the earlier work, bw the atuthi ,
dealing with beamn in ilsis.' There, use is made of MLnc..;, quadratic. Cubic. quILartic and qu~intic li-spline
functions and details are recorded of the form of the functions. Consideration is also icriv, in the earlier
work, to the way in which prescribed kinematic boundary conlditions Can] be applied and InI the present
analksis the modified B-spline basis' will be used.

In usinu theý unidirctional B-spline functions in at RRM analysis of' the vibration of the reetanc~ular
Plate shown in Fig. I. the plate dimensions A and B are Imagined ito be divided Int Al And At equal
.scctw'ns. respectiveIlx nd a correspond'ing grid of knots is Set uIP as shown in Fig. 2. There w\ill lie some
knots located outside the boundary of the plate as at neccssarv requiremncrt of* satisfying, the kinematic
1hoi!--arv conditions but tl- -se external knots are not shoxn since their number will depenid onl the order
of ~he 13-spline functions that are used.

In a snimilar, but extended. fashion to the approach described in an earlier wt di, b\ the authi rs,ý the
comiplete spatial displacement field of the rectangular plate of Fi~g. I Is expressed ',

ii .' ~ 0f,D d,.

W.i A.1 0l d,.

0,.v Ox®i &d

Here 01 is a rowk matinx containing, all the () x. modifled local spline tuncicons, otf potvtoiwac oiderv k. mn
the i-directPion, associated wýith the ith kmnot in thle xv-di rection. The 0, 1Is defined si mila rli h ut the It cal
-.plinc functioins arc of po1 anomial order- k -- 1 Te and ~. are ci rrespimd itg rm Iat at rices cnin 11,11
inc! all the 13 VModified local spline functions offpolynomial order,, k and A' -- 1,epctx assoetI,.Iesl
with11 the /jth knot in thle a-direction. Thle Ox s'mbol denotes at Tenso r proiduct. such that 0, 3 #_ !o
ins'tance, represents all possible linear combinatio ns, " 0~ v and , i , wkit I these latter 1 cicl 51)1 ile
fumnctio ns benof podvnom ail )rderT k, The dl .. dl arc em lunin mazt rices (Ifc uecrAliieii displacementi
paraineters, associated with , respeeetiael\.

Ih ;he ai w d isplaectenicrt I icld ecorrespo nds to M wat thle ant hlor is haa e I ermdck the. li . , -p11I 1M;
RR..-ý`I his means speeihI calla that thle spline I uncti~ins Used ii -eprcsentI I,' In the 1-dir eCti mar

onc inrder less thanI the 111I01' ue nsUsed to represent it in the --di mee It n. 'Sinilila ia in the i-direction 1, i
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represented by spline functions of one order less than that used to represent w. As mentioned earlier, this
procedure eliminates shear lockirg.

To generate the elastic .tittness matrix K and consistent mass matrix M of the plate, the displacement
field of eqns (8) is s,,ostituted into the expressions for maximum strain energy (eqn 16)1 and maximum
kinetic energy (e!I/ (7)), respectively.

To determire the elastic stiffness matrix the column matrix e* is first expressed through use of eqns 18
aqs d

[Bin] d, [Bin 1
e*= dBb dt = d .9

[B,Idd• B,

where d is the column matrix of all generalized displacement parameters. Further

0 0 0
B 0 Cop® 0 0 j :10!

[0~®~k 0 ®.OA 0 0 01

B=0 0 0 0$, 0® 0

wi 0 0 0 Oa( 't rSp ti

and

[3=o 0 (2)A 0(S
0L 0 ..... =_&d0 1(

The prime denotes differentiation with respect to the co-ordinate in hich a function is expressed. i.e.
with respect toh x to s t nd itnr h reseut-otf-pa Ond ing and in so eqn gthe maximuim strain
energy can he expressed as

S I= d'Kd 13I

i2

wAhere

K= j BA Br +BIBB,+BBBn, +BDB DB - 14

is the elastic stiffness matrix. Here the first term on the right-hand side of eqn !1 4 i~s the in-plane con-
tribution. the last two terms are out-of-plane bending and through-thickness shearing contributions. and
the other two terms are contributions from coupling between in-plane and out-of-plane actions. All thesw
terms are evaluated individually and then summed to yield K.

Using eqns 7 -and 9? the maximum kinetic energy' can be expressed its

&M d 'dI
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where

M: J G'HG dx dy 16!

is the consistent mass matrix. Here H is the diagonal matrix

H= h h I2 h17

and G can also be expressed in diagonal form as

The final forms of K and M will not be presented here but are available in Ref. 20.
In evaluating K and M the necessary integrals are determined using a systematic scheme which involves

the use of Gauss quadrature but with sufficient integrating points to yield effectively exact values of the
integrals.

The set of equations governing the free vibration problem is generated by minimising the functional
7 -mU-U ),. i.e. by partial differentiation of this functional with respect to each of the generalized

displacement parameters. The result is the standard set of equations.

K -p2 M id- 0 19i

In the present study the QR method is used to obtain solutions to this eigenproblem in the form of natural
frequencies and associated modes.

It has been remarked that in the spline function approach the same basic functions are used whatever
the boundary conditions. since such conditions are met by local modifications only. The approach is very
versatile and can accommodate readily any combinations of kinematic conditions related both to in-plane
and out-of-plane behaviours, by setting to zero, or leaving free. any or all of it, v. v ',, and q,, at an edge.
There are a total of five boundary conditions. of the kinematic and natural kind. associated with each
edge. and hence a very considerable number of edge conditions can be specified. In the next section the
applications considered are concerned with plates which have individual edges which are eitho.r clamped
or simply supported type 1. or simply supported type 2. In terms of the displacement type quantities. the
conditions that these definitions imply at an edge parallel to the Y-axis, for instance, are as follows

Clamped C uC! = w=, = 0 20(

Simply supported type I 1 uS $0. v =-0. wi-. q,, #?0. 0,=() 21

Simply supported type 2rS2 U 11 $0, v 0. 0, 0

3 APPLICATION'S The applications considered here involve
square plates and in using the B.:SRRM the

The B , •-spline Rayleigh-Ritz method described number of spline sections within a plate in each of
in Section 2 has been programmed for the compu- the x- and v-directions I.- tý, same, and is
ter with allowance made for k = 3 or 4 or 5. Here. .11 N = q. The number of degrees of freedom
however, all the applications described in what used in obtaining a solution, after boundary con-
tollows are based on the use of k= 3 and the ditions have been applied, is denoted as NI)OF.
approach is described as the B,-spline Ray- The performance of the B3,-SRRM has been
leigzh-Rit/ method or, in short, the B,,SRRM. It examined in detail in Rcf. 10 when considering
bears recalling that this means that cubic spline the free vibration of isotropic plates and balanced
ar' w,,cI to represent each of1. tv. iv. ip, and q,, in orthotr(pic laminates having combinations ot,
each co-trdinale direction, except that the repre- simply supported. clamped and free edges. It has
scntatianls on y, in the .t-direction and of q,, in the been shown that the B..SRRM is efficient in
x-directit n irc '' quadratic splines,. calculating the natural frequencie,, of ,uch plates
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of thin and thick geometry and that it appears to material properties of the layer are I:L/L: 1I.
be completely free of shear-locking difficulties, GI•T/EV=0"2 5, (;i t/t =0.25, v1 1f=O.3. The
Convergence to known exact, or highly accurate, shear correction factors k' and k' are taken to be
results has been demonstrated. 5/6. Two values of thickness-to-length ratios arc

Here, as a first example (not detailed in Ref. considered, namely h/A = 01" and 0(- 1. For the
16). we document in Table I details of the con- single-layer plate there is, of course, once more no
vergence with q of the B32SRRM frequency pre- coupling between in-plane and out-of-plane
dictions for the first four modes of balanced behaviour and here only out-of-plane modes are
orthotropic, square laminates of thick (h/A = 0- 1) considered.
and thin (h /A = 0.01 ) geometry. The laminates are Table 2 gives details of a convergence study of
five-layer symmetric cross-ply laminates with 0°/ calculated values of a frequency parameter for the
90°/0°/90°/0* lay up. The thickness of each 0' first four modes of vibration of thick and thin
layer is h16 and that of each 90° layer is h/4. The plates with all edges simply supported. It is seen
material properties of all layers are E1 /E 1 = 30. from Table 2 that convergence of the B,,SRRM
Gil/ET=0'6, GQr.r/Er=0-5, v,_1 = 0.25 in the results is orderly and quite rapid for both the thin
standard terminology. The shear correction and thick plates, given that the mode shapes of the
factors used are ki = 0-591 39 and k2 = 0"873 23. anisotropic plates are relatively complicated. The
The laminate edges x =0. A are simply supported comparative results recorded as Beam RRM
and the edges vy=0, B are clamped. In analysing results in Table 2 are based on the use of simple
these balanced SCSC laminates, consideration is sine and cosine functions, with r= 10. It is noted
given only to out-of-plane behaviour, involving w, that for all modes considered in Table 2 the pre-
V,, and V, The B,2SSRM results in Table I show sent converged B;_SRRM values are significantly
good convergence toward comparative values lower, and hence more accurate. than the cor-
generated using the Beam RRM" which. for this responding Beam RRM values. The Beam RRM
balanced orthotropic laminate, are expected to be anisotropic plate model is. in fact. overcon-
highly accurate: the Beam RRM results are based strained due to an inability to allow the condition
on the use of five series terms in each coordinate of zero normal moment to be met at the plate
direction (i.e. r= 5) in representing each of w, T, edges. No such difficulty exists in using the
and V,,. Also quoted in Table 1 are CPT solutions B3,SRRM.
which are seen to be slightly high for the thin Table 3 is of similar form to Table 2 but now
laminate and very high for the thick laminate, the anisotropic plate is fully clamped at all edges.
reflecting the significance of through-thickness Three sets of comparative frequency values are
shear deformation. quoted, two based on the use of SDPT (the Beam

The next problems considered concern square RRM, with r =6, and the Beam FSM values and
anisotropic plates composed of a single layer of an one on the use of ('PT' (which is also a
orthotropic material oriented with the principal Rayleigh-Ritz approach, using .ýeven Bernoulli-
axis of orthotropy at 30' from the x-axis. The Eulcr beam functions in each coordinate direc-

Table I. Values of frequency parameter S2 for SCSC balanced cross-ply, square plates

(QP K'< C hcrc (C), 155-3236)

q NI)) h /A = 0. 1 hIA 0-0 1I
Mode Mode

1 2 3 4 I 2 3 4

2 27 4516 9.217 10.10 12.91 6-264 37.19 17-. S5 71
3 48 4.496 7.978 9.271 11.42 6-208 14.72 14-70 2025
4 75 4-491 7'939 9-234 1 136 6).191 14-59 1457 20-04
5 108 4'490 7-920 9ý221 11-34 -I gvI8 14-45 14-53 19.91)
6 147 4.489 7.914 9-216 11'33 6-185 14-40 14-51 19-86

Beam RRM'' 4.489 7,911 9.213 11.33 6.184 14-37 14.5( 19-83

CPT 6-215 14,55 14.61 20-06 6-215 14.55 14-61 20-06

-- ------
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Table 2. Values of frequency parameter Q for simply supported anisotropic square plates

NDOF h1/A = 0- 1 h/A =-0 I

Mode Mode

12 3 4 2 3 4

2 33 1017 20-74 27-33 3350) 1198 26-62 44-94 49-83

3 56 10.07 18-05 24-23 29-75 1186 22,44 36.40 43.12

4 85 10-04 17"80 23'84 28-00 11-81 22,02 35"50 37•8 1

5 120 10-02 17-72 23-69 27-57 1178 21'90 35'19 36.75

6 161 n10 -l1 1-7 71 23.64 2742 11-76 21.86 35,05 36-42

7 208 10.00 17-69 23-62 27-37 11-75 21.84 34-99 36.30

Beam RRM 10.34 1821 24-45 27.81 12.02 22ý28 35-44 36.83

Table 3. Values of frequency parameter I for clamped, anisotropic square plates

NDOF h/A =O.-1 II/A = 0-) 1
Mode Mode

1 2 3 4 1 2 4

2 21 14-47 30-63 33.09 42-60 24.13 294-6 2Q5.7 416-7

40 14-06 "22 2- 19 27-06 33-25 22'16 37-47 56-93 75-22
4 65 13-97 217 2 6-52 31-44 21-53 3450 54-10 56-85
96 13-95 21"55 26-31 3t0-91 21-33 33-44 5 227 52-79

6 133 13-94 21-50 26-24 301-72 21-25 33-I I 51- 16 5 l-5%
7 176 13-93 21-48 26-22 30-65 2 1 -2 1  32-98 5o.58 5127

8 225 13-93 21-47 26-20 30-61 21-19 32-92 SU35 2 13

Beam RRM" 14-63 22-5(0 27-55 31'24 21-25 33-12 50-33 51.3o

.eam FSM'' 14-28 22-24 26-64 31-01 21-22 33-00 50-45 5 121

(PT Solutionr' 2 1-35 33-18 50-72 51-87 21-35 33-18 50-72 51.87

tion). The convergence rate for the present Bert and Chen'- have considered the vibration
B.,SRRM is somewhat slower for the clamped of antisymmetric angle-ply laminated plates and
anisotropic plate than for the simply supported have developed kexact, closed-form solutions for
plate but nevertheless is satisfactory in a difficult plates with S2 simple supports on all four edges.
application. It is seen that for the thin plate there within the context of SDPT. Exact solutions in the
is close agreement between the converged results context of CPT are also quoted in Ref. 22. A
of the present approach and the comparative problem detailed by Bert and Chen concerns a
results: as expected the CPT values are a little square plate with + 45/ 450/+ 45/' - 45' lay-
higher than the SDPT values. For the thick plate up. All layers are of the same thickness and have
the CPT results are gross overestimates due to the properties defined as E, /E- 4 = 4 (;. /1=
neglect of through-thickness shear effects. The (G ,/Et=0.6, v,• =0-25 with shear correction
Beam RRM and Beam FSM results for the thick factors taken to be k =k2 5/6. For this un-
plate are higher (and hencc less accurate) than the balanced lay-up the coupling terms that are pre-
B,2SRRM re:;ults, due again to overconstraint at sent are H,, and B,,. Table 4 gives convergence
the edges of the anisotropic plate. (The over- details for the B,,SRRM for plates with h /A = 0-1
constraint affects the Beam RRM more than the and h/A = 0-01, and records the exact solutions,
Beam FSM since it involves all four edges in the together with solutions obtained using the Beam
RRM and only two edges in the FSM.) RRM (r= 6) for the thicker geometry. For the
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thick plate there is very close comparison between pair having S I simple supports (a SCSC platei.
the present B32SRRM results and the exact (and For both cases h/A = 0 1. Table 5 shows the good
Beam RRM) results. It is noted, though, that the convergence of the B.3 2SRRM results and gives
second mode is an in-plane (ut) mode which is comparative Beam RRM results (r= 7'. These
not recorded in Ref. 22. For the thin plate it latter results are generally higher than are the
should be noted that the quoted exact results are corresponding B3,SRRM results. due to some dif-
in the context of CPT and hence are a little higher ficulty in satisfying the edge conditions when
than the values towards which the B_,SRRM using the Beam RRM in the piesence of the B1 ,,
results are converging, and B,_ stiffness coefficients.

Further consideration is given to angle-ply,
square laminates of the type just described but
now with a variable, but even, number of !ayers 4 CONCLUSIONS
and with the edge conditions changed to SI
simple supports. The object is to examine the The use of the BAA.- 1-spline Rayleigh-Ritz
effect that the B16 and B,6 coupling coefficients method for the prediction of the natural fre-
have on natural frequencies. Figure 3 shows how
the first four frequencies change with the A/h 3 Q

ratio varying from 5 to 100 for antisymmetric
laminates having 2, 4, 6 and 8 layers, and for the ,
corresponding orthotropic laminate (with B,, and -

B,2 set to zero) which corresponds to an anti- , .
symmetric laminate with an infinite number of -
layers. The curves in Fig. 3 are based on the use of

the B-12SRRM with q =5. The frequency para-I meter Q is as defined in Table 4 and n/ denotes ".
the number of layers. It is clear from Fig, 3 that
the presence of the B and 86 coupling coef-
ficients reduces natural frequencies very consider- 00.
ably for small values of ni but has little effect
above i = 8. For the particular case of A /h = 10,
Fig. 4 confirms this conclusion in graphs showing .
the variation of Q with n1 for the first four fre-
quencies.

Finallv, the same four-layer, angle-ply, square

plate of Bert and Chen2 2 is reconsidered, now ,,... .
with all edges clamped (a CCCC plate) or with Fig. 3. The effect of B, and 8:,, on natural frequencies of
one pair of opposite edges clamped and the other simply supported ,q1are anti-symmetric anglc-pl. laminatcs.

Table 4. Values of frequency parameter 0 for simply supported (S2), unbalanced angle-ply, square plates

(Q=pA'K 1P l

q NDOF h/A = 0-1 h/A = 0-0 1
Mode Mode

I 2(u, v) 3 4 i2 3 4

2 63 18.48 34ý56 37-76 53-37 23.49 60.59 104.2 1 13-8
3 104 18.47 34-43 35110 50-67 23'46 53-90 93-64 127-6
4 155 18.46 34-42 34-95 50-58 23-46 53-55 93-20 100-7
S 216 18-46 34-42 34-90 50-54 23.46 53-43 93-03 98-86
6 287 18,46 34-41 34'89 50,53 23"45 53"40 92"98 98"18

Exact"2  18.46 - 34,87 50-52 23-53 53.74 94-11 98-87
Beam RRM 18-46 - 34-89 50-52 - - -
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Table 5. Values of frequency parameter 12 for CCCC and SCSC, unbalanced angle-ply, thick (h/A = 0.1), square plates

q NDOF CCCC plate NDOF SCSC plate

Mode Mode

1 2 3 4 1 2 3 4

2 39 22.90 44.8( 59.34 63-15 51 27075 38.32 44.11 55.51
3 72 22-73 38.84 52.72 66.68 88 20.66 35.47 38.46 51.57
4 115 22-69 38-58 52.50 57.64 135 20-64 35-31 38-24 51.43

168 22-68 38-48 52.41 57.14 192 20"63 35-25 38.14 51-37
6 231 22,67 38-44 5238 56,89 259 20.63 35.24 38-11 51-35
7 304 22.67 38.43 52,37 56,79 336 20.63 35"23 38.10 51-34
Beam RRM 23-42 39.64 52-87 57.81 - 21 -i0( 35-78 39.15 51.32

Orthotropic Rayleigh-Ritz method in analysing skew plates or
So~ut~ons plates with non-homogeneous boundary condi-
55.950 tions and/or interior supports.2" Furthermore, the

Me- 51.877 Bk.k-,-spline approach can be incorporated into
Mode 3 the finite strip analysis of shear deformable lami-

nated plates2- and prismatic plate structures."
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Flutter analysis of cantilevered curved composite
panels

R. M. V. Pidaparti
D)epartment o'Alechanical Engiterin'c,,' Puirdue L ,riverust (a Indianapoli~s, Inditmapolis, IN 4022 _'AA I~

A 48 de,,rees of freedorn ýdofl doubly curved quadrilateral thin shell finite
element is used for studying the supersonic flutter of cantilevered curved
c.omposite panels. The composite material behavior is included using classical
laminaItion theorv and supersonic aerodynamic behavior is included usinLe
linearized piston theory. To reduce the niumber of dlof of the finite element
acrocl istic systcm, a normal mode approach is adopted. Results are presented
to illustratie the behavior of flutter characteristics for composite curved cvlin-
drical panels. The effects of fiber orientation and flox angle on the flutter
chairactruistics are presented for selected examples. The accuracy. efficiency.
and applicabilit of the present finite clement method is demonstrated] by
illustrative examples %.%ith some results comparino wclt s jibh the as ailablc
alternate solutions in the litorature.

I INTRODUCTION are strongly dependent upon the composite fiber
angle and anisotropy. Srinivasan and Babuý'I Composite curved panels are being used in a studied the panel flutter of cross-ply lamninatted

xariet\ ed engineeringz fields. For example. fan and composites by using the integral equations method.
impeller blades in turbomachinery and in many Lin et al."4 used an 18 degrees of freedom 1,doft
civil and aerospace engineering, structures. Aero- high-precision triangular finite element to per-
elastic analysis requires accurate evaluation of form a flutter analysis of symmetrically laminated
free vibration characteristics and unsteady acro- composite panels. Their studies included the
dynatmic loads. A vast amount of literature exists effects of' composite fiber angle. orthotropic
regardinu vibration of turbomachinerv blades modulus ratio, flow,% direction. and aerodynamic
treating- them as beams. However. for accurate damping on the fllIttter boundaries. Sawyer 1itsed
prediction. the blades should be treated as, curved1 the (ialcrkin method to studyV both the flutter and
panecls/shell~s. buckling problems of' general laminated plates

Flarlv works on panel flutter weNre concerned with imrply supported boundary conditionis.
mainly with conventional isotropic panels. The OvIbo'" presented an analytical approach by
research progress and some of' the references can combining, classical plate theory and Ackeret s
he lound. Wor example. in the textbooks by Futig.1 aerodynamic strip theory to studyN the flutter
lBispling~hoff and Ashley.'~ and D~owell etI al. behavior of an orthotropie panel.

F arlv reviews" onI panel flutter can he foutnd. for F-or the purpose of more general application, it
example. in Rei's5 and (. Olson,' Sander et at.' appears plausible to use the curved quadrilateral
Yatng and Sting." and lci. '" amiong others, Studied shell finite elements to studyI flutter behav ior Of
the flutter of isotropic flat panels using the finite curved composite panels hy including, the effects
element method. Some studies were also devoted of supersonic aerodynamic forces and laminated
It the flutter of' composite panels. see. anit ng composite miaterials. With the use of such quadri-
others. Ref's I I -10. Kelter' 1considered the lateral elements. the configuration of thle panel is
effccts (t'f bt undary conditions an(l fiber angle of' no longer limited to being flat or shallow. Further-
panels on the flutter boundaries. Rosettes and more. it seem,,s of initerest to explore in depth the
'longl'' applied at hybrid stress finite element effects of different material pro~perties. lay-up
melthod and used linearized piston theory to schenmes. and various flow. angles on the ftlutter
dýaalyze the flutter ofdanisot r pie cantilever plates,. behavio r as, there is a renewed intctrest III super-
1I heir resu(lts, indicate that fliutter characteristics ,()tile transport aircraft.
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This paper presents an accurate and efficient resultants are then related to the middle surface
high-precision quadrilateral shell finite element strains and the changes of curvature as"
for the supersonic flutter analysis of laminated
composite curved panels. To establish the validity JN =[A B] {:,
of the present formulation and computer pro- IM B DjI
gram. flutter examples of composite plates were
first studied, and the results were compared with The vector INj contains the resultant tangential
existing alternative solutions. to illustrate and forces, the vector IMW contains the resultant
demonstrate the applicability of the present for- moments, the vector jel contains the middle sur-
mulation and computer program, flutter examples face strains, the vector { Kj' contains the changes of
of laminated composite cantilevered cylindrical curvature, and the coefficients in matrices fA). B
panels were studied. The effects of flow angles and [D] are given as
and fiber angles on the flutter boundaries and
modes are presented. The fiber orientation and f
flow angle have an interesting effect on the flutter/ [A,. b,. I QJ( 1, z- dz

divergence behavior of cantilevered composite
curved panels. i. 1. 2. 3 3

where [Qj] is the 3 X 3 plane-stress stiffness

2 FORMULATION matrix for each individual layer and h is the total
thickness of the plate or the shell.

The derivation of the mass and stiffness
A high-precision 48 dof quadrilateral shell finite matrices can be obtained using the stationary
element" is extended to include the property of principle of kinetic and potential energjies.
composite materials based on classical lamination respectively. The details of the 48 x 48 stiffness
theory and also to include the effect of supersonic and consistent mass matrices can be found in Ref.
flow based on linearized piston theory for the 17. The aerodynamic stiffness and damping
flutter analysis of laminated composite curved matrices are derived by considering the virtual
panels. Some of the details of the element dcvel- work done by the aerodynamic forces.
opment are available in Ref. 17.

The shell finite element is quadrilateral in /pi'(JA 4
shape and has four nodal points with a total of 48 J
dof. The element nodal displacement vector is
given as where A is the area of the element which the

pressure is acting on.
- . ,, u, . '. ',. ,, w. w ,, Assuming a first-order, high Mach number

V.... (MJ approximation to the linear piston
theory,"'- the aerodynamic pressure acting on a
curved surface area dA is given by

where u. I, and w, are the displacement compo-
nents in three curvilinear directions, 4, q. and z = + 2 3 d t
respectively. Bicubic Hermitian polynomials are + -

used to interpolate each of the displacement com-

ponents. with
The strain-displacement relations arc repre-

sented in terms of curvilinear coordinates. The 2q I 1 2)
laminated anisotropic behavior is included using BM= ......... (6)

classical lamination theory. The shell is made up

of an arbitrary number of layers. Each layer is where p is the free stream aerodynamic pressure.
assumed to be orthotropic with its principal V is the free stream velocity defined as parallel to
material axes at an angle to the local coordinate the 4 axis, q is the free stream dynamic pressure. r
axes. The stress-strain relations for each layer are is the radius of curvature of the shell element, and
transformed to be written in terms of the refer- [3 and M are the free stream dynamic pressure and
ence coordinate system. The stress and moment aerodynamic damping parameters. respectively.
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The aerodynamic virtual work can be written in when
terms of the element nodal vector as

6W={j6q} [kj]{q} - ý64i} [c•,]l4} (7) k.,_ 14i
(7 k, of)

with
with

1k=- {f( -- dA 8) I •
12(1 - v I)

[CJ= 11 ____' ýf jft' dA (9) When presenting the subsequent results. the fb(I-
2rvj(Ml - 1) 1  lowIng nondimensional parammeters are used:

[•=[aI'-2h"`, * u'•'o/.h" and .=
where 4ot) denotes the time derivative of the nodal - ,uw
vector. The matrices [k,] and [c~j are known as the
aerodynamic stiffness and damping matrices,
respectively. The aerodynamic stiffness matrix [kj
is asymmetric whereas the damping matrix [1cj is 3 RESULTS AND DISCUSSION
symmetric.Themmetrie c sA general computer program was developed forThe aeroelastic system of equations for theo
structure is obtained by assembling the element the present composite shell finite element tormu-

matrices which can be symbolized by capital lation as applied to supersonic panel flutter

letters as analysis. As part of the evaluation process. the
natural frequencies and flutter solutions wyere first

+K]+ +[KjQ = 0 (1 obtained for those isotropic and composite plates

The above system of equations is solve0 is an for which alternative solutions were available. For
eigenvalue problem of eassumins)! to bi every example a convergence study was per-""�p eformed by computing the four lowest natural

= IQ " I I frequencies related to the flutter frequencies and

where s is a complex number and s =s, + is,. observing their convergence trends while the

To reduce the aeroelastic system of equatios. meshes were being successively refined. It was

the normal modes approach is used. First, free found that for the square plates and curved

vibration analysis is performed to obtain the panels, the values for the four lowest frequencies

natural frequencies and mode shapes. Then, using converged at the 6 x 6 mesh level. Thus, a 6 x 6

a sufficient number of lowest modes for the aero- mesh was used to model the curved panels. All

elastic system. eqn f 10) can be reduced by pre- computations were carried out using a CYBER

multiplying by {]j, and post-multiplying by .1, 205 vectorizcd supercomputer at Purdue Uni-
versitv.

j + iKj,] Qý = [ki; Q12) First, an isotropic square plate ,Q length
Kh,]=@]*h' K]!1 (13 /= 10 in and thickness h =0.1 in I in= 2-54 cm

13 as studied. Table I shows the natural frequency
where A is a diagonal matrix containing complex parameter (w*) and flutter bounds A',: and j3,,for
cigenvalucs k, + ik,, the matrix [10 is the modal the cantilevered square plate. The present finite
matrix constructed by retaining the selected element results arc compared with other available
lowcst natural modes of the structure and I oI is a solutions in Table 1. It can be seen that the present
diagonal matrix containing the squares of the natural frequency parameter and flutter bounds
structural natural frequencies as diagonal ic- agree well with those of Refs 12 and 13. Figure 1
ments. shows the three lowest natural frequency para-

The system of equations in cqn (12) results in meters for a four layered ( 0/ - q1 - 0/1!
an cigenvalue problem corresponding to a given graphite-epoxy cantilevered composite plate. T-i
value of the dynamic pressure parameter /3. If the material properties used for the graphitc-"p1.:.y
aerodynamic damping factor p is neglected. the composite material are as follows:
flutter boundary is obtained when the two relative ! 1 = 20(02 x 10" psi (I psi- 69 kPa): 1I-1=
lowest eigenvalues coalesce to give a critical value 1.3 x 10, psi, (t2= 1.03 x 10' psi: p =0148 X 1(- 3

of #,,. When p >0. the flutter solution is obtained Ib-s/in ; and v, =0-3. The present results of
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natural frequencies are compared to those of Ref. flutter occurs for all the fiber orientations consid-
2 1 as there are no results of flutter bounds avail- ered. For the same problem. divergence occurs
able for comparison. A good agreement is found when the flow direction is changed.
for the natural frequencies. Divergence instead of Figure 2 shows the three lowest natural fre-

quency parameters for a four layered 0/- 0/
-0/0) graphite-epoxy cantilevered cylindrical

Table 1. Comparison of natural frequency parameters te)*) composite panel. The present results of natural
and flutter boundaries (A, and f#,) for an isotropic square frequencies are in good agreement with those of

cantilever plate Ref. 2 1. Divergence instead of flutter occurs for
all the fiber orientations considered in this

Reference Natural frequency V lutter
parameters ., bounds example. Figure 3 shows the results of flutter

boundaries (03* ani w,)*) for a graphite-epoxy {`°;
,* ,, ,,. ,* , / , +45°/9 0 °1 laminated cylindrically curved panel at

Rel. 13 3.40 S-48 20.77 26.73 3().67 58.35 6.43 various flow angles. It can be seen from Fig. 3 that
Ref. 12 34'3 23 2087 2722 - 01 6-23 as the flow angle is increased. the flutter bounds
Presentt x 3-47 8.51 2130) 27"21 30.98 5278 60t7 e and ecr) decrease. It should be noted that

flutter occurs when modes I and 2 coalesce for
flow angles less than 30°. whereas modes 2 and 3
coalesce for flow angles greater than 3(0. Dliver-oence occurs at 90°tflowv angle.

,0P Present Figure 4 shows the results of lutter boundarics
Reference 121) (/1* and •o*) for a graphite-epoxy ()0 '9/)Wi')`

laminated cylindrically curved panel at various
SE flow angles. It can be seen from Fig. 4 that as the

flow angle is increased, the flutter bounds f1,, and
,W 23 v), decrease. It is observed that flutter occurs

>, . - .when modes 2 and I coalesce for the flow an-les
= £2 considered in this example. l)iverýgence occurs at

00 and 9(0' flow angles. It can be seen from Figs 3
(01 • and 4 that mode coalesce wili be different lor

4 0 , 40 , .... , 00 different laminated curved composite panels. In
0 •o ,o 6o •o •oo general, for the two examples considered, the

Fiber Angle (degrees) trends for flutter behavior are similar. It should be

Figl. I. l. kcst three mamural frequency paranetcrs I'm a mentioned that for the various cases considered.
-) O)0 graplitc-.cpoxvy laminated antilc\ercd corn- divergence instead of flutter occurs.

po'siie plate.

'so 3000" O Present
R eference (2 1] <Z-1 S

E E 7000 C

E lo

S 2 2 _,.

a. 0
0

0 20 40 60 80 100 i f) 45 AO

Fiber Angle Flow Angle

Fig. 2. Lowest three natural frequency paramctcr'. for a Fig. 3. I-ffct of flow angie on flutter bounds f. ;,nd a),
(! - 0/0) graphite.-epoxy laminated cantilevered cylin- for a At / .45/0,/0( graphite-cpoxv larninoted cantilevered

drical cupved panel. cylindrical curved panel,
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Weight change mechanism of randomly oriented
GFRP panel immersed in hot water

Tohru Morii,' Hiroyuki Hamada,b Zen-ichiro Maekawab Toshio Tanimotoa Takahiro Hiranoc
& Kenji Kiyosumic

"Sho, n Institute of Technolo,; Tvujildo-Nishikaigan, -•ujisawa 251, Japan
`'Kvoto Institute of l'chnolog,, Matsugasaki.Sakyo-ku. Kyoto 606, Japan
Sekisui Plant Srstenm (o.. Ltid I)ojimahama, Kita-ku. ')saka 530, Japan

This study deals with the weight changes of the fiber/matrix imttface and the
weight change mechanisms of the randomly oriented E-glass fiber continuous
strand n, inforced unsaturated polyester panels. The weight changes were
evaluated bv iatroducing the weight gain due to water absorption OI) and the
weight loFs due to matrix dissolution (AI,). The weight changes of the fiber/
matrix interface (Al, and Mt,) were obtained from the difference of .1,, and A;,
between GFRP andneat resin. Water absorption of the interface occurred after
w•ater absorption of matrix resin reached saturation. Weight loss due to dissolu-
tion of binder on glass-fiber mat and matrix from the interface occurred aft.r

iater penetration into the interface. The debondings at the fiber/matrix inter-
face occurred due to water penetration, and as a result. the binder and matrix
dissolved easily in the water through the interface. The weight changes of the
GF RP panel were classified into three phases. In phase 1. only the resin matrix
absorbed %katcr. In phase I. the fiberimatrix interface absorbed water. After
that phase. water absorption into the fiber!matrix interface and matrix disolu-
tion from the interface occurred simultaneously.

INTRODUCTION ficd well. It is generally said that watcr penetrates
into the interface by capillary action, howcver, the

Glass-fiber reinforced plastics IGFRP) have been quantitative evaluation of weight changes of the
used as the structural materials in a wet environ- interface has never been done.
ment, because GFRP has excellent corrosion We have studied the degradation behavior of a
resistance as well as high specific modulus and randomly oriented GFRP panel immersed in hot
strength. In particular, GFRP panels such as con- water."' In our previous papers. we evaluated the
tinuous strand mat reinforced plastics. SMC, etc., weight changes of a GFRP panel by introducing
have been widely used as water tanks. During the weight gain due to water absorption and the
long-term use in a water environment, the weight of weight loss due to matrix dissolution, etc.. and
(IFRP is changed by water absorption and matrix clarified the importance of the interface on the
dissolution, and it induces ,. serious reduction in degradation of a GFRP pancl.
the mechanical properties.' ' Water is mainly In the present paper, we propose a quantitative
absorbed in the matrix resin and the fiber/matrix evaluation method for the weight changes of the
interface consisting of (OFRP.' The weight change fiber/matrix interfý!.:e of randomly oriented glass-
behavior of matrix resin only can be evaluated fiber continuous strand mat reinforced unsatu-
easily by exposure of a neat resin specimen to a rated polyester panels immersed in hot water. The
wet cnvironment.'-' However, it is difficult to degradation behavior of the fiber/matrix interface
evaluate the weight change behavior of the fiber/ is clarified by introducing a proposed evaluation
matrix interface in GFRP. Therefore the studies method. "l', weight change mechanism of the
dealing with the weight change behavior of the randomly oriented GFRP paimel immersed in hot
interface are very few, and the role of the interface water is discussed on the basis of ihe evaluated
in the weight change behavior has not been clari- results of the weight changes of the interface.
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Table 1. (onposition of %pecitnwn used necat resin .1 I,< and 1j< arc alculi ted on tie
assUmiption that 4 )nl the resin riiatri\ o1 ( il- Rl
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wxhere 11.,, and 11 are experimental daita of 11

EXPERIMENTAL PROCEDURE and . 11 for the neat resin specimen. 1/¼, and 11,,
are the re-evaluated _11- and .A1 of the neat resin.

Materials used were two types of glass-fi1ber an tisheibr ictratnI(iFP
reinforced unsaturated polyester resin types A
and 13 wkith different matrix composition. Two
types of resin matrix based on bisphenol wxere RESULTS AND) DISCUSSION
used: Unsaturated polyester resin with or without Wegtcaesi FPndetrsn
filler. Type A contained no filler and type B con- Wihthngsn RPadnaren
tained 15 phr calcium carbonate. Reinforcement
wýas randomlyv oriented F-glass fiber continuous Figures I and 2 shoxN the changes ttf the net
strand mat. The composition of' the speciimens is wih anA.f~ iR n etrsnx t h
summarized in "Table 1. Using these materials 300 immnersion timei. The variation of 11-. for (IFRP
mmi square panels were fabricated by a compres- indicated the same tendene> as that for neat resin
sion molding method, and specimens wevre c.it ou up to 100I h at 60T) and uip to 311) It at SI I . Aiter

\\ater ~ ~ ~ ~ ~ ~ ~ ~ ths immersion time,,, rccnutd it icesdwheaAlfonatresi maintained, ajfrom these panels, thseime sio tim es t thesi I niinari(o[Rl

of) and 8tO. with temperature controlled water Constant saturation level. As a result, the differ-

baths. The periods of' immersion wecre '3. M. ence in Ml. betweecn (WRI) and neat resin became
301. WOit. 3100. WOO0( and 3000( h. Weighl-t changes greater as the imimersion time became longer. The

due o imerionwer deermned1w eiging saturation level of V. for neat resin w\asl almost
(lifei) immesuresimo n s befre aeemned byýcgj the same independent of water temperature. It is5 1 timsqar peinsbfran after immer- cniee htoi h arxrsno'GRsmoji. Becfore immersion. all specimens, were dried cniee htol'temti ei fGR

in acum t I000 . nd fte tat he peinlns absorbs the wvater before 1 0) h at 60l'C and
wer immersed iiaht w O.andater forat thed speriodeof before 3(0 h at 80)'C. Water absorption after These

time. After immersion, the wet specimen w\eight im rsos aybdutoheesenef ls
%xas measured and the specimens were dried again fiber mat in GFRP. Glass fiber never absorbs
in a vacuum oven. After perfect drying, the dried wte.xilthlbe/tixneraen(;R
specimen weigrht was determined. From these can absorb water if the bonding, between the fiber

wegh masreets.ntwih gi ia and the matrix is imperfect. Therefore the wxater
weigt lss l wre btanedabsorption due to longer immersion may be

caused 1w the degradation of the fiber~matrix
Al>= 1,~It~I ~ 1 interface. The .11, for (iFR P in type A indicated
x,- ~,, wthe same tendency as type B at 60'C, and it was

little higher than in type 13 at SOT,'
w~here it4, is the dried specimen weight before Changes in the weight lo ss .11 for GFRP aind
immersion. and it,, and W, are the wect and the necat resin w\ith immersion time are showvn in Figs
dried specimen wveigzht after imeso.The neat 3 and] 4. The Ml4 of neat resin was nearly equal to (0

resn peimns er asoimmersed in hot wvater uip to 1 000 h. In the same wvay the . 11 of GFRI`

and weight changes were evaluated in the same was nearly equal to 0 uip to 300 h at 60(' and up
way as those of (;FRI" in order to comnpare with to 100 h at 8( 0T. After these immersion times.
the weight changes ofG(FRI1. 1-or comparison with however, 111~ increased linearly against the square
( 1FRR -.11A, and 11, of' the necat resin specimens root of immersion time. The slope of Ml4 against
werK' re-evaluated. Re-evaluated 11, and 11, lor the square root of' time was almost the same
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independent of water temperature. The slope of 1 .5
M1 , for GFRP in type B was higher than in type A. 61 C
The neat resin hardly dissolved in water. There- s. (
fore the weight loss for GFRP may be induced bv
the degradation at the fiber/matrix interface. o;•

S0.5

Effect of degradation of fiber/matrix interface on 0
weight change 0 • -_ -

0 10 20 30 40

Supposing that the fiber did not affect the weight Square root of time (Ahrs)

change kinetics, the difference in weight changes Fig. 5. Changes in net weight gain at interface M•., for

between GFRP and neat resin may be considered type A.
to express the weight changes showing the exist-
ence of fiber/matrix interface. Therefore the
weight change parameter for the fiber/matrix 1
interface can be defined as follows: -5 ..

o6 C-XIII = Il. - Ii • 8 ;•S 'W" -Mo 3) 10

where M1. is the net weight gain of the fiber/ 0 o.51 •
matrix interface and M1 is the weight loss from the i •
iuterfzc.

Figures 5 and 6 show the changes in ,Vl, against 0 10 20 30 40

the square root of immersion time. ,1• increased Square root of time (v-hrs)

almost linearly against the square root of immer- Fig. 6. Changes in net weight gain at interface -1I1 tor

sion time after 100 h at 60'C and after 30 h at type B.
S0°C. This means that water penetration into the
fiber/matrix interface occurred after 100 h at
60'C and after 30 h at 80 0C and that water was -.. .
absorbed only by the matrix resin before these
immersion times. The extensive water penetration * X,('

into the interface is considered to occur after 1.0
water absorption in the matrix region reaches -
almost saturation level. The slope of MV at 80'C 0 0.54
was greater than that at 60'C both for type A and
type B. The water temperature affects the
penetration speed of water into the interface. The 0.0 10 - 30 10 20 30 40

slope of MVL for type A at 60'C was almost the Square root of time (vhrs)
same as that of type B, however, it was greater Fig.7. Changes in weight loss at interface fortype A.
than type B at 80'C. This phenomenon shows the
difference in MI for GFRP between type A and
type B at 80'C. The filler mainly affects the weight
gain due to water penetration into the fiber/matrix 1.5 t-,

interface. i 1 6toc,

Figure 7 and 8 show the changes in M,, against 10 o otvu

the square root of immersion time. M,, at 60'C
was almost ( up to 300 h, and at 80°C it increascd
up to 100 h. After that MI, increased almost 0.5
linearly against the square root of immersion time. S
The occurrence of MAi was delayed due to the
presence t)f 14,. Therefore it is considered that 0 10 20 30 40
M,, is caused by degradation and chemical Square rootoftime (v'hrs)

reaction such as hydrolysis due to absorbed water. Fig. 8. Changes in weight loss at interface l,,J for type R.

I
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The debonding at the fiber/matrix interface periods from () to I (A) h, 10(0 h to 30() h. and ,\er
occurs due to water penetration into the interface. 30(0 h. respectively, from the experimental reu'lts
and as a result, the matrix and the hinder on the shown in Figs I and 3. As with SOT'(, phass, 1, If
glass mat dissolve easily in water through the and III are the periods from 0 to 30 h. 310 h to I (if
interface. The slope of .ll, is almost the same h, and over 10)0 It. respectively. sho%\ Ii i-. [
independent of the water temperature and of the and 4. In phase 1. water absorption in the matrix
materials both for type A and type B. However, resin only occurred and the influenco, of the tillcr
the immersion time for type B when . 11, arose due did not appear. In phase II, ater absorption into
to water immersion was shorter than for type A at the interface occurred and the A11, of type 1 was
both water temperatures. This difference is con- greater than that of type A. After phase Ii. the
sidered to be induced by the filler, influence of the filler appeared in the chanes in

11 and .1,,, and more degradailon of the inter-
Weight change mechanism of GFRP immersed in face occurred on type 13 than on type A\. [here-
water fore the filler influences the degradation of the

fiber/matrix interface.
The difference in ,I/, between GFRP and neat
resin was remarkably large after 100 h at 60 0C
and after 30 h at 80°C. Therefore considerable CONCLUSIONS
wtater absorption into the interface is considered
to occur after the above-mentioned immersion This study dealt with the \%eight changes of the
times. The M, of neat resin was nearly equal to 0 interface and the weight change mechanisms of
up to 3000 h. while the . 11 of GFRP increased the randomly oriented E-glass fiber continuous
after 300 h at 60'C and after 100 h at 80TC. Con- strand mit reinforced unsaturated pol.,estcr
sequently the weight change of the randomly panels. The weight changes were evaluated b%
oriented GFRP used here can be classified into introducing the weight gain due to water absorp-
three phases as schematically illustrated in Fig. 9. tion (M,,1 and the weilht loss due to matrix (is-
In phase I. the weight gain was due to the water solution (,AI). The wveight changes in the
absorbeo in the resin matrix only, however, a fiber/matrix interface !l,, and .11.,, were ohtained
small amount of water was absorbed in the fiber/ from the difference in :1/,, and .11, between GFRP
matrix interface. In phase I1, weight gain due to and neat resin.
water absorption into the interface occurred. Water absorption of the interface occurred
After that phase. catastrophic degradation at the after water absorption of the matrix resin reached
fiber/matrix interface resulted, and water absorp- saturation. Weight loss due to dissolution of
tion and matrix dissolution occurred simultane- binder on the glass-fiber mat and matrix from the
ously in phase 1II. Both in type A and type B at interface occurred after water penetrated the
600C, phases I, II and III are defined as the interface. The dehondings at the fiber/matrix

interface occurred due to water penetration. and
as a result, the binder and matrix dissolved easily
in the water through the interface.

Phase I The weight changes of the GFRP panel were
t'hase I classified into three phases as follows:

Phe ii " (t Phase I: Only the resin matrix absorbed water.

.b /Phase II: The fiber/matrix interface absorbed
S_. _ .... .e.....es... w ater.

z Phase III: Water absorption into the fiber,
-i matrix interface and matrix dissolution from the

S......interface occurred sim ultaneously.

S~Resin's MI
'"i•, i REFERENCES
Square root of Immersion time IEFERENCES

! Shen (' H- & Sprin-er Ci. •, [f. • o ,nhf;s;••aii..

Fig. 9. Weight change behavior of randomly oriented temperature on the tensile strength of composite
(iFRP panel, materials. J. Comp. Mater., I I (1977) 2- 16.
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The effects of environmental humidity after post
cure on the optimal temperature path of polymer

composites
R. S. Chen, G. S. Chen & J. R. Chen

l)hpartrnen ol tligineerinig Science, ,Vational ( heng-Kung "ni'ersitv. No. 1. 1 -innersitv Rood, Io t, Ioatn. ld iTt;/

Previous studies on the optimal cool-down path of a composite laminate. %ere
applied in this p'lpcr to a nes, element-humidit, used for anatssis of the
residual stresses which develop in a composite material laminate alter terinti-
tion of cool down due to further exposure t,: a humid ens ironment.

Computations were performed for AS4/35(02 symmetric balanced cross-ph%
laminate. The ,iscoelastic behaviour and the constant expansion coeltiients ot
temperature and moisture of hygrothcrmorheolohically simple material hakc
been considered and an optimal temperature path "i"as obtained A, ith the assist-
ance of variations for yielding the minimal value for the amerage residual stress
within the laminate. Furthermore. the experiment for measuring the residual
stress by strain gauge is conducted in order to ensure the reliability of the theo-
retical analysis. rhe result of this paper gives further understanding of the
humidity effect on composite material during its post cure process. lhereforc.
this study will be vyr.' helpful for the improvement of manufacturing industrice.

INTRODUCTION am = Id( m

A composite material, which consists of fibres and at a zJ
epoxy is always fabricated as layers with different
directions due to the various requirements of where
design. This leads to different thermal expansions I = time,
in each direction. Therefore, control of the z =coordinate in the direction of the compo-
temperature path during the cure process is site thickness,
indeed important.' 4 Furthermore, due to the pro- C = 0(1') = moisture diffusion coefficient,
cess of moisture diffusion, swelling strains = i-m(z, t) = moisture content.
develop within the composite which induce For a laminate with an initially uniform
further residual stresses'"" in multi-directionally moisture content u,, and symmetric boundarv
reinforced laminates. This humidity effect tends conditions rni(z= ±h, t=u,,' where U,, is the
to be significant when the composite is exposed to equilibrium moisture content, the solution to eqn.
environmental humidity after the post cure pro- ( 1 ) for a constant diffusion coefficient and bound-
cess.'' This paper incorporates the humidity ary conditions can be expressed as follows:
effect after fabrication to readjust the optimal
path in the post cure. m(z,t) - u"! 0(z, t) = ul(2z, )

where I1 (zt) and J(z.t) are assumed as

ENVIRONMENTAL HUMIDITY F t)
l()(z,r) = "|I - ( t)

Governing equation of moisture diffusion 11 - E(,t)

The moisture sorption behaviour of graphite/ and (31
epoxy natcrials has been treated as a diffusion (Zt)
controlled process as described by Fki's Second i(zt)
Law- 6Z

101j Composite .Stnrture, O0263-8223/93/SO6.0O 0 1993 Elsevier Science Publishers Ltd, England. Printed in Great Britain
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in which Swell of composite material due to moisture

s -1 -Z. . sorption
-2 1 , Cx p( - P't*)

- ( (4)]The swelling strain for the graphitci Conil,,, t (4) , ,ra hi cipoxv c rn

posite due to moisture sorption perpendicular to
Z.tI 2!,_ - -z/h1 the fibre direction li.e. the tratisverse direction

- -- " . denoted by subscript L• is defined as the function
" LV(, 51 in which the moisture content is beyond the initial

+erfc 2n-+ /hvalue In i.e.

2 it* ' =[3n-in1  when in> im,
m.ith r ) w hen in in ()

P),, =)2n -1 )lr12 where
0* (/h, -= tranls'rse sWel- strain.

2_ f "C /31 = transverse moisture expansion coefficient.
erfc~x ds in = moisture content.

in1 = threshold moisture content.
where

erfc = complement error function. For AS4/3502 graphite'eposy material, the

h = half of thickness of the laminate. transverse moisture expansion coefficient J3, is
0h0t(324 and the threshold moisture content in is

Equations :4) and (5). the solutions for eqn I 01l'%. Furthermore. the longitudinal swelling
in terms of - z.t and I)Z, tP are obtained by the strain parallel to the fibre direction {denoted by
separation of variables technique and the Laplace subscript L; is negligible in comparison with the
transform method. respectively. To achieve the transverse swelling strain. The longitudinal
computational efficiency. an efficient computa- moisture expansion coefficient j3 is assumed to
tional scheme for switching among these two be zero for most cases.
forms has been proposed by Weitsman so as to
minimize the numbers of terms required in Series Moisture diffusion coefficient and equilibrium
4 ý and (5) and obtain the moisture distribution to moisture content

within the desired error tolerance. The scheme is
based upon the observation in which Series (4) Springer' engaged in series of experiments on the
rapidly converges for the short time case due to moisture diffusion of the composite to obtain the
the rapid decay of erfc. whereas Series (5) rapidly moisture diffusion behaviour described by a
converges for the long time case. Weitsman also simple mathematic model. A significant depen-
defined the following set of rules to maintain the dency of moisture diffusion coefficient on temper-
accuracy of (10)" ature and a weak dependency of moisture

diffusion coefficient on moisture content have
(il' (i ~furthermore been revealed in his results. The

2 A A moisture diffusion coefficient is therefore treated
as a function of temperature:

use i terms in Series E(z.t) C( T) = ),, exp( - A,/RT ) 7)

(b) forMý<t*< (6 where
( 8r <D = permeability index,

A, = activation energy for diffusion,

use five terms in Series F(zt) R =gas constant,
T = absolute temperature (K).

(c) for < <* < - Meanwhile. the equilibrium moisture content
(2i + 1)- r 2i - ' u, is the saturated moisture amount of the

material which is dependent on the relative
use i terms in Series l"(zt) humidity surrounding the material.

where i= 1,2,3,4, 6 = 14.93 and A 5-877. H= (RIY' (8)
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where where
R1 = percentage relative humidity, Q =stiffness modulus,
11,p = material constants. a = thermal expansion coefficient.

13 = swýelling Coefficient.

THEORETICAL ANALYSIS A T= temperature change.
in. = effective moisture content =tin -- •m :
(" = stress.

A symmetric cross-ply and viscoelastic composite (- =stress.

laminate are considered which have been affected strain.

by a variated tempeiature T()t during the post Subscripts x.,: reference system of lamimatcs.
cure and by a constant moisture content ut, in the Subscripts L.T: parallcl and transversc to the
environmental humidity after the termination of direction of the fibres.
cool down. Due to the thickness of the composite Since the laminate is assumed to be free ol
laminate, temperature T= Tit) is assumed to be external loadingy, the net resultant force N of each
spatially uniform but varies only with time. The point on the laminate must vanish. Namcly.
process of moisture diffusion is thus uncoupled
from that of thermal diffusion. The moisture con- i " f=
tent is a function of time and location (in the , 7, dz =0
direction of thickness only) since the time 1W
required for reaching the saturated moisture con- "
tent is rather long. Furthermore. the viscoelasticity N J =| a, d: {)

of composite material can be solved through
application of the correspondence principle. The where It is half thickness of composite laminatc.
HTSM properties are also introduced for tem- Substituting eqn 91 into eqn 1 1;);e get
perature and moisture effects. The expansion
coefficients of temperature and moisture are also = =
finally assumed as being constant. The analytical Q, Q- (2 Q
processes are described as tollows. (7 a, = - a, = . ..---- ..... 0, ,- (1 A IQ, + Q, + 2Q,!

Linear elastic analysis + ( - f nm.
F-or a smmetric cross-ly laminate subIncorporating the properties of graphite;epoxy

subjeted ~into the above equ,,tion lead to the simplified

the effects of temperature and humidity, the rela-
f orm isuch as t- -20tK. -~l ~20 i't 'vith

tion between stress and strain in the individual
orthotropic plies can be expressed as follows: v, I = 0-28)

o, -r/--iia, - a• IA T+ i 13,-f 1 m,31 12n

for the 0' layer rthe layer with the fibre direction
parallel to .k ;•,Xis) W hen considering the viscoelasticity of the resin. r

becomes a function of time. However. in all prac-

u, = Q, (f - a I AT- 3, tn, tical cases. r is a weak function of time within the
values ranging between 0.9 and 0'93. The cxpan-

- (F :, - a 1A I -/ 3
1i,nc) sion coefficient a I is also theoretically dependent

T, = ,on temperature. However, due to its \•cak
• = ,- a• A T-i n.) dependence on 1, ' 1 constant is considered here

+ Q(, - IAT in the present work.

for the 90° layer (the layer with the fibre direction Viscoelastic analysis
normal to x-axis)

For the graphitce/poxy composite. an approxi-
(1 Q a AT- 0 mate expression for the transverse viscoelasticity

+ Q, 1 4( - at, AT'- [3 i,, modulus reads

Q,=•,Qt,- aIA -fi~r.) I)=L! +) ' 13i
+ Q, (r,, - aI A T-- A M.) where , is the reduced time.
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A combined temperature-moisture shift factor lable I. lhe %iscoeiasti¢ properties of the AS4 35,0.
can be introduced for analysing the effect of tem- graphitel. epo
perature and humidity on the composite due to , t .1 /
consideration of the property of HTSM k N, mm K

aiý z.s a P s).m (I. .)=a•i 1 a., m 14 1 I 1 00775 zt. s25N -a i a l ( 5 S '

where a( V! is the temperature related shift factor

(/ -T =exp - T/, It+ 15,

ainI is the moisture related shift factor. Iable 2. The thermal expansion oe.fficients of the

af I mf =expf - ( 4-, +(6) AS4 3502. graphile epox,N

The reduced time • in eqn 5 1 therefore becomes ,, - (,. ,, I

(4 Ci cm cm.K ,cm cm K

17;

0 -484 1I1 0 -" 2 x 1t, L) 11 I•- '
eqn 5 can be then expressed as. .

-~I r Ii I' d., "

I Iab1le -3. The s~elling coefficients and diffuiion coefficients
of the AS4/J3502. graphite elox,.

Computations have been performed for AS4f h "
35(12. In this paper the viscoelastic properties and I), .,,R I/
m a te ria l co n sta n ts o f th is g ra p h ite /e p o x v c o m 1- 67 54 80 ... (.. . . . . 1. . . I'l, 0 M 1... 3.. 1 0 (t

posite are listed in Tables I and 2.

The optimal temperature path and residual stress for the curing process

Consider a symmetric cross-ply viscoelastic composite laminate !with a thickness of 2h .l)u ring the cure
process. the laminate is subjected to a variable temperature with the initial temperature J, and the final
temperature T,, in a specified time interval t,: after the cure process. as shown in Figs I and 2. it is affected
by a fixed humidity it- and the length of exposure At, in the surrounding environment. Since the plate is
thin, the temperature at each point of the composite can be assumed to be homogeneous, T= I ,. Never-
theless, the marginal effect of the diffusion of moisture from the laminate can be ignored and only the
moisture diffusion in the direction of the plate thickness is taken into account. The residual stress of the
composite can hence be expressed as

(r~~~ t. d, T -r Edsc
Ttsji), 11Z- FCI r{L[ 1{- +dr 19

where

, = (11 -- fl,

If~~ 

f 
,

t,. It +/3A1,,

In eqn ( 19, stress is found to be a function of time and position in the laminate. This is because of the
moisture diffusion in the composite laminate always resulting in spatially non-uniform stresses within
each layer. (onsequently, we confine our consideration to the average value of the residual stress (Y,,. i.e.



IMe efleCcis ofet'virowpnchal hunidill, after lOS1 (-Ure oe ithe optimal tempwramrl. paret o t , o• mpo i |W "

o .5001

T t1

- o -
2001

E- W

zoo

0 ti 0 tf
Cooling Time Moist Time Cooling Time Moist Time

Fig. I. 1 hcorefical araIhsis fo)r ltmperature path. Fig•. 2. thcorctical mmhi,\ tif hum hlot\ Ihlu mi!kti

h1 hi a[ -I-x, 1W: - c+ r dz

In view of the results presented in Refs 3. 4 and 1(0. the temperature and humidity histor% arc di\idcd lilht,
four sections for integration. These are t = 0. () < < t,. i = i, and/t < t < i,. rcspcctively. |Aulatn llm 2 1 can
he revised to read

- 2I a ,;r (1  1,,- • . ....... . a .... .... . d '

, ! .If, a Ti .m .s 1 lTI wl~sý

+ J a" . . / ,t.z, h -r T I,4.

-- a [ { L[j, a~ ~ 1-. Z .1"SI dd

[;, , .j dI J Z
J i M . .... ..... T ; d r d...

By applying the method of calculus of variations,', " the optimal temperature path of the minimum aver-
age residual stress can be derived.

ILet 1 v be the optimal path and designate Fit ) iti t v+•Jt as an adjacent path. where r is small
value and q, t! is an arbitrary function, 6, then becomes the average s.xess derived from t, and m, -.1 as

h O . t r 'I +' - I . . . .h. .... . .
jh PT+O+lI.Z Il tz s)

+ • ' It - lI-- •r; 1i { .I .1 (1- d

d~s

a' In ( Z, S01.fKi1, L{i i(s)2 +/ '.q1.) + 1W Z-0 .iOr.,i ~ 1T± '/ t ~ I

w (Z. T) d T dr

w here q/,, = lq; (() " f )? • ,= fI•
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"To minimize the value of d;,. the differential of Y, subject to t" must be zero) i.e.

d _ ho},l', .,,= (o -24
d "

Through the process of integration by parts. the optimal temperature path 1: v with the o)pen intersal

K 1 < t, can be obtained as the foullowing nonlinear integro-differential equation

d ~d s d S 'h1  9 f

The magnitude of the initial discontinuity from T, to 7', becomes

a,~! 7'1:T),- Tý =-- a, -
-

1"

The temperature path 1t! obtained from eqns i25! and (26) can be substituted into eqn 191 so that the
residual stress at any time can be obtained. Since the temperature and humidity in each interval is discon-

tinuous, four time intervals are required for analysis of the residual stress as followvs:

a <, = t

-at,, = ra,,, - ai I s

Sb• (1 <l(IN

d.. rot + + I;I
-, l ,hu _ t/-Nr,( Lr OT :r.-h[

( --i£ { 11.rIn j; j, j"N + dsd "
- i q,t '•1, r L l ' ' i l (.Z . ..... 1 - I i ' , i _ d. . . . .'+ l i d

' ~~~, Tllv- 7R ) , rl~s o

""+. ld it I' + f

& .(I T =1 + ( ,- + .

T' --- L, 1*ls) 1. Ma Z. T (I., d

Ja T mi Z r"W In :'

NiuMERIC(AL ANALYSIS

The material adopted in this paper is AS4/3502 graphite/epoxy composite laminate with 12 symmetric

cross-plice., and the thickness of each ply is 010148 cm. The initial temperature. the room temperature.
and the average thermal expansion coefficient are assumed to be T,=450 K. 1,=293 K and

, -. #/ +( u))/2 , respectively. Then, the theoretical solution for the optimai temperature path
involves a nonlinear integro-diffcrential equation. An iterative numerical method must be applied to find
the di.stribution of the temperature path. The required steps are stated as follows.
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Application of an iterative numerical method

Firt of all the cooling time t, is divided into !, incremental units

At= t"! n 3I

By guessing a value 1, and applying eqn 25 then all I'llowing tem,)erat,2res can be obtained, i.c. whcn

AT I Js d, S'2i {~K ~ ''*~
_ht T. In. ] . Z..s • a I II• m .• { d

vhere 1,. T t, T,.
Using eqn 32 the value of 1 can he solved, when = t, - At.

At a, 1,. a' 1 33

x1
d'; 1 Q ! dI (i ds: ... dii

Then the value oft . . is obtained. These steps are repeated until t -, - AVAt 0.

SIi - P~t 0~ ,0

At uil /'Wia' (i1

x .. . . . . . . . . . . . . .. . ... . . . . . . . . . ... . . .

d..s d.I d' I
J+ d + ,d

Tf , a,( T. Iv U + Z I 1• :.1 N

The value of P 0)1 is obtained from eqn (30). However, the value obtained of 1T(0, is generally not equal to
the 1,, obtained from eqn 126). Therefore, a new guess for T,' must be made to repeat the abovc steps. lf
T', < T, 0,. then the new guess T <,` T Contrarily, if Li> P(0 . the new guess I, > I These
processes are repeated until th,, value of T, which satisfies TIO = T, is obtained. Then the distribution of
the optimal temperature path can be identified.

Furthermore, the residual stress can be obtained by eqns (271-30i., where the integral fokrm can be
expret,,d by numerical equation:

F W TG I_ . -__ dr=- > tj'ý+tý /-,1.A)- 16't ,i-(;1tj 35

RESULTS AND DISCUSSION by a strain gauge. Some resulhs are summarized as
follows.

To verify th,. reliability of the theoretical analysis, Figures 3-6 indicate the optimal temperature
the symmetric cross-ply (0/90) composite path as well as the change of the accompanying
laminate is placed on a hotpress in which the tern- residual stress on the specific t1,. Rl and At,.
perature is properly adjusted, and a humidifier is These figures show the discontinuity at the initial
applied to simulate the humidity in the surround- and final times but also a smooth continuous
ing environment. The residual stress is measured curve in the time interval. The final residual stress
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willmeianwhile udcdenln decrease if the finil tern- exposure times under relativ e humidit%

perature /. i.e. ,I is below• room tempera- R1! = 5,'>. By tracing the figure of I ;. Iers u
ture. (ontrarilv, the final residual stress will log, t, r. the value of 1, becomes higher in accord-
,,uddcnly increase if the final temperature T, is ance w~ith the higher Rt. long At, or shorter cool-
above the room temperature. Figure 7 indicates ing time t,. Besides. the figure of o i ,- ver,.us
the relation between the final temperature T1it loghit, shows the curves almost coincide despite
and log( t,;. Figure 8 shows the relation between the value of the RI1 when the A,, is quite short, ixe,
the final residual stress uit," ! and log ft i. Figures 7 I min). This shows that the final residual stress
and 8 do not consider the effect of humidity after nit,* ) can be controlled below some level by the
the cure. Figures 9 and i10 indicate the relation control of the optimal temperature path.
between the final temperature i(t I and its final In the laboratory, only the residual stress after
residual stress wtf versus log(ft) at various fabrication can be measured. Therefore, the cool
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exprim.tal data . ...... ge ing system of hot press must be adjusted by the
"10 theoretically derived temperature path. and the

loe bound final residual stress is then measured by a strain

gauge. Figures 13-16 show an approximate coin-
cidence of the residual stress between the mea-
sured result experimentally obtained and the
"theoretical prediction. As a result, the accuracy of

) such a theoretical analysis can be recognized.
1• RH=55%
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Artificial damage techniques for low velocity
impact in carbon fibre composites

M. P. Clarke & M. J. Pavier
etpartment of tl'chanical Enngineerintg, OLriversity ol Bristol, Brriol. U.K, t1S I l

Materials and techniques used in artificially induced damage are evaluated and
compared. The damage induced by low velocity impacts is characterised using
penetrant enhanced radiography and dcply techniques. This information is
used to construct specimens with simulated damage that will facilitate the study
,,f damage iro~th. Specimens manufactured match quite closely the properties
of specimens %% hich contain actual damage.

I INTRODUCTION 1.2 Introduction to the paper

Carbon fibre composites are of great interest to This paper looks at the techniques and materials
engineers for applications that require low weight used in implanting artificial damage and tests that
and high strength. Their use in primary structures, were carried out to check their efficiency in repli-
however, has been limited because of concern eating real damage. Real damage from impacts
over their ability to sustain damage from low were inspected to give a measure of the extent and
energy impacts without the damage being appar- types of damage that would need implanting and
ent except under extensive, and expensive exami- then the specimens were manufactured. ('ompa-
nation. In many applications low velocity impacs risons were made between specimens with real
are quite common: for example. stones thrown up and various levels of artificial damage and conclu-
from the runway hitting the wing of a plane or sions drawn.
toolk, dropped during maintenance. The effect of
,his damage can be greater than that from a high
energyw impact that creates a neat puncture of the 2 ARTIFICIAL DAMAGE TECHNIQUES
component, especially if the damage goes unde-
tected and grows under subsequent loading. 2.1 Review of past methods

1.1 Purpose of the work Artificial damage has been used extensively in
specimens designed to measure material proper-

It would be nice to simplify impact damage so that ties - for example an insert in a beam that encou-
it is analysablc, but would it be realistic? Can we rages a starter crack in the double cantilever te,,t
replicate impact damage artificially and still get for measuring (;,,. and the end notch flexure for
the same strength reduction? Damage caused by measuring (i. In these cases the region of intc:
low velocity impact is complicated, containing rest during measurements is not close to the
fibre breaks, matrix cracks and ply delaminations. damage.
TO study the effects of these defects the ability to Early work on artificially inserted damage
control the type and quantity of damage in a spe- sometimes removed the inserted material before
cimen is crucial. In order to check the predictions testing so that you could be sure that the insert did
from finite element analysis it is useful to have not affect the behaviour of the specimen. This was
damage that is easy to model. A lot of work has possible because a through-the-width delamina-
been done using artificial damage, but very little tion allows access to the insert so that it can be
published work has shown how realistic the artifi- pulled from the specimen. In this case you can be
cial damage is. sure that the delamination faces arc not bonded to

113
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each other. It also allows you to do a 21) analv- Table 1. Po%%ible candidates for uea%,dclaminani

sis. t,2 I hicknrcs
In reality damage caused by impacts is quite ur

likely to be fully contained within a panel. This . . .. ...............
means that any insert that is used to replicate A old foil 3.

damage must be left in sitiuA. PiTE tape XO
PTFF film

2.2 Artificial delamination For comparison l)iamctcr of
typical carbon fibre

.2. 1 Materials
The resin/fibre system chosen for these tests was
T300/913c. T300 is an intermediate modulus scanning or X-rays would not easily distinguish
fibre. The resin is a standard epoxy resin. The between resin and insert. When cutting specimens
combination was chosen because it was a well- from large plates it is essential that you kmoNý
known composite and would allow us to con- where the damage is.
centrate on the damage. To determine the adhesion of the insert to the

Any materials chosen for the purpose of cured matrix two tests were used that measure
delamination must not affect the properties of the interlaminar properties, and interlaminar strength
specimen. The dimensions of the insert must be (ILSS) test and a modified double cantilever beamn
such that it does not cause distortion in the lami- test (DCB). The interlaminar shear test was incon-
nate during manufacture - for example by caus- elusive because of the transverse forces involved
ing sharp bends in the fibres or matrix rich that swamped any effect in the plane of the
regions. The insert must also be able to survive damage. A modified IDCB test was thercfOrc
the regime of pressure and temperature that is employed (Fig. I I. In this test instead of using the
used to cure the resin during the manufacture of insert as a starter crack the force necessary to pull
the composite. Ideally, it should be easy to handle the two faces apart was measured from the start.
and inexpensive. Since the aim is to replicate The initial force needed to start the opening was
damage surfaces which do not adhere to each recorded and also the force-displacement curve.
other it would be better if the material had low By repeating the test after the surfaces had been
adhesion without the requirement of additional separated once we were able to see the contribu-
release agents. tion to the separation force provided by the resist-

The basic criteria for the choice of material as ance of the two beams to bending.
inserts were:

"* thickness - the thinner the better, 22.. Results
"Thin eight-ply unidirectional laminates 20 mm

"* low surface roughness and adhesion, wide and I mm thick wcre used so that the con-

" ease of use (handling and positioning of tribution due to the adhesion of the artificial

damage .
delamination would be large compared to that
needed to bend the composite. Figure 2 show+s the

The materials chosen were aluminium foil. gold results of a I)CB test on a specimen with two
foil, PTFF tape and PTFE film. Two release layers of aluminium foil delamination inserted.
agents were tried: petroleum jelly and Frekotc'`• Table 2 shows the values of the force needed to
For some of the materials multiple layers of initiate the debonding. A repeat of the experiment
delaminant were used see Table I . produced an almost identical trace for the PTFF.

indicating that the adhesive force is smaller than
2.2.2 l'ichniques can be measured by this experiment.
A preliminary test was carried out using a glass It should be noted that the use of a release
fibre composite to check that inserts that were agent can improve the effectiveness of an insert as
simulating a dclamination did not move from a delamination, but if a liquid is used it is difficult
position during the manufacturing process. Vis- to ensure that the agent is applied only in the
ible inspection showed that the assumption that region where it is required: this is why a release
the delamination was where it had been placed agent on its own was not tested. In the case of the
before cure was justified. In an opaque substance PTFF a release agent is not necessary. PTF- iape
such as carbon fibre with a PTFE insert ultrasonic was much easier to handle than the film, but was
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ken ends of the fibres are kept from ovcrlapping
PHinged either during laying up of the specimen or during
tttachent curing (when resin is mobile). At the same time it

is desirable that the amount of inserted material is
kept to a minimum.

Specimen The ply-crack specimens were made by cutting
a slot (0'5 mm by 25 mm) through two (l° plies

Fig. 1. Adapted double cantilever beam test for measuring before they were inserted in the specimen during
adhesion, laying up. The crack was held in place during the

curing process by inserting aluminium toil or
PTFE tape as shown in Fig. 3. Figure 4 show,,s a

8- micrograph of a cross-section of the ply-crack
after cure.

- JFor measuring the effectiveness of artificial ply-

cracks a standard tensile test was used. The ply
2 .cracks were simulated by cutting fibres prior to
0, 234.5. 6 ...... . cure. The necessity of preventing ingress of matrixmaterial into the crack was also investigated by

Displacement [mm] using the PTFE film as a barrier sec Fig. 3 j.
Fig. 2. Adhesive force on artificial delamination by double The crack can fill with matrix material during

cantilever test. manufacture so another technique that was tried

was to apply a tensile load to the specimen to
open the crack. The matrix plug in the crack is the

Table 2. Force required in double cantilever beam test to weakest part of the specimen and if a delamina-
pull surfaces apart tion is present the strain should be sufficient to

I)elaminant Thicknes No. of Release Breaking, produce a crack in the matrix plug.
pm. layers agent forcc N The effectiveness of ply-cracks can be deter-

mined by measuring the ultimate tensile stress for
PIFT tape X0 2 None 45 samples with and without cracks. Since the load is
PVIT tape StO 2 Frekote 34 mainly carried by the 0' plies. the strength of the
PTFF film 10 2 None 0.3 specimens should be proportional to the number
PFTF. film 10 1 None 0:3
Aluminium foil 16 2 Frekote 0.4 of uncracked plies. Test specimens of width 12,5
Aluminium foil 16 2 PLtrolcumjelly 25'0 mm and length 250 mm were cut from the cured

plates such that the artificial damage was posi-

tioned centrally and across the whole width.
later discovered to be porous - hence the large Aluminium end tabs were adhesively bonded to
adhesive forces due to matrix bridging through the ends after the specimens had been abraded
the PTFE. and de-greased using acetone. The adhesive used

was Ciba-Geigy 200 1, a cold curing adhesive.
2.3 Ply cracks

2.3.2 Results
A delamination is readily modelled by preventing The strengths of specimens for the ply-crack test-
bonding between two layers during curing. A real ing are shown in Fig. 5.
crack usually has space at the fibre break, so some These tests have shown that the undamaged
way of preventing the matrix material from flow- specimens have an ultimate tensile stress of
ing into the gap must be devised. Also, a delami- approximately 0.68 GPa which indicates that the
nation is a large piece of damage (compared to the lay-up and hot-press curing procedure has pro-
fibre dimensions) and so positioning is not a prob- duced a reasonable quality of finished specimen.
lem, whereas any material used to keep a crack As expected the strength in tension is not affected
open could more easily move during curing, much by delaminations when there is no crack

present. When a crack is present the presence of a
2.3.1 Techniques delamination does not affect the residual tensile
We are concerned with finding a good method for strength. The presence of a PTFE filler in the
inserting ply-cracks. It is important that the bro- crack does not reduce the residual strength. (In
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some cases it increases it!) Having a broken ply in 3 EXAMINATION OF IMPA(CT DAMAGE
a plate weakens the plate more than not having
the ply at all, probably because the fibre break is a 3.1 Introduction
source for further damage; an initiation point for
failure. Now that we can be sure that the artificial damage

It was noted during these tests that there was no that we introduce into the specimen is a realistic
indication that resin had penetrated between simulation of real damage. we need to quantify the
doubled layers of PTFE film. All the specimens damage that occurs in a typical impact. This is
broke in the test region. done using radiography and a deply technique.

3.2 Creation of impact damage

The actual amount of damage incurred during
impact will depend on the cnergy and velocity of
the impactor, as well as the shape of the impact
head (tup). In order to be able to compare the
results with other research we have followed the

+45* CRAG standard.' The impactor has a variable
r .......... ... -* mass to allow for the different energy of impact.

PTFE nfm and the tup has a diameter of 1 27 mm. Different
materials will respond in different ways to the

Fig. 3. Artificial delamination and crack across four plies a
during lay-up. The layers are compressed during curing, impact. and the lay-up of a composite affects the

damage resistance. Our results are therefore
limited in scope. but will allow us to compare the

.- ,. -" . effect of real and artificial damage for this mate-
--- rial and lay-up.

, -- .. Impacts of energy 3.5. 7. 9 and 12 J were used,
and then the majority of the work carried out
using specimens with 7 J impacts. This is because
other work has shown that the compression after

"- impact values does not increase greatly above this
--value, and at lower values the damage is limited.'

.- 3.3 Examination of impact damage

Fig. 4. Micrograph of the artificial dclamination- cross- After impact the plates were soaked with lead
sectional view of gold foil insert (negative view. iodide solution. a dense liquid opaque to X-rays.

Rmidual Strength after artificil damage

900

-00

Cl c,.&"sl

*Crad iith PTFE and dmisurnmb.

100

0
0- T*o T FoW

Ntmbei ofDarmged Pble

Fig. 5. Variation of strength with numher of damaged plies.
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After radiography some specimens were de-plied being separa:;,d from each other during the
- the matrix burnt away and the individual plies unstacking. This should be very difficult anyway,
unstacked. Various penetrants were used with the if the specimen has been made properly, as there
aim of leaving a deposit on the laminate to reveal should be no obvious matrix layer between similar
the position of the delaminations. The informa- plies.
tion from these two methods allowed us to quan- Obviously, each material will need a different
tify the damage due to the impact. regime of heating and cooling to pyrolyse the

matrix sufficiently to allow separation of the plies
33.1 Penetrant enhanced radiography without causing damage to the fibres. The heating
The contrast of an X-ray can be improved by add- must be carried out in an inert atmosphere and
ing an X-ray opaque substance to the areas that precautions taken in handling the noxious fumes
are damaged. Tetra-bromoethane (TBE) and di- produced by the process. This method enables
iodobutane tDIB)are two very dense organic pene- you to map the damage to fibres in individual
trants that have been used.` Lead iodide is an layers and the pattern and size of delaminations
alternative to TBE. a mutagen, or DIB, an irritant, between the successive plies of the laminate.
The solid is dissolved in equal volumes of water (a Freeman"' reports on the use of gold chloride
polar solvent) and isopropyl alcohol (a non-polar for revealing the delaminated area, but other
solvent) with a small amount of wetting agent (a authors have found that this is not always neces-
linear alcohol alkoxylate) which reduces the sur- sary. Gold chloride is expensive and seems to be
face tension of the solution.' An advantage of this unstable in solution so that the gold precipitates
particular mixture is that it has been shown to out. We have investigated other materials that
have no detrimental effect on the properties of the might be suitable.
specimens of graphite/epoxy either at room The criteria for a good penetrant are:
temperature or at elevated temperatures.' This is
helpful if you are studying delamination growth * soluble (in order to penetrate fully
because the penetrant may stay in the specimen • inexpensive,
for some time as you continue experiments, gra- * capable of withstanding temperatures up to
dually increasing the load or the number of fatigue 420'C without boiling or decomposing,
cycles, unless it leaves a deposit (gold chloride

For those specimen,; where there was little decomposes depositing a thin laler of gold).
suirface cracking (low energies) a small hole was 9 low expansion on heating so that is does not
drilled through the impact point to allow the increase the amount ofdamage,
penetrant to flow into the damaged zone. Later. 0 it should leave a deposit clearly visible
when testing specimens and recording delamina- against the carbon fibres.
tion growth with loading, it was found to be help-
ful to drill a series of small holes and pump the Unfortunately. none of the materials that
penetrant in with a syringe. This reduced the time fluoresce under ultraviolet light is capable of with-
spent waiting for the penetrant to seep to the full standing the temperatures needed for deplying.
extent of the delamination. (This reduces the After consulation of reference books the follow-
effects it may have on the matrix). ing materials were tried: sodium sulphate

(NaSO,), calcium oxide (CaO). potassium(Vl)
3.3.2 Penetrantenhanceddeply chromate (KCrO,) and magnesium sulphate
One of the potentially most informative methods (MgSOJ). The X-ray penentrant was also used
of evaluating damage in a specimen is a simple (Znl2 ). All these materials are water soluble.
destructive examination technique that involves though the calcium oxide did not dissolve easily.
pyrolysing the matrix resin so that the plies of The addition of a wetting agent increases the
laminate can be unstacked. Harris' reports on the penetration into the damaged are-is.
work that he has done on the materials T300/
5208 and AS4/3502. In his work he was using a
stacking sequence that did not have any adjacent 3.4 Results
plies with the same orientation: [00/±45°/90-1.
This meant that there was only a slight difficulty in The X-rays produced good results for exposures
separating adjacent plies. In other work"' there is of 200 s at 32 kV and 4 mA (distance from
no record of multiple plies of the same orientation source, 60 cm), using Agfa Structurix D4 film.
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Fig. 6. Mapping of the damage from it 7 J impact. (Thick line= fibre crack, thin line matrix crack. dottcd line= educ of
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Fig. 7. Mapping function of implants for replicating damage from a 7 J impact. (Thick line= fibre crack, thin fine= matrix
crack, dotted line edge ofdelaminationL.

In the deply method all penetrants left a deposit, ride is by far the best in terms of performance, but
but for some it was a loose powder that was easily expensive. Zinc iodide was adequate, and if
dislodged, for example sodium sulphate. The X-rays are also being taken, a suitable penetrant.
most effective was calcium oxide, though the For T300/91I3c a regime of 41 8'C for I h was
deposit was dark yellow rather than white. Zinc found to be effective for 18-plies (it would need
iodide left a mark on the fibres in the form of a less for a thinner plate). The composite was
dulling of the surface finish. This is clearly visible heated in an atmosphere of argon, supported on
in the right lighting conditions. Overall, gold chlo- pins to ensure the whole plate would be pyrolysed

ToI
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evenly and to allow the gaseous products to 5 COMPARISON OF REAL AND ARTIFICIAL
escape. A record of the results of delamination for DAMAGE
7 J impact is shown in Fig. 6.

5.1 Results

4 FABRICATION OF ARTIFICIAL DAMAGE Figure 8 shows the stress-displacement curves for
the real damage and artificial damage (two delam-

Figure 7 shows the mapping of the artificial inations and a ply crack) and the effect of opening
damage implanted in the specimens with the grea- the artificial ply crack. In compression ply-cracks
test damage. For other levels of damage the do not affect the strength greatly. but opening the
delaminations used were those on ply 17 and ply crack does seem to change the behaviour of the
14 jfor the double delamination) and on ply 1 7 for damage so that it is closer to the real damage.
the single delamination. In all cases the ply crack Figure 9 shows how the level of damage and
was a cut in plies 14-16 of length 25 mm. type of damage affects the residual compressive

and tensile strengths. Realistic implanted damage
is very close to real impact damage. More import-

Stress [Mva] antly. a simple double delamination and single
300------ crack is close to real damage.

250-

20W- . .- 5.2 Discussion

s" .. . .We can conclude from these tests that artificial

l-o damage in the form of PTFE film or aluminium
foil with Frekote has a low enough adhesion to

50 , - the resin to be a true representation of a crack in

0 -,.- -. the matrix material. Once inserted the artificialCross-head displacement damage remains in position during the manufac-turing process. PTFE is to be preferred to alumi-
Fig. 8. Realistic artificial damage compared to actual artifi- nium because it does not require the addition o1a
cial damage.Artificial damage. -i real ruaietagee -a-ddt artifi-
cial damage. p ro-stressed. ---. Failure occurs hen lioad release agent. A single layer of PTFE is sufficient

dccrcasshbv 2o".. to produce a debond and is better than a double

Strength of T300/913c
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layer because it is thinner. A PTFE insert for ply- work, and Dr Martin Kemp at the I)RA. Farn-
cracks, to keep the crack open during the cure, is borough. UK. for his assistance and advice.
not necessary as pre-stressing the specimen opens
the crack. The filling of the crack with resin does
not improve the tensile strength of the specimen._ ul,- REFERENCES
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Impact damage evaluation on advanced stitched
composites by means of acoustic emission and

image analysis

C. Caneva, S. Olivieri, C. Santulli & G. Bonifazi
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Polymeric composites that are stitched reinforced show dissimilar behavio u-,
with respect to regular ones. In this paper the mechanical characteristics and
different behaviours of stitched reinforced polymeric composites after impct)C
tests are investigated using an alternative approach. Several factors such as grid
size, stitching scheme and voids content modify the composite perlormances
and the interlaminar delaminatin, processes. If. on the one hand. the stitching
technique i, used to prevent delaminating damage phenomena. then. o, the
other hand, the process itself introduces a sort of damage into the lavers during
the assembled preform. that has to be taken into account. lte!aaimniP2
processes due to impact loaus are considered and the post-impact behaviours
and damage tolerance are investigated. Impact tests weore performed at sevcral
energy levels known to have an appreciable damage on the specimens. Damage
evaluation analysis was performed on post-impacted specimens usine ý'ifferent

techniques: as a first step. using a digitalised image technique. the damaged area
was mcasurcd and different zone shape \was caluated. further compression
tests ,ere done to evalu:,te the material residual properties after impact. [he
results coming from compression tests do not reveal the better awaited behai-
iour of the stitched composites with respect to regular ones. On the other hand.
the acoustic emission technique is capable ofe evidencing the different aspects it
the stitching wirc. The image acquisition technique represents a new experi-
mental method able to full, characterise damage zones and gives more
informawion on the intcrlaminar behaviour of composite material. *rhis ncss
technique joined to acoustic emission measurements allows important result,
on the residual life prediction of materials mechanical properties to le
obtained.

INTRODUCTION damage development and their effects on
mechanical and structural properties. both from it

In comparison with traditional materials, com- dynamic and a cyclic point of vies\.
posites suffer deterioration phenomena which This approach nevertheless proved insufficient
from a mechanical point of view, are difficult to to interpret real damage phenomena. especially if
evaluate following fracture mechanics principles, the composite has a complex structure. This is
A well-known difficulty in this field is to ascribe to what happens in the case of quasi-isotropic multi-
some phenomena, ,such as fibre breakage or strate laminates, sandwich structures, and stitched
delamination, a value that can indicate the pro- composites.
duced damage level, as regards structural proper- In such cases it is necessary to use experimental
ties of the material, methods to prove the validity of models used to

In other words. the queslion is to evaluate when evaluate damage and to interpret mechanical test
deterioration phenomena (fibre breakage, dclami- results.
nations and debonding) have a critical effect on Situations which evaluate damage and are con-
mechanical behaviour in composites. and so to sidered to be particularly problematic are
establish its residual life and damage tolerance. dynamic solicitation tests (impact test and cyclic

In order to achieve this goal a large number of ones (fatigue test(.
theoretical studies are nowadays available, con- Beyond traditional methods of investigation,
cerning the modelling for different kinds of acoustic emission technology has been experi-
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mented with for a long time, and it has proved to Three types of laminate were employed, with
be very useful to monitor, in real time, damage the following rciHi ,rccment configuration%,:
initiation and propagation and giving more infor-
mation on its critical condition state.' ;a standard 5;

In this work an evaluation methodology, based (b) stitched St 105;(c) stitched St II)
on image analysis and acoustic emission, is pro-
posed to give an interpretation to the results With respect to standard (type a ý. the two kinds of
obtained during a post-impact residual life evalua- stitched (types b, c) are realised using Kevlar 49
tion test, performed on structural composites. wire with a 5 mm stitching step: St (15 has a 5 mm

Image analysis characterises the impact effect. square grid, while St iW has a 10 mm square grid
while post-impact compression test monitoring is IFig. I).
carried out by acoustic emission. I he specimens were obtained from laminate

The methodology has been tested on stitched plates made with a resin transfer moulding f RTM,
laminates, which represent a new generation of technique, so as to have a good void control in
advanced composite materials primarily for their order to emphasise the real stitching effects on the
wide range of application in the impact problems delamination process.'
in aerospace applications. Specimen dimensions were I50 x 90 mm.

The weakest point of a composite material
realised in prepreg form, by a lay-up technique. is
the low strength and the low capability to absorb IMPACT TEST
damage due to impact load processes along the
dir'ction normal to the lav-':p plane. Materials underwent impact testing in accordance

Moreover. larainated composites suffer from with ASTM D) 3029. An impacttest apparatus
delamination processes caused by interlaminar with a 0-5 in I in 2.54 cm ball-bearing .xas
stresses at the stress-free edges. utilised (Fig. 2

The stitched composites are tri-dimensional
grids of bundles of fibres woven in-plane and
stitched along the through-thickness direction
with a wire made of the same or a different fibre. .7)

This tructure enhances the composite's resis- -- 5
tance to delamination phenomena giving rise to C

more tough material and allowing it to absorb Y

more immlact energy.

METHODS AND MATERIALS -

Test methodology is based on post-impact resid- Fig. 1. I hrct-inienslonal Nx cil%' c ichcd

ual mechanical characteristics evaluation by
compression testing, according to standards pre-
scriptions.

Impact characterisation is performed, bcsides
energy absorption curves, by observing the Load oCelI
damaged area on material, using an image analysis Ball Bearing Clamp

technique.
(ompi pssinc test monitoring is monitored by

an acoustic emission technique in order to
ohbsrvc post-impact damage beginning and
pri pagation loads, and to evaluate damage
nm•dalitv and critical conditions.

"[he method validity is verified by performing
tests on 1; glass-epoxy laminates: with fibres
conte 1, =60',/,. Ten layers of fabric prepreg
",are employed, having a total laminate thickness plate shear specimen and loading arranrentent

oi 3 mam. Fig. 2. Impact test apparatus.



Specimens are locked, by a pneCumatic sy'stem., 4., as prescrihed bN A\SIM. I) (1V and turthvr
on a I15 in diameter annular bearing, in order it) recornmended practices.
obtain full distribution of radial impact enerigy. Loading, %velocity %kas ().)4 kN ". I hc test I,,

Maximumn impact load and absorbed cnergý considered over whien maximum load v%,'o c\-

are measured ý.Fig. 3 ,. Impact velocity, measured ceedcd. [.'r test monitoring hN aIcous1iC CrIss,"IL
by photoelectric cell. was held at a constanlt %alue 1%%o piezoelectric resonlant sensorN Ivp 'A 3.
for all tests performed. !R I 5; "ere applied on the specimen,,-.PC/tý

Three different impact energy levels %%ere se- AVous'tic emiissioni detection %\;ps donec hý a

lected: W,) 18 and 22' J. I-or each ty pe of material I O(A N-Al P~AC apparatus. ( iLnard senso01s ýk c~rc

and energy level. five specimens v, ere tested, applied on specimens locking_ traime in order tiý
obtain maximum measurement ,cn,,iti~ it\ and at

hig~h SIN signal to noise, ratio, so) to minmiseI"
POST] MPACT IMAGE ANALY'SIS external noise coming from et mpressioni machineC.

Acoustic emission parameters. which seem to be
Damiaged areas in impact tested materials are the more significant. arc sig-nal eniergy, amplitude,
detected b\ a high-detinition telecaniera and then duration and counts-
dicitalised. to bic post-processed by an image
analysis technique. IAl

Thus, It Is eas\ to distinguish different damagelhi
level areas by their different colouring- and tone Colour rc\ );imagc Phenonmenon
intensitv, which are transformed in grey levels, onl IC)

a 025 scleBlue f) Niatrix cracking. 111Cfibrc TC t Mjicad

In order to obtain an immediate interprctati )n. dtamnlfn (i al luk
tour false colours wkere ascribed to post-processed - rlidvthoar W

Images to represent t\ pical damage levels. brTOken lilhreý in imnpact arc:,
False colours were:. blue. azure. greeni and Gre 10 Urckn due it) damnage propagautwn

ycIlfowN. prcfercenliat lincý mnatri crackmn.L

Table I shows, grey levels that are represented ticlarninatinn

b% the four false coloI(urs, and damage phenomena 1ch 7 Mio~th delarninationn ýkilh 'onic nalt\u

connected with each of them.,rckn

COMPRESSION TEST MON ITORING; BY
ACOUSTIC EMISSION'

Compression tests were carried out on a Uni-
versal Instron machine. Specimens are locked on
their four sides in a frame to avoid buckling ý:Fig.

Ell -

Lr (IL

Fig. 3. Tvpicat irnp~ :t test curves fili n. 1) , Fig. 4. (omprcssion test apparatus.
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RESULTS In these images it Is easy to observe that imipact
area extension !internal blue area nc% er appreci-

Impact characterisation ably changes. Who)le damage area has a lar.cer
extension, and it presents an irregular edge h wr

In Figs 5~-7 digrita used .... les are represented. stitched 05ý see Ficg. 6 ,In this ease damiage con-
regarding specimens impacted at the energy maxi- cerns miany gyrids surrounding impactar.
mumn level ( 22 J). Instead, in the-ease of stitched 1t. deLaniinati m

area seems to be limited only to) grids eftlectiel\
impacted ýrsee Fig. 7!.

In Table 2 damagedl area dlimensions are rcpre-,-
sented fo)r the three materials, at the dillerent
impact levels. normalied ýkith respect to standaird
8 impacted at I1()J.

It is clea r from Table 2 that stitched (5present,,
the larger damnage, larger even than the standard.
D~amaged area always appears smaller in Stitched
10, by ats much ats 01.

In Figs. 8-10) typical damnage level area distri-
ap- bution is reported for the three materials at the:

different impact levels.
In these graphs wec can obtservec that, for impact

'It 10 J, blue damageC area is never reached. \\ hifle
azure area is predominant for standard S. and
yellowv area for the two stitched (05 and I () see
Fig. 8).

T'his seems to sigynify\ that the stitching- effect Is,
to contain well. at low energyý impact. composite
brittleness: nevertheless, we can note also that the
damagedI area is alreadv greater fbr stitched W;5

Fig. 5. fligitalised] image of standard Safter impact ý22.1. than for stitched 1 0.

Fig. 6. IDigitalised image of stitched '15 after impact (22 J). Fig. 7. Digitaliscd image of stitched 1 0 after impact 1221J.
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Trhis last consideration can be repeated mid with respect to thle other m~o curves,. and ,o It I"
much more emphasised fo0r higher energy Impacts: cOnfirmed that stitched 5is, thle nlorc ,criotusly
in these cases, for all typical damage levels, the damraged material by thle impact process%.
curve representing stitched 05 is much hi-her

Residual lire characterisation
[able 2

Acoustic emission confirmsv that mechanical
Matria Imactencescharacteristics changye f'or thle three cease.

~ 22 In standard N fr-acture Ps rather brittle wýith a
sudden crack propagaition. In Itact acoustic cnlisi-

Standard S I 253-o~ sion events see Fig-. I I arc mnostly concenitrated
Sweled 0 1 in the final part of testing., in particular there is, a

27 verv Important energy, peak close to ultimate Itoad-

10 J

600
S t 0 C

400

300--1

200 - . stio

100-

65 76 102 127

BLUE AZURE GREEN YELLOW
GRAY LEVEL

Fig. 8. D amagec arca dst rihution xi 10 J impact.

18 J

1200

1000 ISt 0 5

600-

400 -astio

200

65 76 102 127

BLUE AZURE GREEN YELLOW
GRAY LEVEL

Fig. 9. tDamage arca distribution at IS J impact.
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122 J!~

1600

1400.

1200"

1000 -, . ..- ,
S800"

600 StlO.

400 -

200 -

0 ---- . .. .. . . . . .

65 76 102 127

BLUE AZURE GREEN YELLOWGRAY LEVEL

Fig. 10. Damage area distribution at 22 J iiopact.

Dost impact compression t6Sf 5,23/9Z 11:24:56 Post impact compression t654 ,/23ý92 11.24 56

58 ~ ~ ~ ~ ~ ~ ~ ~ . . . . .. . ..:... .. .. :... .. .. :.. ...... :.:... .. .... 8

49 " 488-48- :. . . .. . .

. .. .ee. ...............
q - - - --.- -

0 -.... ........................... 3 ........ ... .... .

20 -: .... .. ... 288- ---- r .- -. . ... . . .

24 4 72 96 28 a 24 48 72 96 128

Graph #13 o4 22 HITS vs. AMPLITU)E~db) 6raph #13 of 22 HITS us. AMPLITUDE(db)

(a) Wb)

Fig. 1I. [nergy distribution in acoustic emission events (hits) for standard S.

From comparison with acoustic emission de- weakens and later vanishes on stitched 10.
tected on the two types of stitched the following In this case, it resumes strongly only very
are noted. close to the ultimate load.

(I) On stitched 05 high-amplitude phenomena (3) Events total amount is on an average 10' in
stitched 10 and more than 2 x 10' in(more than 70 dB) are very precocious in

compression test, while they appear much stitched 05.

later in stitched 10, and precisely only after (4) latie energytand countsa ef
having reached half the ultimate load (see times larger in stitched 05 than in stitched
Figs 12 and 13).

(2) Acoustic emission never stops during corn- We can thus affirm that in stitched 10 the initial
pression test on stitched 05, while it phase of compression, when damage is contained

I
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comoressione dopo impatto t66e3 5/23/92 18:39:38 0ost impact campression t67 e2 !!23,92 14 48 17
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(b) (b)
Fig. 12. Unergy distribution in acoustic emission events Fig. 13. Energy distribution in acoustic emission cswntý

hits ý for stitched 05. hits : for stitched 10.

Table 3. Compression load (kN) versus impact energo for

inside the grids and only impact damaged fibres stitched and non-stitched composites
fail, increases toughness at higher compression Material Impact
loads, while this does not happen with such
emphasis in stitched 05. 1(01 I IXJ 22- 1

In Table 3 are reported compression loads: Standards 48 44 39 3o•
from this table we note that it is not so easy to Stitched 05 41 37 36 31

observe the importance of stitching effects in Stitched 10 41 41 41 7

impacted materials by the mere mechanical test.
In fact, ultimate load values are rather dis-

persed and not very significant. some local damage phenomena. that weaken rein-
By combined use of image analysis and acous- forcement fibre.

tic emission we can observe that stitching effect, This problem is clearly much more important
on one side, increases the resistance to delami- when stitching concentration is greater. as in
nation, whereas on the other side, it may create stitched 05.
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We can also note, as a final consideration, that a mechanical test results with some consideration,
mechanical test does not allow, if not supported on the real critical significance of a damage
by other techniques, to evaluate in a critical way phenomenon.
residual life, especially if the material has a corn- These two techniques are also very useful for a
plex structure and can present some different combined use, because acoustic emission permits
types of damage in the same test. a closer and more profound observation of the

In this case. in fact. the observation of ultimate damaged areas which appear to be critical in
compressive loads, does not show clearly the image analysis,
influence of stitching effect on damage after
impact. and what happens to stitched materials
when impact energy grows. REFERENCES
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Numerical investigations of free edge effects in
integrally stiffened layered composite panels

I. Skrna-Jakl & F. G. Rammerstorfer
Institute of Lightweight Structures andAerospace Engineering, Vienna Technical University. Vienna, A.us.tria

A linear finite element analysis is conducted to examine the free edge stresses
and the displacement behavior of an integrally stiffened layered composite
panel loaded under uniform inplane tension. Symmetric (+., -o. 0. -(D.
+(D) graphite-epoxy laminates with various fiber orientations in the off-axis
plies are considered. The quadratic stress criterion, the Tsai-Wu criterion and
the Mises equivalent stresses are used to determine a risk parameter for onset
of delamination, first ply failure and matrix cracking in the neat resin. The
results of the analysis show that the interlaminar stresses at the +4i -P and
-0(/0 interfaces increase rapidly in the skin-stringer transition. This behavior
is observed at the free edge as well as at some distance from it. The magnitude
of the interlaminar stresses in the skin-stringer transition is strongly influenced
by the fiber orientations of the off-axis plies. In addition, the overall displace-
ments depend on the magnitude of the off-axis ply angle. It is found that for
P < 30' the deformations of the stiffener section are dominated by bending,
whereas for 450< I <750 the deformations are dominated by torsion. The
failure analysis shows that ply and matrix failure tend to occur prior to
dclamination for the considered configurations.

I INTRODUCTION on the layup sequence and fiber orientations in
the adjacent layers whether delamination or ply

The use of advanced fiber composites in airplane failure is the critical failure mode.
structures has increased significantly in recent Free edge effects in composite plates under
years. First. parts of the cabin interior as well as uniform extension have been analyzed by several
secondary structures made of aluminum have investigators and a number of analytical ap-
been replaced by composite components. Nowa- proaches for the interlaminar stresses at free
days the development of primary airplane struc- edges are available.'- 5 However. only limited work
tures, mainly for aircraft fuselages, using on integrally stiffened composite panels has been
composite materials is taken in hand. Potential reported." Hence, the present paper is focused at
fuselage applications for composite materials are the interlaminar and free edge effects in the
integrally stiffened skin-stringer panels. I skin-stringer transition. In particular the influence

The design of structurcs using composite of the fiber orientation on the above effects is
materials requires the understanding of a number studied and comparisons with the behavior in
of special features like 'free edge effects', which areas away from the stiffeners are discussed.
are characteristic for angle as well as cross-ply A numerical approach is presented, which uses
laminates, but are not observed in 'classical' metal the finite element method for investigating the
structures. It is well known that at free edges of free edge effects in an integrally stiffened corn-
layered inhomogenous materials interlaminar posite panel in this respect. In addition, the stress
stresses may occur due to the mismatch in distribution in the skin-stiffener transition at some
material properties between adjacent layers.2 5 In distance from the free edge is determined. Sym-
the region near the free edge the classical lami- metric (+(D, -(D, 0, +4), -(D) layups made of
nated plate theory is not valid because a triaxial T300/5208 graphite-epoxy laminates-' with
state of stress is present. The interlaminar stresses various fiber orientations in the off-axis plies are
may give rise to free edge delamination and failure considered. The interlaminar stresses in the stif-
of the laminate at lower loads than those pre- fened structure as well as the displacements are
dict,;d by tn,: first-ply-failure-criterion. It depends computed as a function of the fiber orientation in
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the off-axis plies. Furthermore, the quadratic on a horizontal nodeline - and the displacements
failure criterion" and the Tsai-WVu criterion' '-" in the load direction. except for one single node.

are used to calculate risk parameters for delami- are free. The material properties and strength
nation onset and first ply failure. As the applica- values for the T300-5208 ,raphite-cpoxv ]am[-
bilith of the quadratic stress criterion depends on nate and the neat resin are given in Table 1. The
the accuracy of the stress results of the finite subscripts I and 2 indicate the inplane directions
element analysis at the free edge, a non-stiffened parallel and normal to the fibers. respectively.
panel is investigated first and the predictions of
the quadratic stress criterion are compared with
the results of a strain energy release rate criterion 3 INTERLAMINAR STRESSES
proposed by O'Brien.'

The results of the linear finite element analysis
show that the interlaminar stresses at the +±/-P)

2 FINITE ELEMENT MODEL and -0/0 interfaces increase rapidly with - isee
Fig 1 ) in the skin-stringer transition. In contrast to

The finite element model represents one periodic the behavior of the interlaminar stresses at the
stiffener section of a thin-walled stiffened panel, free edge of unstiffened composite panels, which
Due to the non-symmetric fiber orientation in the vanish at some distance from the free edge. the
laminates the whole stiffener is modelled. In order interlaminar stresses in the skin-stiffener transi-
to minimize computer requirements a coupled tion are observed at the free edge as well as at
three-dimensional (3D) solid-shell finite element some distance from it. Figure 2 shows the differ-
approach is used. Most of the unstiffened panel ent behavior of the interlaminar stresses observed
parts are modelled with shell elements. and 3D in the skin-stringer transition +position A 1 and in
solid elements are applied in the skin-stiffener the unstiffened parts of the panel 'position B
transition to compute the triaxial stress state. To along a horizontal nodeline parallel to the axis of
obtain detailed information on the stress distribu- the stiffener. The off-axis ply angle for this exam-
tion in the vicinity of the free edge. the 31)-mesh is pie is chosen to be 45'.
refined towards the free edge ',Fig. I ). In the following section all stress results are dis-

The connection between the 31) solid and shell cussed in eight specific points in the skin-stringer

elements is handled via multi-point constraints in transition. Positions ,4, and .4, at the +-(I ,q
correspondence with Mindlin-Reissner shell interface and positions B1, and B, at the -0/
theory. The structure is loaded under uniform matrix interface are placed in an area where
inplane tension of 445 N/mm transversally to the maximum interlaminar stresses were observed.
direction of the stiffener. On the side opposite to Positions (CI and (C at the +4)/-( interface and
the free edge, the displacements in axial direction positions 1) and 1), at the -0/0 interface are
(parallel to the stiffeneri are fixed, whereas the located in the panel away from the skin-stringer
displacements in the vertical direction - except transition. In order to illustrate the free edge effect

x

+0)-\ • . 0.72 mm

INTERFACE

+V • -(dI0 INTERFACE

HORIZONTAL MIDDLE LINE
M

Fig. 1. Refined 31)-mesh at ihe free edge.
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Fable 1. Material properties and strength values for the .
"T300-5208 graphite-epoxy laminate and the neat resin'

/0' graphiie-epoxv hlminate
1, 138000 MPa oI' 15*3I5 MPa 0
LI L; 150 WO)OMa o1696-2 MP W8-
( G, 5953 MPa U=, 43.78 MPa i

5 '953 M11a (71~ 7;, =/I 43-7$,~ CrTON" L
I' "2 1 O'. = •6'87 MPa

V u"254 *l "= 7' 67"57 MPa . ?.

.eat resin T," " I

t 345(0 NMPa 1' 0.41
(I 134(1MPa a 2.) Mta

-Data taken from Refs 8 and I 1. 000 I0 200 J00 400 Soo

DISTANCE FROM EDGE -z [mm]
Fig. 2. Intcrlaminar ,trcocw at the ,,kin-N ,lrin cr Tran,,tio m

on the magnitude of the interlaminar stresses, Figs poition A and in the unstiffcncd part of the panel po,,I-
4 and 5 show the behavior of the interlaminar tion 1.
normal and major interlaminar shear stresses as a
function of the fiber orientation in the off-axis
plies at the free edge (denoted by [FREE EDGE]) POSIION BL
as well as at some distance from it, which for the POSITION ALR
present work is chosen to be -z = 5 mm. -POSITION SR

In the skin-stringer transition the magnitude of POSITION C .-POSrnONAR

the interlaminar stresses (positions A,,, Al , Bq, POSITION DL -POSMONCR

B,.) is strongly influenced by the fiber orientations -POSION OR

of the off-axis plies. At some distance from the
free edge both the interlaminar shear and normal 4
stresses in the +4)/-(D and the -4)/matrix inter-
faces are decreasing with increasing off-axis ply Fig. 3. Positions A, . A,. I, . B,! and I). C;,. I:. 0)1, tot

angle. The greatest influence of the free edge intcrlaminar strcs, output.
effects on the interlaminar shear as well as inter-
laminar normal stresses was found in the range of
off-axis ply angles between 4) = 100 and (D = 600. edge behaves as discussed above, whereas the
It depends on the interface, fiber orientation in the absolute change at the +4)/-() interface is much
off-axis plies and the discussed position (A,,, A, higher in the skin-stringer transition than in the
or B,, B, ) whether the free edge stresses decrease unstiffened parts of the panel. At the -4)/0 inter-
or increase when approaching the free edge. In the face the maximum of the absolute change of the
panel apart from the stiffener, interlaminar interlaminar normal stresses when approaching
stresses are observed only near the free edge at all the free edge depends on the fiber orientation in
interfaces. There, the maximum interlaminar the off-axis plies.
shear stress values are reached at ply angles
between 10' and 50°, whereas the biggest inter-
laminar normal stresses occur at ply angles 4 DEFORMATIONS
between 300 and 600.

By comparing the influence of the free edge The overall displacements are predicted to be
effects on the interlaminar stresses in the unstif- strongly influenced by the fiber orientation of the
fened parts of the panel with their behavior in the off-axis plies. The variation of the vertical dis-
skin-stringer transition the following observations placements along the 'horizontal middle line' at
can be made for the +4)/-4) and -4)/0 inter- the free edge, see Fig. 1, with the fiber angle in the
faces. The absolute as well as the relative change off-axis plies is shown in Fig. 6. It can be seen that
of the interlaminar shear stresses when approach- for 4) < 30' the deformations of the stiffener
ing the free edge is much more pronounced in the section are dominated by bending and for
unstiffened parts of the panel than in the 450<4) < 750 the deformations are dominated by
skin-stringer transition. The relative change of the torsion. The mode change occurs between
interlaminar normal stresses towards the free 4) = 30° and -) 450.
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+(D/-(D INTERFACE I-010O INTERFACE

, POSITION DL

- [FREE EDGE] -PSTINA POSITONO
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. skin-stiffener transition from the neutral axis in
. .................................. 90190the panel away from the stiffener. The vertical

E ........7... position of the neutral axis in the skin-stiffener
transi tion depends on the fiber orientation of the
oft-axis plies as well as on the material properties

W and the size of the neat resin core. For (1 900 the
Q neutral axis in the skin-stiffener transition lies

1.15 
above the neutral axis in the unstiffened panel

W p arts, so that an inplane tension load transverse to
_________________________.4__ the stiffener enforces a positive moment in the

+31 ..- :... structure. In contrast, an off-axis ply angle of
-6.0 200 K0 60.00 = ~induces a negative moment in the structure

DISTANCE FROM M [mm] because the neutral axis in the skin-stiffener
Fig. 6. Vertical (displacements at the free edlge. transition lies beneath the neutral axis in the

unstiffened panel parts.

-The different curvature of the horizontal 5 FAILURE CRITERIA
middle line at the free edge of the deformed stif-
fener can be explained by the difference of the In the following section a brief description of
vertical position of the neutral axis in the three different failure criteria for delamination
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onset, ply failure and matrix cracking is given. A A value of 0'137 J/mm' is quoted' for the
risk parameter A which will be used to examine critical strain energy release rate of a T300-5208
the critical failure mode in the skin-stringer tran- graphite-epoxy laminate with an average ply
sition is defined for all three failure modes. More- thickness of t ,= 0"14 mm. The risk parameter
over, the application of the quadratic stress A., RR, which characterizes the initiation of
criterion and the Tsai-Wu criterion is tested on a delamination by using the strain energy release
non-stiffened layered composite panel. rate criterion, is defined as

5.1 Onset of delamination 41,R= 4ý

To predict the onset of delamination, the follow- <amination
ing quadratic failure criterion proposed by SFRIU< no delamnto
Brewer and Lagace' is applied: ý %/JV?(= I onset of delamination

4E[JW :(. I delamination
Z,] + + Z! where F is the applied tension load: and h is the

width of the specimen.

Here u,,. o,a are the interlaminar shear stresses The strain energy release rate criterion is a
and a.- is the interlaminar normal stress at the free handy method for calculating a risk parameter for
edge. Z". Z` and Z' are the interlaminar delamination initiation. However. it should be
strength allowables. For further investigation a kept in mind that the value of (G may depend on
"risk parameter' AQs. is defined: the stacking sequence of the laminate as well as on

S/the orientations of the plies which are joined at
/ ;[O -+ / ( ) (+ ) (2) the delamination interface' and that it is strongIl
Z + 2 influenced by the layer thickness."

O'Brien'' used unstiffened plane laminates for

_N< I no delamination his investigations. For comparison it is therefore
necessary to compute the free edge stresses of a,•¢ = I onset of delamination non-stiffened panel under uniform tension load-

A C^ >I delamination ing using the finite element method. The layup
sequence, material properties. layer thickness.

The results of the quadratic stress criterion are and mesh discretization are the same as discussed
strongly influenced by the accuracy of the inter- above for the stiffener section. The fact that the
laminar stresses at the free edge calculated in the ply thickness in the panel is about five times that
finite element analysis and by the position of the test specimen5 used may be accounted for
selected for evaluation. Therefore, another failure by increasing (G to 0.205 Ji/mm: as observed by
criterion which does not depend on discrete stress Brewer and Lagace.' A comparison between the
results was employed to verify the predictions of risk parameters Q( and ,.ýtRR, for delamination
the quadratic stress criterion. O'Brien' proposes a initiation at the + (D/- (D and - )/0 interfaces as a
simple approach, employing strain energy release function of the off axis ply angle is shown in Fig. 7.
rates for characterizing the onset of delamination In the -()/0 interface good agreement between
in an unnotched plane graphite epoxy laminate the two criteria was found in the range of the off
under static tension loading. The critical nominal axis ply angles between (D=-0 and (D=650,
strain, E,, of the specimen is derived as whereas in the +(D/ - interface, which actually

is the delamination-prone interface, a difference
2G_ G of 30% between the risk parameters . and

t(, = , - ) (3) ASM was observed. It can be seen that the value
of G( depends on the orientations of the plies

where G( is the critical strain energy release rate; t which are joined at the interface. For the -4/()
is the laminate thickness; E[dAm is the longitudinal interface the chosen value of (;. is applicable
stiffness of the undelaminated laminate calculated whereas for the +D/-D interface it is too small.
from laminate theory"-; and E* is the longitudinal A similar difference betwen the two criteria was
stiffness of the laminate completely delaminated observed by Brewer and Lagace' for thick I + 15/
along one or more interfaces. - 15/0k laminates.
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Fig. 7. .,ornpirmon of the risk parameters ý and AM

at the 44'-)and -P/0) interfaces of the unstiffened panel. fl)1'

I first ply failure
5.2 Ply failure faur

A polynomial failure criterion proposed by Tsai The maximum value of +i,, IS taken into
and ..u- is Used to determine first ply failure, account.
The Tsai-Wu criterion is given by Prior to the ply failure analysis of' the

F R Va. + FL , R + skin-stringer transition the influence of the free
.. r hi pram , nedge stresses on the risk parameter , ,is

h -- ---2 1-.I+);'0 examined 'in the nonstiffened panel, which vNas

. audiscussed before. Figure 8 shows the risk para-
O po ± roia fai popoe b meter maiu at the +(Df '- and the -4n/0 inter-

where Tfaces as a function of the off-axis pl f angle. To
illustrate the influence of the free edge. c I is

... plotted at the free edge as well as at some distance

/I. FI I ~ from it.
+ IU1, 1 a I In the r-pl. at the -(+/- interface the greatest

I I I influence of the free edge effect is found in the
t-,= --* . . * range of off-axis ply angles between (F = 20' and

a:, 0'_ a, I 2( a = 60'. In contrast to the behavior of A . which

increases towards the free edge of the non-stif-
I - - - --i / I = -, -;p fcned panel. ) ,,, decreases. In the -(D-ply at the

0,11  a.( 'ItU;a -(P/0 interface the difference between A-.,4 at

I .... the free edge and A ,~0 1 at some distance from the
F14 --- i"•, = - F/ 2  free edge is less than in the ()-ply. For ( < 35' the

a(; ., difference is negative and for 350 < () <650 it is
1 positive.

F, F"---'] 2 At the +(F/-(D interface AAH, has the same
U (7U1  value as in the +±(-ply and in the -(D-ply. In the

range of off-axis ply angles between (D = 100 and
- - = -• ,/- (V = 600 A,.,. increases moderately when ap-
0,(a2 o proaching the free edge. For 00 <K (F< 100 and

with positive values for all (.j,(. The risk parameter 60'< (1 < 90' no edge effect is observed.

for ply failure using the Tsai.-Wu criterion is In addition, the upper limit line in Fig. 8 speci-

defined as follows: fies the location and risk parameter of the first ply
failure for any fiber orientation in the off-axis
plies of the non-stiffened panel. It can be seen

w . (6) easily that for 10*<(D <23* ply failure starts in
(K,_+f- the off-axis angle plies near the + 4)/ - (D interface

Id
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interfaices of the unstiffenCd panel. Stiffened panel.

at the free edge. for 230< (D <480 first ply failure proper stress measure for vickling. hof-l e~r, in
occurs in the (t°-ply apart from the free edge and the configuration investigated here. it lead" to

for 48< K < K65° first ply failure is found in the similar results as would be derixed h\ a certain
-(o-ply near the -(D/( interface at the free edgc. maximum principal stress criterion. The risk para-
for (F < 10' no particular location of tht first ply meter A u characterizes initiation of failure in the
failure can be predicted and for (F > 65 ' ply failure neat resin:
is initiated in the +(D and -P plies. (7

As all the risk parameters for delamination ;,,/ = -
onset and ply failure are already determined it is
easy to predict the critical failure mod& of the A-• < I no) matrix failure
unstiffened panel for any fiber orientation in the
off-axis plies. Therefore. the values of the risk I,,, = first matrix failure
parameter for delamination onset calculated with
the quadratic stress criterion are compared with A w > I matrix failure
the upper limit line of Fig. 8. Figure 9 shows that
for 6 FAILURE ANALYSIS

0< (F <K 5' ply failure near the

+±(/-(g interface at the free A failure analysis is carried out to examine the
edge critical failure mode in the skin-stringer transi-

50< (F < 250 delamination in the +(P/ - tion. The quadratic stress criterion and the
interface at the free edge Tsai-Wu criterion are used to compute risk para-

25K < (P < 48' ply failure in the (0 -ply away meters for initiation of delamination and first ply
from the free edge failure. Additionally, Mises equivalent stresses are

48'< K(F < 65' ply failure in the --(-ply near calculated in the neat resin core and compared
the -(F/() interface at the free with the critical uniaxial stress values.
edge 'To predict the onset of delamination the inter-

650 < (g < 90' ply failure in the +(P and -4) laminar stress results at the positions A,,. A, and
plies "R, B, in the skin-strineer transition and C . C',

are the critical failure modes. and D,, I), in the panel away from the stiffener,
which were already discussed before, are taken

5.3 Matrix cracking in the neat resin into account. Figure 10 shows the risk parameter
Ael,, its a function of the fiber orientation in the

As the neat resin is an isotropic material, the off-axis plies at the +4)/-4) and -0/0 (-)(/
Mises equivalent stresses, 4, are used for a first matrix) interfaces. In order to illustrate the influ-
guess of failure by comparing them with the ence of hhe free edge effect, the magnitude of the
resin's strength, •,,,, measured in the uniaxial risk parameter A.,( is plotted at the free edge as
tensile test. The Mises equivalent stress is a well as at some distance from it.
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Fig. 10. Risk parameter;,,A, at the +(P/-cb and the -D/0 interface,, in the skinl-stringer transition.

It can be seen easily, that delamiunation will ' '

initiate in the skin-stringer transition because of 8- .... V/

the high values of the risk parameter. A corn- /
parison of the two diagrams in Fig 10 shows that A.'S/' S""

for \

(0 < K < 18' delamination starts in the o .
-(P/0 interface at position B,

at some distance from the free i - ..................
edge ý,\.,,Swu•..... /o 0

1 8'< ( < 30' onset of delamination is ...........
observed in the +4/-( inter- *- .......
face at position A, at the free FIE OIT O ANGLE fdegjedge FIBER ORIENTATION ANGLE [deg]
edge Fig. II. Maximum values of -. and ;.1,•, in the

30' < 1 < 9(0' delamination initiates in the skin-stringer transition.

-q)/0 interface

It should be pointed out that delamination in the
skin-stringer transition does not always initiate at I I as + (1 . + /D and - -D
the free edge 0V<K < 18°1 as observed in the depending on whether they are placed on the right
non-stiffened panels. Due to the fact that the mag- side or left side (Fig. I ) of the geometric symmetry
nitude of the risk parameter between plane of the stiffener. In comparison with Fig. 10
30' < P < 900 in the skin-stringer transition is it can be seen that the upper imit line of the ,
lh'vered by increasing the fiber angle in the off- curve and all •-•:s curves exceed the critical
axis plies, the onset of delamination can be pre- values of , for all considered fiber orienta-
vented by an appropriate choice of the fiber tions. Hence, the critical failure mode is matrix
orientation. However, ply failure and matrix cracking in the neat resin core for 00<(P <560
cracking in the neat resin must be taken into and ply failure in the +D'Wjl-ply for
account additionally to predict the critical failure 56°< D < 900.
mode.

Figure I I shows the maximum values of the
risk paramaters , and Aol.v in the neat resin 7 CONCLUSIONS
and in all + (b. -(D and (0-plies of the
skin-stringer transition as a function of the fiber A finite element analysis of one periodic stiffener
orientation in the off-axis plies. As there are three section of a thin-walled integrally stiffened com-
+ (-plics and three -4-plies in the layup posite panel under uniform inplane tension is
sequence of the stiffener, the +(D and -( plies presented. The behavior of t(ie interlaminar
which form the stiffener will be denoted in Fig. stresses, displacements and the critical failure
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On closed form solution for the elastic stress
field around holes in orthotropic composite

plates under in-plane stress conditions

N. Bonora, M. Costanzi & M. Marchetti
A crovpact Iept. I "niversitt of Rome La ,Sapienza"' I 'mi l/Jlofiaa /S. (XI/14 Rome. I1al

The present paper presents analytical work performed care ot the Aerospace
D)epartment of the Ulniversity of Rome 'l~a Sapienza'. Lsing the classical Atinx
function solution method the expression of the stress-strain field. in a cormpo-
site material, has been determined for different simple hole gceometric' in a
closed form. The results hac been compared %kith several cxtcns,ie tiniec elc-
mient calculations that confirm the accuracs. of the theorclical sol utions fotund.

I INTRODUCTION On the edge of the hole r= a the stress com-
ponents become:

Discontinuities in a material or structure always
represent a critical point because they alter locally= )
the stress,-strain field with the presence of (,, = 3q-p. 1 =( 4-
relevant gradients. More generally. geometrical
discontinuities, as notches or holes, modify signifi- ., = 3p- (. =-
cantlv the stress field lines causing concentrations
that can be critical and activate local damage The ratio betwen the effective and nominal stress
phenomena. This situation can soon lead the com- is commonly called the concentration factor. To
ponent i, failure even if the whole structure is know how the stress field is n,:dified by the pre-
subjected to a stress state far below the critical scnce of geometrical discontinuoies is useful in
one. many engineering cases, such as riveted and

Determination of the state of stress near bolted joints, passages for pipes. and inspection
notches or holes in homogeneous material has windows. etc.
been solved by many authors for a large number
of cases' that arc commonly encountered in cnit- ,
neering design. F-or example, the stress field
aroundi a circular hole of radius a is given by: T,•

p+(q I-f -*

r) -r)-cos2OI

-.. . f,(r)-+ "p](r) cos 20 (2) (2P+q - -1 2 )I

S. .- fs(r sin 20 (3) / > ,
r

where p and q are the applied remote stress
components in the x and y direction respectively TO x
and ffr) (J= 1 .... ,5) are functions of the radius r
i Fig. I). Fig. 1. Frame reference.
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The identification of the concentration factor in aeronautic engineering. Venkayya ei al.' analysed
composite materials is more difficult specially in the effect of intensification around bolted joints in
the case of composite laminates where the consti- composite structures. Here. using a classic AirN
tutive equations are not simple and have to take solution method." the expressions of the stress
account of several parameters such as stacking components. in a closed analytical form. for a
sequence, fibre and matrix properties, etc. Savin.' generic composite plate were found for three
based on the works of Muskhelishvili2 and classical cases: circular and elliptical hole and
Lekhnitskiy,3 was one of the first to evaluate the sharp crack. The solution was found usig an
stress field around dtsconiithuitie, iii oithotropic ,'.iry's function that takes into account the remote
materials. Later, Sampath and Hulbert' developed applied loads. The stress field equation has been
a numerical procedure for the evaluation of the determined for a symmetric balanced composite
stress field in composite laminates weakened by laminate and the results have been compared with
multiple holes of different geometries, finite element analysis. As a bench-mark test. the

Furthermore. this subject has been investigated solution for a generic strongly orthotropic male-
by many researchers for possible application in rial has been also found.

2 THEORETICAL FORMULATION

In this section a rigorous analytical solution for the problem is given looking carefully at three different
hole geometries: circular and elliptical hole and sharp crack in two different materials: strongly ortho-
tropic material and a composite laminate. Sections 2.1 and 2.2 introduce the global notation and the
general solution method. In Section 2.3 the final expressions for the cases examined are reported. More
details on the analytical passages are reported in the Appendix.

2.1 Fundamental equations

Let us now consider a plate element in the orthogonal reference system xvz. The plate mid-plane is
chosen to lay on the xy plane and the plate element has to be submitted to the following forces: the
external force q. the normal resultant forces N, and N,, the shear resultant forces TW T7;. 7"_ ,for unit
length) as shown in Fig. 2. The bending and twisting resultant moments are illM,. M. 1 ,, (for unit length i as
in Fig. 3.

If u,. v,, and w,, are the displacement components in the x. v, z directions respectively, the mid-plane
strains vector, where the contribution of rotation is zero, can be written in the following form:

013X
ax

F. F-,o ayf5

au(, at",
ay ax

with the hypothesis that the element is not deformed under shear, i.e.

9ax 0" 1= (6)
6X-i
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0 
)x

yy TvT,

Fig. 2. Stresses for unit length components,

Fig. 3. Moment flotation.

then, the out-of-plane bending and twisting are given as:

a2' w,,
ax2

x j'I O~ w (7)

32 W~i
2 W.

axay

I ) (



142 N. ontora, M. ('o.stnzi, M. Marcheni

In the framework of the classical laminate theory, the relations between the normal resultant forces and
moments with {e., •xI vectors are linear and can be written in the following form !easily obtained from
Hook's relations):

NN}=[A -[B) .jxj 8

JM}=[B] {$,,j-[D] {x} 9

where

N ";' fvj I4 10

0li Ow,,O

O.,, +Ol.,, 2 0w".N NB, AI,. 10i

M"'

Dx Ox Dx.1
AF'J all0 2 A11

f a[D A, 2  AD_
12

[A•13 A,, A.,

[ B,, B2  1

[ B B 1  B-1  B,,

BDI, B), I D,3

D 11[ D 1 2: DI-
[Dj= I, D-D,.;14,

[Dil 1D,3 D31

Equations (8) and (9) can be written in the following semi-inverted form:

ýe,, =[fA ] -'N +[A -, [BIjxI=[aflNI + [hJ~xI 15I

(M} = B'[A I- 'I N( + ([B1[A ]- '[B]- [Dj){x} = [b]r IN + [dfix 16)

It can be easily proved 6 that the out-of-plane shear resultant forces are given by:

S=.aM,+_OM_,, = O M,+_ 17)
dOv Ox ax a),

Finally the system of equilibrium equations is given by:

~ (N, A+1T a'IN (T w -q
"Ox ay ax 'Ox ax ay a.x ayv , ay ax '3 Vy] -

+ 0- =()
Ox Oy

ON,y Ox

aOy Ox
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and the additional compatibility condition is obtained applying the Schwarz theorem:

0"CH, d"2 0 •Y120 (9
+~ x yy0(19)

0y a x2  avyi)

2.2 Airy's stress function for plates

It is well known that it is possible to solve the compatibility and equilibrium equations in terms of dis-
placement variables using what is called Airy's function, defined by the following conditions:

a

N.a2u (0
ax2  (20)

aU

Then, the problem is completely solved if the function U is determined. Equation (2) verifies the equili-
brium conditions; substituting (20) in the compatibility equations we obtain a fourth order differential
equation where U and w, are the unknowns:

_ a4u w a4U a-U 04wu ___

a U 2a a, +(2a,2+a,3) U-2a3 -+a, +b,, 4-+(2b,,-b -,j w
a2. Ox4 2 2 ax•Ov+( 2 x._v-----•d -da, -¢ + x . . Ox dv

a4' + 04w,, •wax ax xa- -xY a d v- xa
+ (b ,l+ b,__- 2b ,,) wx.0y +(2bt3- b 4 w"+ bl,_ 2( 4 w -=0 2)1)

where a,, and b,, are the elements of the [aI and [b] compliance matrices defined in the previous section.
Taking into account the geometrical symmetry of the laminate the equations can be reduced. If the lami-
nate stacking sequence is symmetric with respect to the mid-plane, we have:

a4U W4 Uw oWl ow~u a-a- 2 OaU3 + (2a,2 + a.,.,) 2aU A 3U + a, , 22)
a:-x-- ax 2 a_ 03y , xZ~2a 2a, Mxy-+a• =0

and if the laminate is also balanced, that means for each lamina W° oriented there is another lamina - 0'
oriented with the same mechanical characteristics and thickness, the last equation becomes finally:

(3 -1U a .,U aO • U

a2 --- + (2a,. + a V)- ,- + a,, --- = 0 (23)

The solution for (23) is given in the form:

U= 2Re[f,(z, ) +f2(z 2 )l (24)

where ]'(z,) and f 2(z2 ) are two arbitrary complex algebraic functions that have to be chosen in a more
convenient way for the problem under investigation. The variables z, and z, are given as:

ZI = X±_Sly
(25)

Z2 = x± sy

I
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where ± s, and ± s, are the four purely imaginary roots of the characteristic equation associated, given as:

S = /s=i()2a,,• + a33) + 4•(2a12 + a,,)2 - 4a, a.,.,

2a, ,(26

S(2al, + a(33)- .I(2a1 , + a33) 4a,, a2-S= iS, = i~/ 2/(
S2atl

S, and S. take into account the material properties through the compliance elements a, (i I 4 ), Once
the Airy function is determined, going back to the equilibrium equations it is possible to find the expres-
sions for the displacements:

u,=2Re[(s'a, + a,,) "f1(z,)+ (s;al, + a,2) "J'(z)+ u,*-v (27

S= 2Re (rSliai) .f;(Zi)+( +s~ai) "f,(z. +'*+0) +i

and stress components in the mid-plane:

N,= 2Re!S'fz )(''+ SYf"(, ,)J

N, =2Resf: )+sf(z2)] 29

1 =-2.ResJ,(z1 )+ sef2'(z_)]

where ,*. t'* and v) describe the rigid body modes in the xy plane. These terms disappear if sufficient
boundary conditions are applied.

To solve completely the problem of the determination of the Airy's function it is now necessary to
choose the f z) functions and apply the boundary condition for the geometry under investigation.

2.3 Circular, elliptical hole and sharp crack in an infinite plate

Let us now consider a composite plate that extends infinitely in both direction x and y. Let us say that the
composite is also symmetric and balanced and that it is subjected to the remote loads N, and N,, along
the . and v direction respectively. That means

1,,- M, = ,= T, = T. = ",, =p=- 0 (3W

In addition, all the rigid body modes must be constrained. Sampath and Hulbert using a truncated
modified Laurent series, suggest for the functions 1(,) the following expressions:

z A'+-A , In ,+ I [Aý + A (31)

B. ' + B, In ,_+X V ,+B+_k-k_ (32)

where A, and B, are complex coefficients and _ and -•2 are functions of z, and z_. The form of the
mapping functions ý is determined by the geometry of the problem.

Let us consider a circular hole, of given radius a, in the laminate so that its centre is in the origin of the
xv reference frame (Fig. 4). The mapping functions for the first quadrant can be given as:

S= ;, + : )-i ' (33)
_= z± .- -f (34)

and we can pose:

S -(-a '(I S-) 35)

,- z.-a"l .. (36)

+i
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NV/N.
,7-- r71--.-

Fig. 4. Plate with circular hole.

where the real constants Ja2(1 + s2))k and I1a'(I + s;')] are already included in the complex constants
/A and B respectively.

The functions f'(z) are determined if (4 N+ 4) coefficients of the series are known. The determination of
these coefficients has been already proposed by Sampath and Hulbert. They suggest expanding the series
up to the seventh term and then applying boundary conditions at a hundred points at least. This method
requires. of course, a dedicated code and heavy numerical calculation even in very simple and common
geometries, such as circular holes. The problem of determination of the stress-strain field around simple
gteometries has been treated also by Zhang and others.-`'

Here a closed form solution is proposed. We suggest a modified expression for thef z) functions that
take into account the stress-strain field far away from the hole:

I N,_____N__ ,

B'/ 'B, In ý2 + [BA + B _A 1  138'
4 s/-s

It can be demonstrated (see the Appendix) that, in our case, all the coefficients of the series disappear
except the real parts of A - and B

For the sake of brevity we pose:

So, subs'ituting in (29), the resultant forces around a circular hole (Fig. 5) in an infinite plate under in-
plane loads are given by:

+I S2 /2() ,(St N i2 ) Z 29
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= + - +S, ('__, - S,NY ) + I+St'(S') -N,=N.+Re[s,_S ).g, Z 1 Iz+g,(z , ] -S S. gZ)g Iz~ .~ +gI:K.•j 4 ,
7,,= + Re i'.S • -t1+Sa.(N ,-..N , + i 401•a' +S ) .' N. ,,•

a'(1 +.S,) SN
Re .,-m )-gz ) [z1 +g,(S, -8 - 1 - -Vi4))g2 z) +g i:.

where 0 a -S' and vp= a-'.

V

~NI

\NY

// ./ " N
" / I

'/ / 7 /

r/

/a / //
- ///.

S0 A"0

Fig. 5. Circular hole notation.

7,,

I 1
-7 ..~

Fi. . Plt t elitia hole
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In the same way the stress field around an elliptical hole (Fig. 6) of given semi-axes a. along the x
direction, and b. along the y direction, can be found:

IS- 5ý (a +__ S _ _) - .__Sb)(bNy,•"- aS-,N.,,) S- -(a + S.,b)'(aS, N",,,-- bN,, )-4
N ,'= N W - R e [ - _, g < , g , ,l + " 4 2

A 111 Z +g (zll - S,) ) g_2(ý2,) 1,2 +g.( ]
N, = IN -Re[ (a + S, b) (bN 14, - aS, N,,,,) (a+ Sb) (aS, N- bN ) ,, 1 i42

(S -S I ."> Re AL-s_ g-(, , 1 7 1, 7 [Z., I + 1 ( (S -- ) g -.)' I+.(z_
, S,'(a+S' b) (bN,-,--aSN•,',) i.S,.(a+Sb)-(aS, N,,+- bN,,,t

T1--= -Re [gS(, +,b- ,) + - S N -44_s- " - , Z ) 1 Z + 1 z AS - S ,) " g 2( -: ) " -[Z 2 + g V : )

where 0= b-S and q, = b'S21.
It is worth noting that if the plate is loaded only in the v direction, in correspondence with A - a: 0 Fig.
7) the intensification factor is:

Sa:0) a S'+S.
-.. ! + . . 5 ,

that for a = b icircular hole) and for S, S, = I (isotropic material) cqn (44) gives the well known value of
3 compare with 4 1.

Using the expressions found for the elliptical hole. the stress field for a sharp crack i S can be easily
determined just making the limit for b- 0. Then follows:

V, = XV,,, + Re '46

F &S 2 A', i\l•i(2, "I! L• 1

S'II"-Re ! . .."S(z , i 1 ,Z1 +g ,1(Z1)1 S -5, ' ' :+):Iz, li

Y

No

2 _•

ab ' I

0 A

Fig. 7. Elliptical hole notation.
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\ Y 
V

N~
F,, / " L.--77

I /A

/X

/ .A

/

Fig. 8. Plate with sharp crack.

a -SI S,N,. a:S,_SN,,•

,,= +Re [S2-S .g,(z)" [zI + g9(z)]- (S]-S2)- g2(zI)"± [z-+g_(z-.)j 48)

where 0b= = 0 and 2a is the crack length. It is important to note that in the expression above the load N,
does not appear in the stress intensification terms. That means that no intensification occurs if a panel
with a central crack is loaded only along the crack direction.

3 COMPARISON BETWEEN THEORETICAL was of 100 MPa in all cases; no remote load in the
AND FEM RESULTS x direction was applied. To avoid size effect due

to the finite plate dimension, the characteristic
To check the validity of the expressions found, the flaw dimension was chosen L of the plate width.
theoretical stress field was compared with finite that means a= 1 mm for the sharp crack. r= 1 mm
element calculations for the three different cases for the circular hole and a = I mm and b = 0-5 for
described above. As a first test case, a strongly the elliptical hole. For the plate with a circular
orthotropic plate with a central flaw was simu- hole, Fig. 12 shows the comparison between o,
lated. Only a quarter of the plate was modelled for and a-, along the x axis (0= 0) where the strongest
sake of symmetry. In Figs 9-11 are reported the stress intensification is expected. A very good
models used. In the calculation plane stress condi- agreement between the theory and the FEM ana-
tions were assumed and an isoparametric eight lysis was found for each value of 0 as also shown
node, fully integrated element was employed. The in Fig. 13 for the same components of stress along
material chosen was an unidirectional CFRP the y axis, i.e. at 0 =90°. It is worth noting here
Epoxy Matrix composite, with 60% of fibre that the stress intensification factor is equal to 2-5
volume content. The values of the material pro- instead of 3 as in the isotropic material. That can
perties are summarized in Table 1. be easily explained taking into account the plate

The plate thickness was always kept equal to principal direction orientation: E12 concordant
I mm, the remote load applied in the y direction with the y axis. In Figs 14-17 are reported the
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PLATE CIRCULAR HOLE

Fig. 9. Circular hole FEM model and hole close up.

PLATE ELLIPTICAL HOLE IPLATE ELLIPTICAL HOLE

Fig. 10. Elliptical hole FEM model and hole close up.

CENTRAL CRACXED PANEL CENTRAL CRACKED PANELjFig, 11. Sharp crack FEM model and notch refinement.
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Table 1. Orthotropic material properties 200 0..

lMPa) (MiFa) 'MPaj)

130000 6900 4480 0.27 0-0143 zCOO Sy-FEM
_________________________________I G00 AA464 SK -FElM

CL i. Theory
9 1'200- Elliptical Hole
o 20Orthotropic Material

S300 -_....... . .. . . -300
a.

-n 5.. Sx-FEM I -400.
2504 A--a Sy FFIM

S• ___• Theory

Circular Hole 0- 5 [ 5 2" 5 3-5 4 5 5.5 6 5 7.5 8. 5 9 5 10 5200• Orthotropic Material 05i52 . 5556 . 59 0
O-o MeaDistance from the origin (mrm)

0
Fig. 15. Elliptical hole: stress components along the v axis

C ) in orthotropic material.

S50 -- .

- -~~~ 1500 -- -
1 2 3 4 5 6 7 8 9 10 0ý -

Distance from the origin (mm) -~1250 7r 7 Sxe oFr&
1 ~ ~ AA Sy-FE.M

Fig. 12. Circular hole: stress components along the xr axis 1000 Othotrop Material

in orthotropic material.
} •- 750

E
0U -500

300 iz zr : :i:>-
S4 ,A A -250

1; 2 3 4 5 6 7 8 9 i0

-o .00o; Distance from the origin (mnm)S•i n.'zc, x- FEM
-200 -'Oi Sy-FEM Fig. 16. Sharp crack: stress components along the x axis in

STheory orthotropic material.
--300 Circular Hole

C 400-• Orthotropic Material

S400-1L.

~J1 -- 500-
600" T I T-I-.------- -, . ., -'------'------

S 3 4 5 6 7 6 9 10 •I00
Distance from the origin (rnm) 0 -

Fig. 13. Circular hole: stress components along the Y axis W 0 "- ... -- .- . .

in orthotropic material. 1z Io-IGO
0 "i: • : Sx - I'. M

E -200 KTheory
o • Orthotropic Mat erial

IG - --- 300j
-350,tm Sx- FEM -4002
4a.4aaSy--FEIM

S300. Thecry
•! £1h~~-!ptical Hole - 500-,•, r'-7rr1 -. r , • ,• ,""•r" '• . . •""":"

C250 Ii Orthotropic Material 0 1 2 3 4 5 6 7 8 9 i0
SDistance from the orlgn, ('nm)

C200
£ I Fig. 17. Sharp crack: stxiss components along the v axis in

orthotropic material.

V 00

1 2 3 4 5 6 7 0 9 10
Distance from the origin (mm) same comparison for the elliptical and sharp

Fig. 14. Elliptical hole: stress components along the x axis crack along the x and y axes respectively. The
in orthotropic material, agreement is always well verified in all cases.
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Then, the theory was applied to a symmetric and 35 where :omparison of the shear r,,
and balanced composite laminate with the follow- stress, in the function of the angle 0 is given. In
ing stacking sequence: 10,90.0.90],; the layer fact, even though the shear component is very well
thickness was 0-125 mm to have a total laminate calculated by FEM far from any free edges iFig.
thickness of 1 mm as in the orthotropic case. The
laminate material is the same as the orthotropic
case, the overall laminate properties are reported
in Table 2. 1000 ..

The finite element calculation was performed Theory
using a three dimensional thin plate, multi-layer -goo 2 (go deg oriented)
element with four nodes. In Figs 18-33 the S syy along x-axis

comparison between the theoretical model (con- 600
tinuous line), and the FE results (dots) for the
circular and the elliptical hole, along the x andy • 400
axes. is depicted. In every case the agreement ;
between theory and numerical approach is very • 200 0
good. Some differences can be found in compa-
rison on the calculus of the o.g, stress component 0.

1 2 3 4 5 6 7 6 9 10in the case of the elliptical hole. These discrepan- Distance fror he origin (mm)
cies become more evident the more the free edge Fig. 19. Circular hole: r,, stress component along the x
of the hole is approached. The differences and the a•xis in composite laminate ilamina 2. 90' oriented.
limits of finite element calculations with respect
to the theory are also given in evidence in Figs 34

3 - - --

Table 2. Composite laminate material properties (8 layers a.10,90,0,901,) -. /

In-plane constants Theor 2 o

• ' '... T e r

13:Lamina 2 (90 deg oriented)
'x-aIo2 x ,8xx alongyýGPaý (Gi&a) 1!~ 6 N

68'W6 68"665 4-480 0-0272 0-0272 7 1

4.. . . . . . . . .. ... 3

tc 13

Flexural constants i

,OPa• i GPa) iGPa'l 1 2 3 4 5 6 7 8 9 10
Distance from the origin (mm)

91l-810 45'507 4'480 01-0411 0-0204 Fig. 20. Circular hole: o,, stress component along the
axis, in compo~site laminate 1 lamina 2. 90' oriented ,.

1 5 7- "1 7 5 . .. . .. . .. .. . . . .. .. . . . . . ... . -- -:S_.Theory I U :j _•. _ .._U a.

13Lama 2 (90 deg oriented)8xx along x-Ax•ig 1" 5 r %

1l 0: t •oo
F3i • 7 Theory

t• i ' / ••/,/Lam ina 2 (go deg oriented)
50 Syy along y-axis

5 25

-25
i 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10Distance from the origin (mm) Distance from the origin (mm)

Fig. 18. Circular hole: j,, stress component along the x Fig. 21. Circular hole: aY, stress component along the v
axis in composite laminate (lamina 2, 90' oriented), axis in composite laminate ilamina 2, 9W)° oriented.
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40 ... 0
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Fig. 22. Circular hole: a, ,tress component along the t Fig. 25. (ircular hole: (, Ntrc,, componfeilt ihtg thei.
axis in composite laminate, lamina 1. W) oriented . axis in cornposite laminate lamina I . i mefed
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35~ Tislimt s nnrtom the Fori rulaio model with aner~ from thier orii decres o

for problems where Composite materials are frecdoti.
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-0 2000 -

1 75

1l500

1l250
Theory W i~c FUM

a ~;3FEM -Theory

0 -00Lamina 1 (0 deg oriented) 0 00Lemma 2 (90 deg oriented)
Sxx along y-ains.. Syy along X-axis

150] '7501

X '1500

-200 4 I ~~~~~~250 ~ 0.e~* --

0-4 1 -14 T 7 T - -

ý5 15 2.5 3.54.5 5.5 6 57,5 859,510.5 1 2 3 4 5 6 7 8 9 10
Distance from the origin (mm) Distance from the origin (mm)

Fig. 28. Elliptical hole: a,, stress component along the Y Fig. 3 1. Elliptical hole: o,, %tress component along the x
axis in composite laminate Ilamina I, 0' oriented). axi~sin composite laminate I lamima 2. 9(Y oriented.

82
C31

-- Theory FEM
I00 FEM EnThor

Lamina 1 (0 de; oriented) 0 ~Lamina 2 (90 deg oriented)
~4Syy along y-axis 8 Sxx along y-x0

11
IL

0.5 1 5 2.5 3.5 4 5 55 6 5 7ý5 &5 9.5 10.5 0 5 1 5 2.5 3.5 4 5 5.5 6.5 7 5 8.5 9 5 10 5
Distance from the origin (mm) Distance from the origin (mm)

Fig. 29. Elliptical hole: a, stress component along the Y Fig. 32. Elliptical hole: a,, stress component along theY
axis in composite laminate f lamina I.0* oriented 1, axis in composite laminate (lamina 2. 90' oriented..

"25 - -----.-- 200 - ------- --

4 175j

15 00000 FEM 1t001 .. ~ooFEW
Theory a ~Theory
Lamina 2 (90 deg oriented) 751 Lamniti 2 (90 deg oriented)

f 10 Sxx along x-axis . 01 /Syy along y-axis

S ~ 0
II- -- 0 --- e--- - ~ - .-- 25-2

1 2 .3 4 5 6 7 8 9 10 05S 1 5 2 5 3 5 4,5 5 5 6 5 7 5 8ý5 9 5 10.5
Distance from the origin (mm) Distance from the origin (mm)

Fig. 30. Elliptical hole: (7, stress component along the x Fig. 33. Elliptical hole: G,, Stress component along the y
axis in composite laminate ilamina 2. 91)'oricnted). axis in composite laminate! lamina 2. 900 o~riented.

4 C'ONCLUJSIONS geometries. The analytical solution for the
stress-strain field. in a closed form. was found for

An alternative analytical expression for the Airy's sharp crack, circular and elliptical hole. Extended
function has been proposed to determine the finile element analyses have been performed to

stress-field intensification around simple hole evaluate the accuracy and consistency of the
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20 ance coefficients of the material under investiga-
tion. The model proposed highlighted the limits.

0 difficulties and heavy computational costs neces-
-10 o solve accurately by FEM. also simple

problems that involve composite materials.
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APPENDIX

Our problem is completely solved if the following functions:

zI =A'+ A, In ý, + Y_ IAk + A, A~

B-,='+ B,,I n ,+z I ,[I+Bk + k l
are known, i.e. the complex constants A,,, B,, At, A A and B are known. In general these coefficients

can be found by some numerical method. by choosing an appropriate value for k. But in our case. they
can he found with some simple considk rations: all terms where k > 2 must go to zero because their second
order derivatives arc divergent to infinity and that would imply that stresses diverge too. As a conse-

quence of this we have:
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fj(z A)= ' + A,, In 1z, +4, > a2 ' t + - )( + [A LA,, Jz, + lz-7-a- .• +-s-fI

+ A1 Z, z+- s N ,,,

4 s- -s-
f2(z)= B'+B,, In Iz7, + z -: ( ),1, [+s)+ B, z_ +1-"(

I-k N,,, s N%,,, .4- B- ý [z,_ - q "- a ' +Z

4 s_-st
Furthermore, the displacement field does not diverge to infinity when x and Y- co if the coefficients are
chosen in the form:

A, B= =0

A, ')a'(, I + s,)A 2

B, 2a'( I + s-')B_

A $(O
A_#0

The f( ' functions become:

z, z,-a (1 +s- z :,2j-z-a2 (1 +s )flz!A 1  F. -A --

a 1 + sz- a1 + s7)

, 1 N,,,- s2;,,,+4A "-- a- (I +s')]+- s -s,

Z,_ + Vz-, - a- + s,_ 2-:z ' " ([, a + s2 I

S a~l +s) u+4B z, B -1 2 "1 B ,Z, , -a -'(+sl ) ]+ "_ 2 a' s-
+ 4B - - 2 s.- s0

In addition the symmetry conditions are given by

11,,)0 V(x,O)

It(, = 0 VO. y)

Symmetry conditions can be verified only if the coefficients A,, A. B,. B - and the imaginary part of
A B-, are eq'ial to zero. According to this we have:

~-•--------r- I N,, - s2N.,
4 /4A z. - + s- )]+ 'I s, -s

2 s

Z,)-4B.- - ---- -a -+ N,,j + I- •

Differentiating again with respect to z we have:

2 ,""I +- s I N,,,- 2N,,,]' )= 4 A ,,z _ .(~ •.z •z _ . ( +s) +- .-

1, a- 2+-,i +sZ 1+.-N

2 a (+ S2hf'2( z2) -4B ... --.... .. .............. .......... + .. .. - .. v .,f• a (l+ ;)'z+[T-a (l+ ;) 2 sý,- s-
jzý+J .0 ~
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Substituting s, and s, with iS, and iS, gives:

a2, (I - s2) 1 N_ + S N•,,
f•(z 1)= -4A _, + - • .2__

z-a US [z. +,/7-,,- 2)]~
a-7 - ý -s'ý -I ,' + S212 ,,

4a2 -(Iz-)S2--1-N ,,, + S.... ....
f-(z+) -4B-, a-s1 -

where the two coefficients A , B, _ can be determined imposing the boundary conditions. In the case of
a circular hole (Fig. 5):

A-(a;O)-N, =T, =0
B=(0; a) - N,. T',=O

hence
AN, *0) = N,, + SA_ S• .I - S ) + 8 B .S,'(1-S_,)= 0

N,.(0, a)= A•.,, + 8A (! - S,) + 8B. - S) = 0

and solving the above equations gives (conditions on T1, are automatically satisfied):

S, I NV ,o - A1.111
8(-' - 8)( 1 - S,)

N, -& S, N,,,
8(s -S,)(I - S')

Finally the expressions for the derivatives become:

2, I +_S,_N_,,_-SN,)N,,+ SN,
.It!Z,)- a-'(l+ -) (N,, - N) +1 + F2

2a + + S,_)'(S,N%,,,- N ,,,) I N ,,,+ S IA!..,
2 + C'S']

" t -S , - ,' 2 +! z z- I +" j -Z-, - -2SSvz-+a-.S%.z'+WJ'-~1

which with the set of equations (29) states the solution for the problem. The above expression is valid only
in the first quadrant; the solution in the other quadrants can be obtained by mirroring the given one.

Now. following the same procedure it is possible to determine the stress-strain field for an elliptical
hole (Figs ( and 7) of given semi-axes a, along the x direction, and b, along the Y direction. For this
geometry the two f'(P) functions are:

(a +S,hb)'-(bN,,- aSN,,'.. N,,, + S•N,
S-- .- -( b--- .... --- S ' .... -- - ,-

2"[S- S,)* ;-a+b.S,'z,+4 1  a+b-S) 2 S--S

- - (a + Sb) (aS N, ,,- bNj I N,,, + SN ,
2 .iS, -S.). ,z.-i+-b-s-VK . tz, +•S :-+J~7-s7-{i 2 SVS-.

II
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Stresses in rotating composite cylindrical shells

James Ting-Shun Wang & Chien-Chang Lin
Institute of/Applied Mathematics, National Chung-tising University, Taichung, Taiwan 40227

Stresses in composite cylindrical shells rotating with a constant speed about
their longitudinal axis are analyzed. Each ply or ply group is treated as a separ-
ate thin layer of homogeneous and orthotropic material under the interfacial
stresses as surface loading. There is no limitation on the total thickness of the
shell. The circumferential stress, motivated by the conventional thin shell
theory, is assumed to vary linearly through the thickness of the layer. The radial
stress is determined in terms of the circumferential stress through the equili-
brium condition, and an average compatibility condition through the thickness
of the thin layer is used. Numerical results using the present analysis show
nearly perfect agreement with the exact solution for homogeneous and iso-
tropic cylinders. Some results for cylinders having orthotropic layers are pre-
sented for illustrative purposes.

INTRODUCTION limitation on the overall thickness of the cylinder.
The analysis was made for determining interfacial

Composite cylindrical shells have been used stresses in cylinders under uniform internal and/
widely in many engineering applications. The con- or external surface loading. The theory was based
ventional Kirchhoffean shell theory given in on a linearly varying circumferential stress distri-
standard textbooks on thin elastic shells such as bution and an average compatibility condition
Refs I and 2 is applicable for thin composite through each thin layer of the shell, and continu-
shells. However for moderately thick shells, ous deformation along all interfaces showing
various theories accounting for the shear deform- accurate results given in Ref. 4. The concept of
ation effect are available. A brief discussion of the analysis used in Ref. 4 is followed for studying
previous works can be found in Ref 3. The the present problem.
authors' have presented i Iitty which has no

THEORY

The theory is derived for the stress analysis of a complete cylinder which consists of a number of homo-
geneous ply groups. The cylinder is rotating with a constant speed about its longitudinal axis. Each ply
group forming a layer is treated as an individual thin elastic shell of generally orthotropic material with
interfacial stresses on the inner and outer surfaces of the layer as the boundary loading. The circumferen-
tial stress is assumed to vary linearly through the thickness of the layer as being guided by the usual thin
shell theory. The radial stress is determined from the equilibrium equation. Such stress distribution is
believed to be sufficiently accurate as the thickness of each layer can be taken far within the usual thin
shell limitation. While the equilibrium condition is satisfied exactly, the compatibility condition is made to
satisfy the average value through the thickness of each layer. With the equilibrium condition satisfied
exactly and the compatibility condition satisfied on the average, the deformation and stresses in each layer
can be expressed in terms of interfacial stresses along the exterior surfaces of each layer. When the conti-
nuity in deformation along each interface between adjacent layers is satisfied, a recurrence equation relat-
ing interfacial stresses at adjacent interfaces can be established. All stresses throughout the complete
cylinder can be determined subsequently after satisfying boundary conditions at the inside and outside
surfaces of the cylinder in conjunction with the recurrence relationship among interfacial stresses.
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Basic equations

The equilibrium equation for the axisymmetric stress distribution in polar coordinates for a cylinder in
the centrifugal field is

d (ro,)- a,+ mw-rF= (1=
dr

where r and 0 are radial and circumferential coordinates respectively, a stands for the normal stress. m is
the mass density of the shell, and w is the rotating speed. The subscript j identifying the layer number is
suspended for the convenience of discussion. The circumferential stress is assumed to vary linearly
through the thickness h of the layer as follows:

/1a,= a. +- ad(r- p) {2)

where am is the mean circumferential stress which is equal to one half the sum of the circumferential
stresses a. and a.. Superscripts + and - denote locations of outer and inner surfaces of the layer
respectively. The subscript d denotes the difference in a; and ac. and p is the radius of the mid-surface
of the layer. Substituting eqn (2) into eqn (1 ) and integrating the resulting equation with respect to r. we
obtain

1 1 , (C

Or= ()F + -rd(r- 2p)-- MWro+-
2h 3 r

The interfacial stresses at r= R, and Ro, determined from eqn (3), are
1 C 1

a7r = o,-Ia, R+--- -3 mwIR 2  (4)
2h Ri 3

1 C 1 2 (5)a; =am-•-h oR.+----mw R•5
2h R, 3

where the subscripts o and i denote radii of outer and inner surfaces of the layer respectively. Subtracting
eqn (4) from eqn (5), we obtain

C=• Iad - 2[a' - a-)]R,,Ri-h rnw I(R 2 - R,)R,,Rj (6)
2h r r3h 0 1

The stress, strain and displacement relations are

du = Vo,
dr Erar ao (7)

U VIO 1
Eo)=-= -- a,+- G'9 (8)•' . .r E, E, 8 • 8

where - stands for the extensional strain, Er and E6 are moduli of elasticity, Vr, and Vr, are Poisson's ratios.
The compatibility equation is

rdr e -O (9)

I1
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The well known exact solutions for rotating cylinders of homogeneous and isotropic material can be
found in standard textbooks on elasticity such as Refs 5-7 as follows:

3a+- v mw2Fb 2 1 + -r r 1a

8 It)

we= 8 w b[ 1+ a)-3v ()2 + (]

where a and b are the outside and inside radii of the shell respectively.

Analysis

Integrating eqns (2) and (9) through the thickness of each layer. we arrive at the following relations:

1
am h = R,a - Ria- + I hmw2 ( R + R,,Ri + R 2)

3 

1

orf +I- + +mfl (0 MWHR +R,, 2

where 1t = ht/p and

H

l- (tt/2)'] In 2 + H/2 - H

which is close to I for small values of H. Substituting eqn (13) into eqn (12) and after some manipulation.
we obtain

aj = a -a; - a - a + Md

where

a Ep 41,E, p,4,

Ma = •IE,] p

*= + Il2

M', = - q-* • (Il + V,,,) - ] g + 2 If
3a* 1J,+ 3 j

Re?, +RJ,,,+R
b"

Equation (12) may be written in the following form:

2k,o, .2R,

a= 2 , -- 2 - , +WM, (15)
h' h
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where a,= 2 or. and

2
M1 = mw2(R + RRi + R)

Adding and subtracting eqns (14) and (15), we obtain

+r+a+ý'g R -ýU+ A + Md) {(16)h0 2 + ' h 2 ' 2-

cr- =' - ,- _r a -+ (M _ J01 -
h2 (M-Me) (17)

In order to maintain continuity in deformation at the general jth interface, we equate e, requiring
($€r~ i1 ÷ ( -. 1 -(-- .= ! r +- 6  (18)

E 9, E, E0 1 4+1

from which we arrive at the following recurrence equation relating interfacial radial stresses q, at adjacent
interfaces:

A] ,q1- =Blql+ Cj,q1_, + Fj19

where

a )
A,1 =+ 2 a

B E- +- al +- Y R I +a- + r

B' hE 2 l, h 2 /~

R5 - ,\ +- +I a,

1- (M, - Md),, I - 1 V(M, + Md),J

E, (E 0/;), ý It(E.;),
From the recurrence relations given in eqn (19), we can express the interfacial radial stress at any general

jth layer in terms of q, and q,, forj larger than I in the following general form:

q, =IJ,< + ,q, + V, (20)

where

I= B! ~(', ( B I", F
1), _ V ,

A, A A,

B), +z C B,;, B± V, + F,

A' A A,

(! , 1 , )
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S=i (Bj_ I j-_ + C, 2 V,_ )

S~+,
A,

forj>- 4. Solving q, from eqn (20) by taking j= n, we arrive at
1

q=I(q, -Gnq,,(- V,) (21)

where q(, and q,, are boundary tractions at the inside and outside surfaces of the cylinder respectively.
Once q, is determined for given q, and q,, all other interfacial stresses can be systematically computed
using eqn (20).

A simple model

The circumferential and radial stresses in a rotating homogeneous cylinder of isotropic materials are
obviously tensile for the case where both the inside and outside boundary surfaces are free of tractions.
However, some numerical results, obtained in examples considered later for a compressive shell having
layers of ply groups of different fiber orientations, show that compressive interfacial radial stress also
occurs. To give an approximate exploration of the possibility of interfacial radial stress being compressive
in cylinders of layered construction, we consider a simple model for a cylinder made of two thin layers of
different materials. From the exact solutions given in eqns (10) and (I1), the maximum variation of
circumferential stress through the thickness is less than 6"5% when the thickness h to the radius ratio is
1/20. The maximum variation is less than 1-5% when the ratio is 1/100. Therefore, the circumferential
stress is considered to be uniform through the thickness of each layer in this model. The inner layer is
labeled as number 1 layer, and number 2 for the outer layer as shown in Fig. 1. The equilibrium equations
for the two layers having the same thickness h are

mhr w2 - qr, = a, h (22•)

mhAwK + qr, = a h (23)

where aY and a, are circumferential stresses in layers I and 2 respectively. The corresponding r, and r!
are the radii of the mid-surfaces of the layers. Adding eqns (22) and (23). we obtain

a +rI+0=M j + r-) (24)

In order to maintain continuity in deformation by equating circumferential strain, we obtain

Eol = EUo (25)

where E, and E, are moduli of elasticity of the two layers. Equation (25) is valid because the radial stress
is substantially smaller than the circumferential stress as the thickness of each layer is taken to be small

F A e

.7--

F'ig. I. A simple model.
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with respect to its radius. By substituting eqn (25) into eqn (24), we obtain

E+ 1) 0 n 2(r~ + 26

Substitution of eqn (26) into eqn (23) yields the interfacial radial stress

mhw - 7
q = mhý(E , r2- E_ r2,) i 27!

(El + E.)r,.

where r, is the radius of the surface at the interface. Equation (27) indicates that q may be positive or
negative depending on the stiffness of the materials and radii of the two layers. From eqn (27). we
conclude that

q>0 if E,>E,

q=0 if

I E,

q< if <

in which we note that the ratio of r, to r, is nearly equal to I for thin layers, and the positive value of q
corresponds to tensile stress. Consequently, radial stress could be tensile or compressive in rotating
layered shells.

EXAMPLES thickness h, and the exterior layers are 90' ply
groups. The fiber orientation angle is measured

In order to partially check the accuracy of the with respect to the longitudinal axis of the cylin-
present analysis. a rotating homogeneous cylinder der. The material properties E E, = 2-2 x 10"
made of isotropic material where exact solutions psi and vO, = 0-21 for 0' ply groups. E, = 2-2 x 10"
are available is used as the first example. Stresses psi. Et = 20-2 × 1 0 psi. and v,-- 0-21 for 90' ply
are computed in terms ofp= p vw2 b 2 for various a groups are those used in Refs 8 and 9. Results for
to h ratios. The Poisson's ratio is taken to be 0-25, the radial and circumferential stresses at the loca-
and the total thickness of the cylinder is divided tions of interfaces for a to b ratios ranging from
into 45 layers of the same thickness in the present 1,0 1 to 10 are computed. The thickness of each
analysis. Hence, the thickness of each layer is layer h is equal to (a - b /45. Therefore, the h to
equal to (a-b)/45. Results for a=4b are given in p' ratio for the thickest cylinder with a= 10h
"Table 1. For this case the h to p ratio varies ranges between 1/5 and 1/50. The ratio for the
between 1/9 and 1/60. Layers near the inner thinnest cylinder with a= 1-01 b is about 1/4500.
boundary surface are close to the limit of the usual Numerical results for cylinders having a to b
thin shell theory while layers near the outer boun- ratios equal to F 1, 4 and 10 are given in Tables 2.
darv surface are far within the thin shell limit. 3 and 4.

The results given in Table I show nearly The positive numbers in Tables 2-4 are tensile
perfect agreement between the present results and stresses and the negative sign denotes compres-
exact solutions. The interface numbers 0 and 45 sive. Two numbers are given for a, at each
correspond to locations at the inner and outer interface location. They represent stress disconti-
surfaces of the cylinder respectively. nuities in adjacent layers. The numerical results

As a second example, we consider a cylinder given in these tables indicate that all radial
consisting of 45 layers of alternating ply groups of stresses at even number interface locations are
01° and 900 fibers. All ply groups have the same algebraically smaller than those in their immediate
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Table 1. Comparison of stresses in an isotropic cylinder Table 3. Stresses in a composite cylinder (a= 4h)

l f lt4f a) --- -- --f
Interface u/p/ us/p no

no. Present Exact Present Exact-__

(1 (I 13-1869 13-1875 1 0,6685 1 1-3 87 9 1 [3 7 5
1 07319 0-7311 12--1690) 12-3703 2 0-6371 1.3175 11-2096,

2 1-3251 1-3239 11-0841 11-6858 3 1-1325 10-6202 1-3911
3 [-8088 1-8074 11-1031 11-1051 4 1-01652 1-3589ý 10-9121
4 _22048 2-2032 10-6044 30-6065 5 1-4605 1(-4120,114361

2-5294 2-5278 10-1714 10-1736
10 1-7615 1-5426 11-4399,

10 3-4392 3-4378 8-6365 8-6386 15 2-1731 1 1-7.333 17158,
15 3-6573 3-6563 7-6,545 7,6563 20 2-0472 1-7648 (12-9309
20 3-5013 3-5006 6-9077 6-90921 25 2-0700 12-9549, 1-82 101
25 3-1038 3-1033 6-2635 6-68 30 164 -41138
30 2-5281 2-45278 5-6586 5-6597 35 1-3404 12-S46W 1-6019

35 1-8076 1-8074 5-0597 5-0607
---- 40 0-6487 1-4541) 12-28 15

401 0-96)11 0-9610 4-4479 4-4487 41 0-6097 12-0222 1-4285
41 0-7777 0-7777 4-3229 4-3237 42 0-374-5 1-3598,1 18664
42 0)-5899 0-5899 4-1968 4-1976 43 (0-3171 1 1-b6146:1-3 2701
4 3 ((-3976 0-3976 4-0696 4-0704 44 (0-0758 1-2537 11-3S35
44 0-20 10 0-2010 3-9413 3-9421 45 011-1394
45 00 3-8116 3-S325 -_________

Table 4. Stresses in a composite cylinder (a= 10b)
'Fable 2. Stresses in a composite cylinder (a I -I b) -~-------

_____Interface (7,/p

Interface (,X 10 V/p n~pfo.
no. ~

0I 28-0547

3402 2-04679231 1-,022-8235

1I 2-36426;12(1 2-0 163(0-251 3 3ý7,3 3-5231 587264923' 67
35 49117 3-906(1217720-32391 1-251)5973-19933

21)3-1920-243ý,-965! 25 14-87341 4-4375 33-63259

3F1-3728 0-22321 2-04773 35 8-7443 79-9335, 5-22-17
53-4028 2-0427 f(22067

it -2O020(-0t 415 43-5231 870 9-3397-9421
4I (1 490-1)4 1(-9906,1-869177 23 43-2391 10-20595 -1763,1 :
21) 3-41692 0-2646 31-96513 425 279966 76-1514 7406

43 ;4-76351 1-9540 ((-20221 44 11(6764 77-8901 7211244
44 2-337297 0-20913 1-851(4; 9-45 7-8,6 108-77(85
.45 3198 1-84927 0-00 - _- - ----

thike shells, some negtiv radil 9s4esse
adacn odd24 number intefac loaios Thi appeared in-9 , the6 thnns caefra ba

meas tat he ntrfaialstrss s maler t te thowne inhTale, 2.m N egative radial stresses bgnt

interface where a 90' ply group is on the outer occur at 36th interface location for a= 1-05b,. and
side of the 00 ply group than that where a 900 layer at all even interface locations for a = H ) I cases.
is on the inner side of the 0' layer. The trend is
correct since E, for the 90* ply group is larger
than that of the 0' ply group. For the same reason, CONCLUDING REMARKS
the circumferential stress in the 900 layer is higher
than those in the adjacent 0* layers as expected. The theory presented in the study divides a
While all interface radial stresses are positive for composite circular cylindrical shell into a number
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A unified formulation of laminated composite,
shear deformable, five-degrees-of-freedom

cylindrical shell theories

K. P. Soldatos & T. Timarci
l)epartment o1f Theoretical Mechanics, University of Nottingham, Vottinghatl, UK

The main objective of this paper is a theoretical unification of most of the
variationally consistent classical and shear deformable cylindrical shell theories
available in the literature. This is achieved by introducing into the shell
displacement approximation certain general functions of the transverse
coordinate which account for the incorporation of the transverse shear defor-
mation effects. Avoiding having to provide a single choice of the forms of these
Ishear deformation shape functions' before or during the variational
formulation of the general theory, the present formulation leaves open Possi-
bilities for a multiple, a-posteriori specification of particular shear deformable
shell theories. As a result, the classical Donnell-. Love- and Sanders-typc shell
theories as well as their well known uniform and parabolic shear deformable
analogues are obtained as particular cases. Moreover. a generalized "zig-zag"
displacement model is presented which gives further multiple freedom in
achieving continuous distributions of interlaminar stresses through the thick-
ness of an unsymmetric cross-ply laminated cylindrical shell.

I INTRODUCTION ered and, in general, characterizes the degree of
sophistication or even the degree of accuracy of

The rapid increase in the industrial use of the resulting shell theory. Hence. different shape
advanced homogeneous or laminated composite tunctions have been used over the years by differ-
materials has necessitated and resulted in the ent iesearchers.
formulation and analytical use of several two- The main objective of this paper is the develop-
dimensional, higher order theories suitable for the ment of a variationally consistent, static and/or
static and/or dynamic analysis of cylindrical dynamic shear deformable cylindrical shell theory
shells. Most of them are refined, displacement which is independent of the choice of that -shape'
based, theories which enable consideration of function. This is achieved by introducing general
transverse shear deformation effects. shape functions and, henceforth. avoiding having

The development of such a refined shell theory to provide a single choice of their forms before or
is usually based on a displacement approximation during the variational formulation of the theory.
which involves five unknown displacement coM- Such a procedure leaves open possibilities for a
ponen ts (degrees of freedom). Three of these are multiple, a-posteriori specification of such a shear
the ones involved in a corresponding classical deformation shape function, while it eventually
shell theory (displacement components of a refer- results in a theoretical unification of most of the
cnce surface). The additional degrees of freedom classical and shear d4ormable cylindrical shell
are multiplied by a certain function of the trans- theories available in the literature.
verse coordinate and are suitably superposed with Starting with an identically zero shape function,
the in-plane displacement field of a corresponding the widely used laminated composite classical
classical shell theory, accounting, thus, for the shell theories of the l)onnell-, Love- and Sanders-
effects of transverse shear deformal ion. type can be obtained as particular cases. This is

The choice of such a shear deformation 'shape' achieved by incorporating, where it is necessary
function is not unique. It is based on the satisfac- throughout the theoretical formulation, certain
tn of certain mechlvical, material and/or tracers which have the form of Kronecker's
geometrical constraints of the problem consid- deltas.1 As a result, each five-degrees-of-freedom

165
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shell theory produced on the basis of the pro- The shell i, col StructCd hx either a h0mP 0enC.
posed formulation is a transverse shear deform- ous Or1 a laminated composite elastic mnaterial
able analogue of one of the aforementioned classi- having density P). I. ndcr this conoddcratit1, it l,
cal shell theories. generally as,,umcdti "' that thcsc exits a "train

Upon choosing a linear form of that function, a energy density function. I 'I . ,.
so-called uniform shear deformable shell such that:`"
theorv>.' is obtained, while a particular cubic (

choice leads to a so-called parabolic shear . .
deformable shell theorv.f " Nevertheless, different I I 0 1. 0 1 0 t. 01 01
choices can be enmploved" and. with some of them.
the analogues of certain refined shear deformable LIt 0& ii d".' 0. ,

cylindrical shell theories"'-" can also be obtained
as particular cases of the proposed formulation. It l)enoting by L 1 and 11 the ,hell displace-
1S important to notice, that any of the choices con- ment components. along the .. s and z directions,
sistent with Refs 2-10 leads to shell theories respectively, the present theoretical lormulation

which violate continuity of transverse shear starts with the superposition.'

stresses at the material interface., of a laminated U t. ii t '. 1". It' = " ''.U
composite shell. On the other hand. a choice con- of two different displacement fickk he basic
,,istent with Ref. 11 leads to shell theories which displa fem ent f ield.
account for continuous interlaminar stresses at displacement field.
those material interfaces. U(xXs.:SZ'. t U X. N:-,

Consideration of this latter feature is of particu-
lar importance for the development of refined I"+ix. ¾,c: + + (• CRt .. :! -.

theories suitable for the static and dynamic analy- 1t•x..:= ,
sis of laminated composite thin-walled structures.
This is the direction in which the field is currently produces in particular cascs the displacement

growing, with particular attention given to field used in classical shell theories of l)onnell-.
grwig _ oe n adr-ye ysiiiI=1.1 nlaminated composite beams'- and plates"`_ Love- and Sanders-type, bv setting -=1). 1, and
where geometrical simplicity facilitates theoretical S. respectively.' Here. o is the Kronecker smbol

modelling, However, with the proposed unified and t denotes time. while u. v and w represent

formulation, any choice which is consistent with unknown displacement components of the ,hell

Refs 12-16 can also lead to shear deformable. reference surface. The additionul displacement

five-degrees-of-freedom, shell theories that field.

account for intcrlaminar stress continuity. Hence. U" X's, = -(Z I U
the second objective of this paper is the derivation
of a generalized "zig-zag' displacement model i'• x~A. It qC, N..¾t

which gives multiple freedom in choosing con- dismisses the validity of the Kirchhoff-l ovc
tinuous distributions of interlaminar stresses assumptions and, as will become apparent from
throughout the thickness of a cross-ply laminated the kinematic relations and 6. belw, it incot-
cylindrical shell. porates into the theory the effects of trans\crse

shear deformation. For a notation convenience, it
is assumed that q ;,z and qý' ,C have dimensions

2 THEORY of length. Imposing no further restrictions on the
choice of these shape functions, an obvious

(onsider a circular cylindrical shell with a con- multiple freedom is introduced in the choice of
stant thickness h, and denote Ly R and L the through-thickness displacement distributions.
radius and the axial length of its reference surface. Introduction of the displacement approxima-
respectively. Upon denoting the length para- tion (2)-(4) into the cylindrical-polar form of the
meters along the axial, circumferential and normal kinematic relations of linear elasticity2 " yields:
to that reference surface directions by x, s and z,
respectively, consider further the curvilinear r, =c + zk'+,,(z)k', c, =+ zk +q4zýk C

coordinate system Oxsz. Finally, assume that the
shell considered is subjected to an external stress

distribution. q. acting normally on its top surface. Y,: q½(Z) e .. y,= qiz. e,. = 0
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where a prime denotes ordinary differentiation f , a 12, dlj,
with respect to z and, !M.,M',, M dk' •Ok •,d

•=~~~~~ V, ', a•1 V, akl.•f l.

k w.,,, k - w.,, + + d.,1 )+/,.R = tn'_"i,n',, i dz

kA, -2w + (d 1 +361gi/2)r..JR - , (6)

k u.,.k'i'r.,k,=u,.k ,=r. =k k o ,.r,.z dz 9hb!

Upon setting T= ). L or S. expressions t6-)i -(c)) aeQ. , ( ea'e : d"
are reduced to the conventional reference surface f
strains, changes of curvature and twist occurring r
in a classical shell theory of Donnell-. Love- or T,.-. T dZ
Sanders-type, respectively. The occurrence of the /
quantities defined by expressions (6. last two) is
clearly due to transverse shear deformation =rq:(zrjq i d z 9c
effects. These represent additional strains. /
changes of curvature and twists of the shell refer-
ence surface, and are therefore appropriately '. M,,.AJ2,
denoted with ell- or k-symbols, respectively.

In a close relation with expressions (1). the f av,= , at,,, at ;, a1:,
approximate stress field corresponding to the dis- = '" aki" ak ' ,
placement approximation (2)-(4) is represented I
by introducing the following generalized stress
'omponents: Jnf I m,. In ",. mn,, dz

r f, . r a _ <, a , e '

S..... - -- , -~ ,- where, for the derivation of these expressions. thechain rule of partial differentiation has been

together with the following generalized moment used.IM "'"
components: These definitions make clear that the resultants

denoted with a superscript c' are the well known
(aV, 0oj, a0I, conventional force and moment resultants

i n, = ikC k, employed in classical plate and shell theories.

/18) They are therefore considered as resultants of a
InL V, av,, arj, a a" v, certain, basic part of the deformation in which the

, , , ' ' k4 a •', ' -" shell is deformed in accordance with the Kirch-
hoff-Love assumptions. Similarly. the set of the

Under these considerations, the generalized force remaining force and moment resultants, denoted
and moment resultants of the present theory are with a superscript 'a', is considered as describing a
defined as follows: certain, additional part of the shell deformation

which is due to the incorporation of the transverse
'N NN, a,, 0 V,, c0 d shear deformation effects. During that part of the

a e', e, ' < e', deformation. the shell reference surface is

deformed in accordance with the pattern

(u. a,, rT,)dz described by the set of the additional reference
f/ surface strains, curvatures and twists denoted with

a superscript Wa' in eqns (6).

(Y,, o,, r,,) dz (9a) Upon employing Hamilton's principle, the
following equations of motion are obtained:
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N 1 Hence, a subsequent introduction of these latter2R expressions into eqns (10) yields the so-called

Navier-type equations of the present theory. In

Nc, I_ V k + 1 0 + 6 accordance with the number of the e(l~e houndarv
R conditions (13), these will form a twelfth-order

system of partial differential equations.
+(1 +2+sT)M,.,]=12 As can easily be verified, the formulation
-N.R+ + M (10) presented has eventually resulted in a theoretical- N•[ +M • 2 M e,.,, +M c..... q +l1,

unification of most of the classical and shearM,.•, + Ma -Qa=--
M, + M..•- 1 4  deformable cylindrical shell theories available in
Ma., + Ma.., -Q = 1A the literature. Starting with identically zero shapefunctions, the widely used laminated composite

The inertia terms are defined as follows: classical shell theories of the Donnell-. Love- and

1, =[,ou -pw., +p'u, ,, Sanders-type are obtained as particular cases.
Upon choosing these functions to be linear in z. a

1,=-l[po+ (2pI/R +p/R'-)(I + 6srF)J' so-called uniform shear deformable shell
+ (p, - p,/R 4,, + (p +/5i/R)t, theory2"- is obtained, while a particular cubic

I +choice leads to a so-called parabolic shear
IA = to�, w -p,( w, + W.,) +P, "., deformable shell theoryi -' Nevertheless, different

Lot 61 1 + 6ST )p:/Rjv, choices can be employed' and, with some of them.
+j the analogues of certain refined shear deformable

,11,+ t'1.,K. (11) cylindrical shell theories'('' can also be obtained

1 u = 5 j, I u +,, -5 . as particular cases of the present formulation.

5-15• t.,.,}.,, 3 CONTINUITY OF INTERLAMINARi . .1 1 rtSTRESSES
where

f. Any choice of shape functions consistent with
,=j pz' dz, (i=0.1,2I (t2a) Refs 2-10) leads to shell theories which violate

continuity of transverse shear stresses at the
material interfaces of a laminated composite shell.

p,-dz, (i=0,l a./f 1,2) On the other hand, a choice consistent with Ref.
/ (1 1 leads to a layerwise linear distribution (zig-zag

(1 2b variation) of the in-plane displacement com-
Moreover, Hamilton's principle yields the ponents which results in a continuous, linear

following boundary conditions imposed at the variation of transverse shear stresses throughout
shell edges x =0,L: the shell thickness. Such a zig-zag displacement

u prescribed or Nc prescribed, approximation can be improved in a sense. as for
x instance, by Lee et al.'3 for corresponding prob-

v prescribed or Nc, + (61, + 6sT )Mc,/R lems dealing with cross-ply laminated flat plates.

prescribed, In Ref. 13, the improved zig-zag displacement
model employed was selected in such a manner

w prescribed or M:, + 2M,,, prescribed, that the resulting continuous transverse shear
w, prescribed or M. prescribed, (13) stresses were parabolically distributed through

the thickness of the laminated plate considered.

a, prescribed or M' prescribed, The generalized 'zig-zag' displacement model

tl prescribed or M8, prescribed, proposed in this section gives further multiple
freedom in appropriately choosing continuous

For an explicitly given form of the strain energy distributions of interlaminar stresses through the
function, V(,, all force and moment resultants (9) thickness of a cross-ply laminated cylindrical
can be expressed in terms of the five unknown shell.
degrees of freedom and their partial derivatives Consider a thin cross-ply laminated circular
with respect to the spatial coordinates and time. cylindrical shell composed of an arbitrary
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number, N, of perfectly bonded, coaxial specially Q '' f zA
orthotropic layers and denote with z, the position -) -
of the material interface between its kth and (17
(k+ l)th layers (k= 1,2,..., N- 1). Denote further
by RA and O' and Qý' the middle surface radius " (zA -

k' --- C ---- 'C T'

and the transverse shear elastic moduli, respec- Q A -- A-f',.- Z - r, I - ...

tively, of the kth layer (k = 1,2,..., N). Under these
considerations, the transverse shear stresses and where
strains are related as follows:

r.=Q ,:z, rk=Q5jy.z,(k=1,2,...,N) A4= Q,5 zA ()" " =

(14) (18

Consider next the kth layer as an independent _k Q'4 I A (z.,)
cylindrical shell and. in a close relation with the Q44 f'2k(Zk 1)

displacement model (2)-(4). approximate its dis-
placement components as follows: Now inserting eqns (17) into the expressions

UA(xs~z;t)=uO --zw,+hik(Z)U~k ( 15a) (15) and requiring continuity of displacements at
) the (k- 1)th shell material interface yields

/K(x. s.-zt) [1 +(6tj + 6ST )z/RkJtok (k = 2,3,..., N):

-W., +f2A(Zt)1k (I 5b) U110 = u11 +B t 111 19.

W A(XS,Z.t) w ( x,sjt) (1 5c) I'Ok = O + fkt'l- I'=lI + /k'Ill

where u,,. Ul. t')k and vI, are functions of x. s where k 2.3 ,..., .
and t only. Equation (15b) makes clear that the
middle surface of each particular layer has been B4 [A, If,, - - A,fz,)]
selected as its reference surface. It is again
assumed that flA(z) and f2k(z) have dimensions of
length. It is moreover emphasized that. although D=[1 +(6)i,+ t)z7 ZIA .l), = 1
their forms may differ from layer to layer, their [1 +(6,: + 6(5s1) A/RAI
derivatives should take non-zero values at the (20)
shell material interfaces. Fk = Dk 7- (E,!D,). F, = 0

In what follows, a procedure is outlined 1(, )
according to which, independently of the choice
of their forms, fI:(z) and J"k(z) (k= 1.2,...,N) are EA=[ I +(oi, + 6 s, )zA - [/Rk [(- ,A- I ("k)
connected in a manner that guarantees inter-
laminar continuity of both displacements and -(zz)I
transverse shear stresses. To this end, the middle Inserting finally eqns (17)-('20) into eqns (1 5
surface of the first layer is selected as the refer- yields the shell displacement approximations in
ence surface of the entire sh-Il (R = R,). This is the following form:
not an essential restriction but, in the present case U (x~sZ-t) = u,, - zw, +[AJI,(k) + BAlU,
dealing with unsymmetric cross-ply laminated
shells, it is found convenient for the description of Vk(x.s.z;t)I-[I + (6o,-, + 6.-, 1z/ I, I,, - zw.,
the outlined procedure. Nevertheless, for a differ- + [[I + (Io, + 6o, zil/k 1I• (21
ent choice of the shell reference surface, the whole
procedure can he appropriately modified. + ('•( z)i V, I

In accordance with eqns (5) and (6), eqns (14) Wk(x.s.Z.t) = R(xs1)
yield the following expressions for the transverse
shear stresses in the kth layer: Hence, independently of the chosen forms of the

A .1 s , hape functions flk and f'K (k= 1.2....N). a
, .. f2A(z)", r,: =Af,(z)uA (16) displacement approximation of the form (21)

Requiring continuity of these interlaminar stresses guarantees the desired continuity of both
on the (k - I )th material interface yields displacements and transverse shear stresses
f k = 2,3 ... N): throughout the laminated shell thickness.
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Under the present considerations (R = R,), a For the free vibration problem of certain
comparison of eqns (21) with the displacement symmetric cross-ply laminated cylindrical shells,
approximations (2)-(4) yields, numerical results obtained on the basis of the

991z) =[AkZ) +Bkl present unified shell theory are presented in Ref.
(22) 21, for several choices of the shear deformation

2(Z) =[1 +( 6 t r+ 6 s'r)z!RkIFk+Ck f 2k(Z) shape functions. These are also compared with

which relate the present refined displacement corresponding numerical results obtained and
tabulated in Ref. 22 on the basis of several two-approximation to the unified shell theory dimensional shell theories, as well as with corre-

presented in the preceding section. Inserting these di ng relt s ase ll as exat,

forms of cpl and T2 in definitions (9d) and (12b), sponding results based on an exact,

as well as their derivatives in definitions (9c), the three-dimensional vibration analysis. - Accord-

constitutive equations and, therefore, the left- ing to the numerical comparisons made in Ref. 21.

hand-sides of the five differential equations of employing a linear form for the shape functions f'k

motion (10) of the present unified shell theory can and f2 k introduced in the preceding section

be expressed in terms of the same number of main (k = 1,2 ... , N) yields essentially the values and

unknown functions, unj, u~j, o,,,, V 1 , and w, and corresponding wave numbers of all fundamental
theirw deriv tives, with respectto thespaiald c nd- vibration frequencies obtained in Ref. 22 on the
their derivatives with respect to the spatial coordi- basis of Di Sciuvatt shell theory. Moreover. it is
nates. In such a case, ,, 1 , v, v,, must also be further shown 21 that certain non-linear choices" of
inserted in place of the corresponding displace- those shape functions lead to frequency predic-
ment functions appearing in eqns (11). tions which are even closer to the corresponding

exact frequencies of vibration.24
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Nonlinear analysis of laminated composite plates
and shells including the effects of shear and

normal deformation

V. E. Verijenko
D)epartment of Mechanical Engineering, University of Natal, Durhan 40t)t, South Africa

A nonlinear higher-order theory for laminated composite plates and shells with
an arbitrary number and sequence of layers is presented. The theory takes into
account both transverse shear and normal deformation and considers the
elasto-plastic behaviour of the composite materials. The results presented
illustrate first the importance of modelling the nonlinear behaviout of the
material especially at high levels of loading, and secondly the importance of
modelling both transverse shear and normal compression.

I INTRODUCTION sented. This theory is based on the kinematic
hypotheses which are not assumed a priori but are

The motivation for the current investigation arises derived on the basis of an iterative technique.
from the fact that most engineering materials exhi- Material nonlinearity is included at the initial
bit nonlinear stress-strain behaviour even at stage of the derivation of the theory when the
moderately low strains. Moreover it is well- kinematic hypotheses are formulated. This
knownt•- that in the analysis of laminated compo- approach leads to a comprehensive consideration
site structures, the use of the classical theory of material nonlinearity in the higher-order
based on the Kirchoff-Love assumptions leads to theory.
substantial errors. Although numerous appro- The nonlinear theory presented in this study is
aches have been suggested'- 5 to refine classical capable of treating laminated plates and shells
theory, the analysis of laminated structures with with an arbitrary number and sequence of layers,
nonlinear stress-strain relations on the basis of and takes into account transverse shear and nor-
higher-order theories has not been developed suf- mal deformation. Numerical results illustrate that
ficiently. the influence of transverse shear and normal

In the present study the basic equations of a deformation is more pronounced in nonlinear
nonlinear higher-order theory for transversely analysis of laminated structures than it is in linear
isotropic laminated plates and shells are pre- analysis.

2 DERIVATION OF THE KINEMATIC HYPOTHESES

The derivation of the nonlinear higher-order theory of plates and shells is based on kinematic hypotheses
which reduce a three-dimensional problem in the theory of plasticity into a two-dimensional problem in
the theory of plates and shells. The theory of plastic deformations of composite materials presented by
Pobedryal is employed in this study. In this theory, Lagrange's and Castiliano's principles are valid and
the quasi-static problem may be solved efficiently using the method of elastic solutions.' This method is
mathematically analogous to the extended Kantorovich method and exhibits good convergency.

The equations of the theory of plasticity for a transversely isotropic continuum may be expressed in a
conventional form. The stress-strain relationship is given by
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Sk t, -+7

Eý 2 E, P+ 2

e, FA e I'l - e v a-,Co( 2, )+

eV P- j Ao qAA or A.

2= /) -u,)+23- 23

.k Q.. I---- •4e12  - • •k

where the symbol # indicates that the expression for e.2 is of the same form as that for e, with the provi-
sion that the subscript 11 is replaced with 22 and vice versa. A superscript or subscript k refers to the kth
layer. Also, EA and vA are modulus of elasticity and Poisson's ratio in the plane of isotropy, and E , and vA
are the corresponding constants in the transverse direction.

The 'secant' shear moduli for the kth layer are
GA = Pk /2pk = (;k ( 1- :rk)

=QA/ 2 qk-= G',(I - Kk)

where G; = E, /2(1 + vk) and G'C are the initial 'tangent' shear moduli and Tk(Pk) and KA(qI are plasticity
functions which are zero if the material remains linearly elastic.

The *secant' moduli may be found using the generalized stresses and strains," viz.

=P a,) + +2,l 4(3,

and

P4 ( e, e 2 + 4 (e,A )

qA= l e If ) + (e ,t'-4

Using eqn (2. ,r and KA may be expressed as

2pA (GA 2 qA(;"

Clearly the plasticity functions -r, and 1KA defined in eqn (5) are functions of the stress and strain state of
the kth layer. Therefore, the 'secant' moduli are also functions of the stress and strain state. viz.
(-1, = Gkf X.z ), C"A = C'Alx, Z).

The kinematic hypotheses are now derived using the above equations of the theory of plasticity. A
laminated shell is defined in a curvilinear coordinate system x1 Ox, (see Fig. 1). The axes of the curvilinear
orthogonal coordinates x, = constant (i= 1,2) coincide with the principal lines of curvature and the
coordinate z-=-x, is perpendicular to the reference surface x1 Ox, which is positioned arbitrarily in the
sequence of layers. The shell is constructed of transversely isotropic elastic or e!asto-plastic materials.
The loads applied on the outer and inner surfaces p' = p, (x), p = pl,-(x) (s= 1,2,3) are functions of the
curvilinear orthogonal coordinates x= jx , x 2 ý.

In the following derivation a subscript after a comma denotes differentiation with respect to the
variables following the comma.
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X'" Z P

Fig. 1. Geometry of a laminated shell.

The loading conditions on the external surfaces z = a,, and z = a,, are written as

,= -p, z = a,, k I)
6

a,,,= P i z = a,, k = n)

The layers are assumed to be rigidly bonded and the rigidity conditions for an arbitrary surface z a -

are given by
o ,• = o ,• 1 s ta t ic )

u =A- (kinematic) (7

In order to derive a higher-order theory for the stress and strain analysis of the multilayered shell
described above, a model based on classical hypotheses must be derived in the first instance. Therefore
eqns I) are rewritten taking into account eqns (2) and assuming that E'A = C= . viz.

G4• 2 I; + Vk -

eýz#e,k,; e' =0

A a e, 0 " e, 0e 2 (;A(1- r!

The tangential components of the stress tensor are determined using eqns (8) as

u (ell + vke2G)- 71k (e - e,2,)

a ,•, # ,, u a , k = 2 ( 1 ( - z e (9 )

""The linear and nonlinear terms in eqns (9) for the stresses are

A 2 Gk, kal _--- (e, , + vke,'1)
""_ GA e, A
I VAo(1 • o l ; o 2 = l (1 v , e 2( 01V( p

LI
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and

2 '

where e = - .ke'a (ij= 1,2).
Equations (9) now may be rewritten as
&A or,±A 1

ti Y G, I ,j= 1,2 12)

For the derivation of the other components of the stress tensor, the equations of equilibrium of a shell' are
considered and for the kth layer are

oa k+ U:• - 0
IA I"_=

ac± a, + (YA.,- k,10 0 (13)

where k,, are curvatures of the shell.
From eqns (12) and (13), the transverse shear stresses may be derived as

+0 dz+ d 'dz] +•,D, 114
0k.. = o, + o,!, - F o,,, d+ 6,),, +~A 4

where the constants of integration 4)ik =4ik + (D,k are obtained using eqns (6) and (7).
The linear components of the stresses in eqns (14) are determined by substituting eqns 10) and follow-

ing the procedure described by Piskunov et al., viz.
(J,ý = V 1.,J! I + P1 fk• + P, fl ( 5

where V is the Laplace operator; p,-. p7 are given functions of the external load; and fk( z) s-= 1L.2.3) are
functions which enable the given conditions on the external surfaces of the shell to be satisfied once the
reference surface has been positioned arbitrarily through the sequence of the layers.

The functions fk are given by

.!zk i= II -IJB(Z)=I'B - I" z)k(=)=J1kB-

= ,,,- dz: - - I. , dZ

B=j .1. ,L , dz. B, •,- . - Z "dZ f ,i

where E,,A = 2 GA/(! - vki.

"[he nonlinear components of the transverse shear stresses are defined as
611;• = - !V J, ( w,+ w ,,- '. !) + 2 w.,d '

IV -I w., + 2 w.,,PA + ( w.. - w. 41'A 1 17)

where

x - (;{( A z dZ- (;f 'A• dz)

x. z - (Z (;AjT, , z.d B-E (JA~TA. dZ)
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f-k(X,Z)=- Gk.-rk.2z dz-- f Gk,0rA dz

BIqf Gk.Tz dz; B Gk•z Zdz

f3 -- G.,r.2z dz; B--- Gk dz (18)

Now the transverse shear stresses in eqns (14) may be rewritten as

O rl _ 2 -l f +f 1 9 .,23 .V•* Ifk--f~k)+P f2k+PU 3 k--wI2k - -(W11 -- 2w)f3k

Substituting eqns (19) into the second equation of (13) the transverse normal stresses are derived as

0 -( -kiia) dz-k (6 ,- kjd) dz + D (20)

where the constants of integration '3k - 3A + (D 3k are determined using eqns (6) and (7).
The linear component of eqn (20) is obtained as'

33= P,,f + p.AA + P. k + P3 f k + B0  (21)

where p3, p; are known functions of the normal components of the external loading and the function B,,
is given by

B 0=B0 (x, z)= kiEf 8 +k ijk+(k, 2-k12 --•e2+k,,E)fs+(kI iK•-2kj2Kj2+ k-IK )fj, (22)

where r,-, K, are the deformations of the reference surface which may be expressed as

c=¾u,+ u1,,)+ kqjw

KY W. w.1 (23)
The distribution functions of the transverse shear stress through the thickness of the laminated shell are
given by

f4k(z)= FkDD-I - F21k; f5k(z) =F kD3D- F3,

fmk(Z)= FIkD1 A I1; fvk(z)= F~kD[F

Isk(z)=fk- FIkBDI '; f,,k(z)=f'k- FkBlD'I

f-'(z) =fk-FkB'D-1'; Fk(z)= {Lkdz

1),= kdz; f, A(/)= e,(v Evdz; f (Z) E(,kVkzdz

=ý E1,vk dz; B'= Ef)kvkZ dz; s= 1.2,3 (24)

The nonlinear component of eqn (20) may be expressed as

=I--Vwf 4 k+Vw4.fjk+2w.f,6k+(w.1-w 22)1A+ ,P (25)
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where

-4-D1

J (x.z F--, - F,, • .(x,z)F,-:-- F,

),, D

F (.Z)= dz: -= 1.•5

Z ,. k,;,j,, dz; i.j= 1.2

Sk,61, A dz: j*]A(x z)= A "12( A)A +f]kI

f*o:..z =-•LA ,+] .; f*(x., Z)= +fk.; +x'* ( ,Z)XI 4 .2I - K.1 (26)J The general equation for transverse normal stress may be written as
c.= p.-+ p-.f:+ If-,A ++ V + Vw2VA vv, 1, + 2+w(w, + • - - + B,, + , 27

Kinematic hypotheses are now formulated for the derivation of a nonlinear higher-order theory. Accord-
ing to the procedure described bv Piskunov et al," eqns (10) and (II ) for the stresses a,, . and eqn (27) for
01$, are substituted into eqn (1) for e". Then we may write

eý = e'A +e + =V walI+ ,-,(I•+P, p;a3kJ+Pi,4k±3+p (k+±p3 a,+I, + VHwIj A + V I'.4ak

+ 2 1(7(ýk + I I 1, -- W_,,2 • + B, t28,

where

Ut ; 1 • v , Az : a lkfl z )= - ) A•

jA / A,=.•. itqAq •, -IAi ; = . . g=q+ 1

h',,= ,K": 3,,= B,,= EA: v, = 1v/ L)(I -VA) (29

Since e = u A the normal components of the displacement vector are obtained from eqn (28)

t,• :x.j,= w3x+{ e. + g4,dz+ C'3, 30)

where the constants of integration (C may be determined from eqn (7) and the condition that it"
x.() = wI for z=0 k = in.

Equation 3(13 may now be rewritten as

i 4 ýx. z = w+ V wq" + u,q + p,.,- + p,,q IA + p I, qs(; + P.ý qf4,, + Vw., 1 A + Vw2.. 4k + 2 W 145;

+ i w1  - W i, + ',, C,, 31

A-
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where the distribution functions of the normal dispiacement through the thicknes, of the laminated ,hell
are given by

-q-o Z) a,Ak dz: q= 1 .. 6

-•, , Z dqAi x,z)dz. q=3 ..... 6

C"d= fBdC, =<,=IijEA 32

The tangential components of the displacement vector may be found from

- U, " ' -u33.

in conjunction with eqns (1L (2 and ( 19).
The shear deformations are given by

_e,.• o,• t./,G, V w, q - p_ T'k )- (f: s4 + V v I, I.. Ck - 2 w., A ;7 . •••3

where
qjr~ '=A'!GA: -@-'. - = -fi•/G-;: q•d-.K:! -! dI/( ;

G, ~- - x.= G

By substituting eqn (34, into eqn (33) and then integrating, the tangential components of1 th displacement
vector are derived as

a a ' -\ '14q I A , U,,q A P.A--- ,.N, 4  -p3P> AV~ - P1 A- A P~' -V w
k= w -V wI, --.- , q A - , q, - - T - ,- -

i.j.t 1.2: i36

where

S. .. 2 = 2' " P22 3 7- 37

and

V , .W .' , -' • q A ) V 11, q'q 4 d, d Z . q = 1 . . .. .6

if

'I z ( z ' d , - "7.8: •L (-V-• Z I A- . I (, I 3.

1,, 1:4, -x. z 4 5 ,4 ) dz; lP'k(X.Z { c - q= 3....,6

i dz .V

A' ,..." I k.s _ q )d,.., P-,k2(x,Z.)-- q..1,•.,d~z

t f
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_._,(x,z) f ++2:._ dz; 084(x2z)= ((5x + ,,.2)dz

4 ,,(x, Z)-I ( , + (02dz I38)

The above equations for e3A', e'ýk and oi'3, orý3 and eqns (36) and (31) ) are not relevant to the model based
on the classical hypotheses since they only demonstrate the contradictions in this model, but are import-
ant for the derivation of a higher-order theory.

3 NONLINEAR HIGHER-ORDER THEORY
The derivation of a nonlinear higher-order theory of laminated plates and shells is based on kinematic
hypotheses. Using eqns (31 ) and (36) these hypotheses are formulated as

tt, k = tUj- KZ-- X X 2.iP2k'- Xq, ilqA - Xg?.igkA -A I,, l 1P Iki A-- 2., )2ki-- Aqj qk -- gaVgk

i= 1,2; q= 3,...,6; g= 7,8
lgk ý-W+ XIT 1k+ X-q2k- Xqqqk"AqC~qk q=3 ...... 6 (39)

where u,(x), w(x) are unknown displacements of the reference surface, and xI(x). x2(x) are new unknown
functions. The first of these functions, xl(x), is termed the 'shear function' and the second, xi(x), the
"compression function'.' , In eqns (39) we also have

x 3 (x)= p,-1, Xt(x)= Pl; x5(x) = p3

X( x)=P;; XT(X)=py; Xsi(x)Pp (40)
which may be determined directly from the given external loading. The distribution functions in eqns (39)
are given in eqns (38).

In eqns (39) we also use the following notations for the given functions
.i ,= VWV. 2, =A V AW V I

,Vw2,: = 2w 1 _,: A,,=(" , =o- I I 2),
2*,=p ,; 2 ,---p:,; i. t= 1, 2; i~ t(,,

where wK,, x) is a known function of the deflection determined from the solution obtained using the model
based on the classical hypotheses. The solution of the 'nonclassical part* involves the determination of the
unknown functi-ns u,. w, x, and x,. The other functions in eqns (39) are known and are functions of the
external load or of the 'classical part' of the solution.

Using the kinematic model (39) and Cauchy's equations. the transverse shear components of the strain
tensor are obtained as

21,, = uj + u Xl,,= Pk X7 -Xg 8 + 1,4k A7.47k Aý,48A -E),/Ak + oi,

i= 1,2; t=1,7,8 (42)
where we have denoted

01k1-- - r k; 037k= •P7k; /T3- Pk

A,1 - q; i3 k = 47Ok t PX K (43)

The deformation in the normal direction is given by
I ,• =uA qkq,` --x tkk+x a ,+x,,kf+Aqt,, q= 3,...,6 (44)



* UL ~ LuILUICII CU!c VIuivinna I-e, ZC K ,-'ct q1 ,Z Z/, e,=C-tZki- CZk,coordinate system Oxrsz. Finally, assume that the
shell considered is subjected to an external stress A = e k> + q A + q z A . 5
distribution, q. acting normally on its top surface. , = e. 7,. = q, 1 .

Nonlinear analyosi. o launinaned lim(o lite ph/we• al itl' /

and the tangential components of the strain tensor are given by
ell =Eli• + K, Z + K I ( W,k + ()I' l,. I + k, I xT% k + k I, I ,A I + W/• .pý + 9• IV,•• + (9/ 7) ; k , .. ,

e,2= ki2 + K,,Z+ K('VQj+O (01' ?p, +02 eY,,, )+ kj'Xqipq,+! l' iJ,, + +/,, - K ,

+ + , ++ • V,- "+++•) •e' v +ý+k ,, 1.2",_ AgI .... .+:

= 1.7.8: s= 1.2,7.8 q= L....6, p= 3....,6 45

In eqns i45) we also have

ky J k ,,: • (I_ - li% = O; k_, I,- klt,%, = 0

E,=-,,: ,, g= 1_.8 46

The components of the stress tensor can be found using the constitutive equations I . except tor 'he
transverse normal stresses o,, since they are not compatible with conditions (6 and 7. In order to satii\
these conditions, eqn .27 is taken as a hypmnesis. Using the notation defined in cqn,, 40, and 41 . for

, =/B, = 0 kwc can write

-. -xj ,,3-+ ,J,_6- q=3.6

The equations of equilibrium and the boundary conditions are derived using Lagrange's variatiomil
principle under the condition that the constitutive equations must comply with the transverse n11rr1111
deformation e4,.

The equations of equilibrium are obtained as

.V ,,- k,+,,-r p, 0

M,>,,- k,,k,,' + pl= =0

.\l,],- -k,.'- - P 0 4+
and the boundary conditions as

N)", - \,, oil,, 0

''.. 2,,Vl I + p,, - R *)6w= 0

+ , 2A1• i l, ,,+ T",', l- +p/l -R¢ 0ix

A I + 2A ,+ p, - R )x. (
Al 1, M %IO' ,

-- "1 11%2 ;()X~ 0 4

1 Ihe integral characteristics of the stresses due to internal forces and moments in eqns 48 and 49), are
given by

-1 JN,7' , ;dC, * ,\' o," qPA dz: 0, o{ , d dz

0" (7,l dz Al,, - u,k dzd: Al= dz
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wvhere the higher-order forces and miomnirts w~hich reflect the int1Luenee of the transxcrsc shear anld
normal deformiation. are denoted by superscripts.

Also. the iuencralized reactions in eqn 49 are ,i%,en byv

R +, I/;.

R Q + 1.2

and i-eneralized functions of external loads arc deno1ted as

p p) +p,

) ap1,) -i- ppi + I)~p~

p~ ~ 1)a :-4,a, , + q., aI) +~ 4-p T ,,

P; UV (IA,,1.4 4i ~ '~

As in the linear higher-order theorkv.' the boundarN conditions ;49, are able to model constraints on thle
boundary of thle reference surface i zI and the constraints xx hich model transverse shear and normal
compression on the edgze of the shell.

The equations ilivenz above define the nonlinear Iihc-OLcrtheory of laminated. pllates and shells and
take Into account the effects of transverse shear and normal deformation.

4 NUMERICAL RESULTS AN) c.=a -e

DISCSQ SIO0N
xv here (a ' 6 0.0

TIhe solution of a nonlinear problem based oil J le deflection of the centre of the plate xersus,
higher-order theory requires an iterative proc the ratio (i G, i of' the initial shear moduli of the
edUre in -which for each level of loading, the non- bearinL, and filler livers, is considered in order to
linear theory based on classical hypotheses, is used studyi tIhe influence of) tralsx erse shear. The thick-
asý a first step and then the higher-order theory Vs ness ratics /r1!a1= I 1 1, 10. 1 25ý are cons'idered.
appliedl. F-or comiparis( m the filler layer isý treated a, both It

A special schemec for the finite clement i mple- linear and a nonlinear material.
mentation of the nonlincar higher-order thcor\ J he results of this stud\ are sh)x 11 in IL"ic 2 a
and different t\ pes of finite elements, have beeni and 21 b) "vhere thei parameter (', is the ratio of the
devlo~lpedL.l I I Somec examples are no%\ presenited deflctCtions' obtained uIsine finite elements11 \\1hic1

uoillustrate the application of the to1eorx. include transverse shear to the def,,leetii n

( onsider a threc-la~cerd square plate w.hich is obtained using finite elements, based on the cl&ssi-
sinipl\-supported and whose bearing lavers are cal hypotheses. B~oth of these elemients allovixx fir
aln miniumn and haive the chiaracteristic,,: YO u1111s the nonlinear behax io mmof the material. 1- icre,
mdlus llll' t 7, 1Wtt N'IM~. ultimate strength 2ý a shoxx s. the resuLlts, foru I ~noihnear tiller mrate-

23 INIPa. iekl point (j,, 1010 Mlla and] rial and Fig. 2 li, for a linear filler material. Iheise:
P~is)sratio I, 0ý32. The load is applied at the g.raphs shlow% the influcnce oft traws' erse ,hear on

centre of the plate in ste:ps 4 AP 1' -0 k N up to a plates I'M different thickness% ratnol sUnder equlal
final value 4f P'= S kNI lie stress intensity laxx is lo)ading. When the ratio of the shear moduli of the
given b'N hearing anid filler layers Is t f the (irder one
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Cv iC

200 ____ -P~ 15 3 P3
*... . r/a 1/10

IP0 P, P4  I1

100. ~ I P5

1'/P3
I, *,

pP5  - *..K

3 InG2 ]nii

b
Fig. 2. I iagrrarnm dcpicting the influence of' transvcr,ýc shcar' w nonlinearly clastic tiller material: 1 liricarkN clastic filter

matcrial,

]In 61,/G = I ithe influence of transverse shear is In plates whose tiller layer is treated as a non-
negzligible (C, = I ). The appearance of at plastic linear material, the structure fails simultaneously
/.one in the bearing layers and sublayers of the with the failure of the hearing and filler layers.
filler laver leads to failure and we observe sharp Cnsdraheeleed hll hihsa
increases, in the value of C, T~his is caused byv slightly curved cylindrical panel. The shell is,
delamnination. hinge-supported at its straight edges and free

The g-riiphs in Fitz. 2Iv, show a decrease in the along the curved edges. T he external layers ha%.,e
'.tren-th of the structure when the filler is treated the same mechanical characteristics, ats the plate

'.. a inear material. The plate with the thickness described above and the filler is subdivided into
ratl 1 h ia = 1 (10 fail% on the third step of loading, four layers which have the characteristics: E= 34
sk hecreas !he plate %% ith the thickness ratio h /a =I / NPa. *( (±.ý097 NII~a in compression and

5tails oni the seccond step. For these plates 'intetr- a t)5Main tension. Finite elements which
nat failur' is observed]. i.e. Internal SUblavers of include both transverse shear and normal defor-
the filler layer fail before the bearing layers,, and niation were used in the analysis of this problem.
the influence of transverse shear increases and In Fig. 3 the deflection of the centre of the shell is
11w leads to the failure of the structure its a whode. given for various thickness ratio% and the levels of
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loading. The filler layer is considered as a linear In order to study the influence of both trans-
material (solid line) and as a nonlinear material verse shear and normal compression, a plate with
(dashed line). In Fig. 3 it is clear that the treatment thickness ratio h/a= 1/5 is considered. In Fig. 4
of the filler as a linear material tends to a decrease the diagrams of the greatest normal deflections
in thL overall stiffness of the system when the load and stresses through the thickness at the centre of
is moderately high. the plate are presented for the level of loading

P3 =4.8 kN. The first value on the diagrams

W, mm corresponds to nonlinear analysis and the second
' P5  to linear analysis. Clearly the results obtained

2. using the full model are substantially different
I.& even from those of the shear model. Moreover, a

I/ P4  substantial difference exists between the results of
.. / the linear and nonlinear analyses. The model

based on classical hypotheses is found to be
1. 4 / ~inadequate for the analysis of such structures.
1. /

1. 0, 5 CONCLUSIONS
0.8 /

A new nonlinear higher-order theory of laminated
plates and shells is presented. The thcorv takes

04, P1 ~-into accoujit transverse shear and normal defor-
mation and is based on kinematic hypotheses in

0. 2 which material nonlinearity is included. The pro-
__0 _ , h/a posed theory is capable of treating plates and
/t 1/7 1/5 shells with an arbitrary number and sequence of

Fig. 3. Curý,es depicting the influence of transverse shear layers which may differ significantly in their physi-
in the nonlinear analysis of shells. cal and mechanical properties.

u'. t0,

58.1 13 82) 47, (3, 8) 0,069 _0,(053)

318, 6(2, 791(

38.6 (2,79) 47,8 (3,281 0, 069 (0, 053)

b c

46,0 (43,1) 38, 3 69 (3 7)

0.841 -171 45.0 (01,91•, 92.) 2,46 (2,51 +

29,5 (21)36,8 (35.2 2 4r, 12, 5)

30.9 (31,01 38.1 136,71 3,69 S 3,1)

a b c
Fig. 4. Diagrams of normal deflection is, and stresses rA: at the centre of a -sandwich plate: ýal model with transverse shear

and normal compression; (b) model with transverse shear only. c) classical model.
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Calculation of effective moduli of fibrous
composites with micro-mechanical damage

Y. W. Kwon
Department of Mechanical Engineering, aaval Postgraduate School, Monterey, (CA 93943. USA

A micro-mechanics model for continuous fibrous composites was developed in
order to determine the effective moduli of composites based on the material
properties of their constituents. i.e. fiber and matrix materials. The model can
calculate elastic or nonelastic effective moduli of composites depending on
their constituents' behavior. Furthermore. micro-mechanical damage can also
be considered in the present model to determine effective moduli. Predicted
effective moduli from the present model compared very well with experimental
data available elsewhere for both undamaged and damaged composites.

INTRODUCTION All the works mentioned above computed
stresses at the composite level. However, in order

Prediction of effective moduli of fibrous compo- to investigate damage progress at the micro-
sites from material properties of their constitu- mechanics level, computation of stresses occur-
ents. i.e. fiber and matrix materials, has been a ring in the fiber and matrix are very beneficial. In
major research concern. Many different micro- addition. for a composite with plastic deformation
mechanics modelsj-'' have been proposed to of the matrix and elastic deformation of the fibers.
predict effective moduli. Most of these'-" were calculations of fiber stresses and matrix stresses.
two-dimensional models for elastic deformation respectively, are also useful to determine the state
of composites. On the other hand, some micro- of stresses in each constituent. To this end, a new
mechanics models have been proposed for the micro-mechanical model was developed by the
three-dimensional configuration and for material author.' 1••2 The model computes fiber and matrix
nonlinear behavior of composites._'` stresses and uses a yield criterion for each con-

Dvorak and Bahci-EI-Din& assumed cylindrical stituent, if applicable. directly.
fibers with vanishing diameters in order to main- The previous model"l-"1 was based on rather
lain the axial constraint of the constituents. They simple assumptions such as transverse normal
postulated that the fiber and matrix had the same stresses are the same for both fiber and matrix. In
stresses in all directions other than the longi- this paper, a refined micro-mechanics model is
tudinal normal stress. Aboudi'K-(' considered a presented. The present model is more general
representative cell to model a fiber and a sur- than, but still as efficient as, the previous
rounding matrix. The fiber was assumed to be of model." "- The model can be used to predict
rectangular shape and the cell was divided into composite material properties from elastic or
four subcclls. He used linear displacement fields nonelastic constituent material properties. More-
within each subcell and imposed continuity of dis- over, it can also be used to study the evolution and
placements at the cell and subcell interfaces on effects of micro-damage in composites.
the average sense. As pointed out by Pecknold.-3  The following sections describe the micro-
Aboudi's micro-mechanical model is coniceptually mechanics model and some results. Both
a crude finite element model. More detailed damaged and undamaged composites were con-
micro-mechanical models were also considered sidered. For undamaged composites, composite
using refined finite element discretizations of a material properties were computed from constitu-
typical repeating unit cell.l 4 '` However, they are ents' material properties using the proposed
computationally intensive. Pecknold' proposed a model and their results were compared with
simple unit cell model represented by serial and/ experimental data. Transverse cracking was
or parallel springs, studied for damaged composites. Transverse
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matrix cracking was observed in cross-ply corn- -
posites by Broutman and Sahu."' After the obser-

vation. several investigators have studied the
phenomenon analytically and experimentally.•_ _[, dd

Highsmith and Reifsnider" conducted an experi- ------

ment to measure the longitudinal stiffness reduc- b
tions of various laminates. Later some analytical 2

studies were performed to predict the stiffness
reduction.' -" Talreja' 8 'l used continuum F _77 ,
damage mechanics. He represented damage as
internal variables in a phenomenological Fig. 1. A unit cell madc ,,L suhcell.

approach. Hashin"' used the principle of mini-
mum complementary energy while Aboudi'
solved a periodic crack problem. The present tudinal direction and axes 2 and 3 are normal to
model is also used to predict the stiffness reduc- the fiber direction. In addition. strains of subcells
tion. are postulated to satisfy the follow\ing relationship

of deformation:

MIICRO-MECHANICS MODEL 'e, = li = . - + -+=rl' eh .

Consider a unit cell made of a fiber and a
surrounding matrix material. The fiber is assumed and
to have a square cross-section. Because of r) t + e d
symmetry, a quarter of the unit cell is considered ± + J I + ' "_ + E , C 6
as shown in Fig. 1. The cell is divided into four The relationship among normal strains is based
subcells and the size of each subcell depends on on the assumption that deformation of a unit cell
the fiber volume fraction. The following develop- is uniform although each subcell may have dif-
ment is based on average stresses and strains in a terent normal strains.
"subcell. Stresses and strains at the composite level A constitutive equation for each subcell can be
or the unit cell level) are expressed expressed as

5,+ l . i. l .23 anda=a.b.c.d, 7.

x + I- Vtu) i. j= 1, 3 1 The constitutive equation, eqn 7 ý. is substituted
-- zu -- - , -- ±.-- into the stress continuity equations. eqns 3 and

r =vt'•', + c11ýý I ý C,, + 4" 1 - 4r' 4,j. The substitution results in stress continuity

X 4-1 - N iE" i. j= 1.3 2 equations in terms of strain components of sub-
Composite s and cells. These expressions are solved along with the

where 6,, and ve stresses and strains, strain relations. eqns (5) and f6i. simultaneously.
Sand ,= stresses and strains of a subcell (a =a. This algebraic operation yields expressions for

b. c or d. v' = fiber volume fraction. and subcell subcell strains in terms of average composite
"a' represents a fiber and the rest of the subcells strains.
are matrix. The composite stresses or strains are Subcell stresses in eqn (I ) arc replaced by sub-
determined by the volume average of the stresses cell strains using the constitutive equation for sub-
and strains of the subcells cells, eqn (7). This results in composite stresses

expressed in terms of subcell strains. These sub-
requires cell strains are then replaced by composit,_ strains

(rF:.: = (1K, Y.- = Wi(,. or- -AE. u. = o., (3) obtained in the previous paragraph. As a result.

and the composite stresses are given in terms of com-
posite strains using the material properties of sub-(17 o 2' , (J'i , ~,,1. = 1f •, = [• . cells. In other words, the effective material

property at the composite level can be written in
('31= U, MI= (V (4) terms of the properties of the fiber and matrix

Tlhe coordinate system for eqns (3) and (4) is materials. The properties of each constituent may
given in Fig. I. Axis I indicates the fiber longi- be anisotropic, in general. For the elastic range.
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subcells b. c and d in Fig. I may have the same are compared with present predicted values in
material propei ty because they are the matrix. For Figs 2-6. Elastic moduli and shear moduli in both
the plastic range. however, each subcell may have longitudinal and transverse directions respectively
different material properties since they are are compared as well as the transverse Poisson's
dependent on the state of the stresses. ratio. The experimental and computed material

The procedure for analyzing the material non- properties of the graphite/epoxy composite show
linear deformation of a composite structure using good agreement between them.
the present micro-mechanics model can be The next comparison was for a glass/epoxy
summarized as given below. The procedure is composite. Both constituents were isotropic. The
described in conjunction with the finite element elastic modulus and Poisson's ratio for the glass
analysis.

i A Initially assume elastic deformation and
compute the effective material properties 300

of the composite. PREDICTION
iBi Obtain the displacement field of the com- •

posite using the elastic effective material E * EXPERIMENT

properties.
C Compute composite strains from the dis- w 200

placement field.
1), Compute subcell strains (or strains at the J

constituent level' from the composite
strains. z

E; Compute subcell stresses from the subcell 100
strains. If there is yielding, the subeell -
stresses are modified.

F Compute composite stresses from the sub-
cell stresses.

Ci Compute internal forces from the compo-
site stresses. If the internal forces are not in 00 0, 2 0.4 0 . 0 8 0

equilibrium with the external forces, a FIBER VOLUME FRACTION
residual is computed. With the residual
forces. go back to ý1Bi and repeat the Fig. 2. longiudmal elasiic modulus of a graphite cpox}

process until the residual comes within a
given tolerance.

16

IPREDICTION

RESULTS AND DISCUSSION ' 14 EXPERIMENT

The effective moduli ot the composites predicted ,
by the present model were compared with experi-
mental data available elsewhere. The first case
was a graphite/epoxy composite. Graphite fibers 10 o
were considered to be transversely isotropic and
the epoxv matrix was considered to be isotropic. 8S•, a

The corresponding properties are given below. >
The graphite fibers have longitudinal and trans-
verse elastic moduli of 232 GPa aid 15 GPa, 6

respectively. Their longitudinal and transverse
Poisson's ratios are 0-275 and 0-49, and the 04

inplane shear modulus is 24 GPa. The epoxy 00 0.2 04 06 08 10

material has an elastic modulus of 5,35 GPa and a FIBER VOLUME FRACTION
Poisson's ratio of 0,354. Experimental results Fig. 3. transverse elastic modulus of a graphite/epoxy

were given for this composite in Ref. 22 and they composite.
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30 0,6-

PREDICTION 2

20 EXPERIMENT m 0.5"

2: 0

> - PEDCTO

Z 10 0.4- PREDICTION

- Z * EXPERIMENT
z

0 . *0.3 •
0.0 0.2 0.4 06 0.6 1.0 0.0 0.2 0 4 0 6 08 10

FIBER VOLUME FRACTION FIBER VOLUME FRACTION

Fig. 4. Inplane shear modulus of a graphitc/epoxy compo- Fig. 6. Transverse Poisson'\ ratio of d graphile cpoxs corn-site. posite.

6 30

PREDICTION

5- EXPERIMENT

:D 20 PREDICTION

* EXPERIMENT

3- 10>: z

z 2< z
2.-

0
0.0 0 2 0.4 06 0.8 1.0

0.0 02 014 0.6 0.8 T 0 FIBER VOLUME FRACTION

FIBER VOLUME FRACTION Fig. 7. Inplane shear modulusof a glassepoxy composite.

Fig. 5. F'ranserse shear modulus of a graphite/epoxy com-
posite.

in the 90' layer. which was normal to the loading
direction, reduced the longitudinal elastic modu-

are 72'38 (;Pa and 0-2 while those for the epoxy lus of the composites. Experimental data are avail-
are 2-75 (iPa and 0"35. The present predicted able in Ref. 17. The material properties for the
value of transverse shear modulus was compared composite are elastic moduli of 41-7 GPa in the
with the experimental data.2- Comparison, as longitudinal direction and 13 GPa in the trans-
shown in Fig. 7. is very good. verse direction, inplane and out of plane Poisson's

The next cases considered damage in compo- ratios of 0-3 and 0-42, and inplane shear modulus
sites. The reduction in stiffness caused by matrix of 3.4 GPa. The thickness of a layer is 0"203 mm.
cracks was considered. (lass/epoxy composites Because the composite properties were known
of cross-plies [0/901, and {0/9)31, respectively but not the constituents' properties, the properties
were used for this study. Transverse matrix cracks of each constituent were determined using the
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present micro-mechanics model by trial and error. modulus in these subcells was reduced to a small
The result gave an elastic modulus of 72.5 GPa value close to zero. The reduced stiffness ratio is
and a Poisson's ratio of 0-23 for the glass and an plotted in terms of the crack density in Figs 8 and
elastic modulus of 4.0 GPa and a Poisson's ratio of 9. The reduced stiffness ratio is equal to the
0"35 for the epoxy with a fiber volume fraction of cracked elastic modulus divided by the uncracked
0"5. The composite material properties using elastic modulus in the longitudinal direction.
these constituent properties yielded the glass/ Overall, the present prediction compares well
epoxy composite properties within an error of with the experimental data. Especially, the agree-
3%. ment was very good for a glass/epoxy composite

The reduction in the longitudinal stiffness was with [0/90L.
computed for different crack densities (1/2L)
using the finite element method and the present
n'odel. Here 2L denotes the longitudinal distance
of periodically spaced damage zones containing CONCLUSIONS

transverse matrix cracks. Three-dimensional solid A micro-mechanics model was presented in order
elements were used for the computation. Trans- to predict the effective material properties of
verse matrix cracks in the 90' layer were modeled composites based on their constituent material
as described below. If the loading was in the direc- coposies B o n the ir constun meritionof xis2 i Fi~lthensubell b nd wihin properties. Both the elastic and non-elastic defor-
tion of axis 2 in Fig. 1, then subcells b and d within mations of composites can be analyzed using thethe transverse crack zone were considered not to present model. In addition, the model can includesupport normal stresses. As a result, the elastic micro-mechanical damage in composites. For

both cracked and uncracked composites, com-
parisons between the present predicted values

0 1 2 and experimental data proved the accuracy of the
P present model.<, 1.0-
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Effect of motion parameters on the tribological
behaviour of ptfe-based composite

W. W. Marzouk
laculhv of Engineering and 7echnology, Minia Universiry, Minia, Egypt

The effect of motion parameters such as average contact pressure. sliding speed
and temperature on the tribological behaviour of polytetrafluoroethvlene (ptfe)
composite containing 60% by weight of bronze powder were studied and evalu-
ated, The rotatable plan was utilized to get more accurate values of motion
parameters. Measurements of friction, wear and temperature were carried out
continuously during the wear process. The results showed that there are two
regions of motion parameters where the wear intensity was minimum and the
coefficient of friction attained its lowest value.

NOTATION fundamental defect of ptfe which limits its techni-
cal use is the higher wear rate. Also. ptfe is a poor

b,-h b The coefficient of regression function conductor of heat; thus the excess heat generated
11 Hardness of the steel surface (HRC) under sliding is not readily dissipated and contri-
l, Wear intensity (um/km) butes to the decomposition of the ptfe.- It also has
L Friction distance (in) a relatively low compressive strength which
N Number of experiments results in the cold flow of ptfe films so that the
N', Number of experiments at central point tolerances of the bearing are changed. In thin film
p Average contact pressure (MPa) applications the films are removed to the point
R Surface roughness of the steel counter- that the underlying surfaces are exposed.-

part (um) The wear of a polymeric material depends
s Number of the investigated factors upon the sliding specd and the load conditions. In
/I, Initial temperature (°C) general, high loads and high speeds cause exces-
t, Final temperature (°C) sive wear. This is probably due to heating at the
V Sliding speed (m/s) interface which may be high enough to cause
A', -X, The input quantity in the experiments melting or softening of the sliding polymer sur-
y,-y, The output measured data face, thereby abruptly increasing the rate of wear.

This kind of behaviour for ptfe has been observed
SCoefficient of friction by Lancaster.' Lontz and Kumnick5 demonstrated
p The value of stellar (sidereal) radius that the wear rate of ptfe is directly proportional

obtained in the rotatable plan for the to the flexure modulus and inversely proportional
polynomial of the second degree to the yield strain. Kar and Bahadure showed that

the wear of ptfe-filled polyoxymethylene and
unfilled polyoxymethylene is directly propor-
tional to the normal load, sliding distance and

INTRODUCTION surface energy, all raised to different powers grea-
ter than one, and inversely proportional to the

The extremely low coefficient of friction of poly- modulus of elasticity raised to a much higher
tetrafluoroethylene (ptfe) makes it an attractive power.
material for lubrication of any type of sliding The object of this work is to study the effect of
component. The usually quoted value of 0.04 for the motion parameters average contact pressure,
p is lower than that for graphite, MoS, or any sliding speed and temperature (p, v, t.) on the
other known solid.' However, there are several tribological behaviour of a ptfe-based composite
properties of plfe that limit its applicability. One containing 60% by weight of bronze powder.

193
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ROTATABLE PLAN uniform plan. It was assumed that the star arm of
the plan for the number of investigated factors

This is one of the statistical programs used in S= 3 (contact pressure, sliding speed and initial
multi-level design (five levels). It is used in the temperature) was a= ,i2'= 1[6817 'these vaiues
experimental data and is carried out according to selected on the basis of tabular recommendation.'
the exact number of experiments, defined previ- The overall number N= 20 tests was calculated
ously, and it distributes these data in a spherical using the relationship;
shape so that the variance in the central point N= 2'+ 2S+ N,,
should be the same as in the other points sur-
rounding the central point with radius p, where p Nis number of experiments.
is the value of stellar radius which depends on the S is number of the investigated factors.
degree of the polynomial and the number of N,, is number of experiments at the central
experiments at the central point. The polynomial point.
regression function contains three independent Moreover, after the initial investigations, the
variables (S= 3), of the second degree (R= 2) with M ian igat o
ten factors of regression function (K= 10). From experiments were carrie: ou a e f
the above mentioned terms can be calculated the conditions:
following statistical values: coefficients of regres- - The hardness of the sliding surfaces of the
sion function, standard deviation of the remain- counterparts (made of thermally improved
der, variance estimation of the regression function steel 45) were 45 = ± I HRC and its surface
and polynomial correlation factor. Lastly, the out- roughness ranged from 0- 13 to 0 16 jim.
put at any values of the input independent vari- - The samples were made of ptfe (its density is
ables could be calculated whether the experiments 2-18 g/cm 3, melting temperature is 327C)
were carried out at these variables or not. filled with 60% by weight of bronze (MB 10,

density 9-47 g/cm3, grain size of 50-100
pim) containing 30% Pb.

EXPERIMENTAL WORK The following parameters were varied as follows:

The pin on 6;,c testing machine. Fig. 1, used - average contact pressure, p=O.O5-l- 9 5
previously- was employed. The tests were con- MPa:
ducted at five planes according to a rotatable - sliding speed. v = 0-50-2-50 m/s:
plan' to obtain identical variance of results both at
the points on the surface of a sphere with radius
o = 1 and at the central point of the plan. Selection Table 1. The input variables (p. v. it) and output data (it. !,.

of the number of experiments at the central point u) of experiments

is required in order to obtain variance at the Fxp. no. Xi' A X, V, y, y.
central point, the same as in the other points in the p iMPav ' ,"s t,(", 'C t,1 C 1,trum/km'; Yi
experimental plan with radius p= 1, the recom- 1 0-43 0-90 39 40 12.) 0A11
mended number of experiments is N,,= 6 where 2 1-56 0-90 39 60 5.6 0-58
0_p•<_ 1 , practical acceptance is exactly as in the 3 (1-43 2-09 39 55 2.3 0-12

4 1-56 2-09 39 86 3-6 0-57
5 (1'43 0"90 81 10)2 2,4 0-16

7IO6 1,56 0)90 81 315 2-0 0057S7 01.43 2.(19 81 125 3.6 0!.21
- .. . .. 9 . . 1 56 2"09 81 135 3-2 0"609----7 -- "9 0'05 1"50! 60 60 3"0 0"08

-0 1-95 1-50) 60 115 7-0) 0.69

9 - 11 2 1 0"51 60 70 24 0,26
r 12 1.0 2-50 60 lIt0 1-6 0-31

13 I'0 1-50 25 35 2-4 0-31
14-1)) 95 1 10 2-( 0315 ' 0 1-50) 00 80) 3"11 -3

I I" - 3 16 1.0 1-5(1 60 85 3-0 0-28
, .. L 17 1I1) 1-50 6)) 95 2-8 0,3(1

18 1-0 1-50 60 10t) 2-8 031
fig. I. Pin on disc machine .1 A( motor 2, VII fre- 19 1.-0 1.50 6)) 101(1 2-4 0-33
quency converter: 3. bevel gcars; 4, tctpiecc: 5, counterpart: 20 1-0 15 60 95 2-8 0(31

6. electric heatr; 7. lever: 8. ,train gaugc: 9, dead weight). .......
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- initial temperature, t- = 25- 95°C• the polynomial regression function of the output
- friction distance (length of action), L = 5000 quantities measured were determined. The simpli-

M. flied polynomial of the second degree of the three
independent variables may be expressed as for1

The flat end of the pffe pins, which were 8 mm in lows:
diameter, were rubbed against the steel discs
Icounterpartsi in the conditions of technically dry + + h + b-AX. ± bX. b + ,
friction. The diameter of the frictional tracks on --

the discs was 60 mm. After the specimen had +b33,Xi±+b1 ,XX 2 +bI1 ,,X•X,+b,_X2 X,
been mounted in the specimen holder, the pin was where
initially rubbed against 600 grade emery paper
placed on the disc to ensure good contact betweenLv.1 is the output quantity of the cxperi-
the pin and the disc. Before the wear te- was ments.
started. the pin and disc surfaces had been b ... b_,3 are the coefficients of the regression
cleaned by rubbing with a soft cloth dipped in function,
ethyl alcohol. The coefficient of friction and wear . X_,. X, are the input quantities in the experi-
intensity were obtained during the steady state ments.
stages of friction and wear. respectively.

The results obtained were interpreted using a The input variablt, .',-.V,, and the w.'isured
computer routine with which the coefficients of outp At data. Y,-y., are shown in Table 1.

E.
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RESULiTS AND DISCU SSION in wiear intensit% to about 50" t 1tN Infi'al N~alue;
at I Nipa then it gradually Increased wNith increase

The test results are presented in twvo forms: three inl pre.SUre. Aklo. inlcreasilng_ initial lvimrcratu11;re
dimensional ýspatial) diagramns and contour forms, tends to it sharp increase in) %%ear nintnsity at I.ivN
Wear intensitv. 1,. coefficient of friction. u. and pressure. but it tends to reduce \scar inte~nsit\ at
final temperature, t,. asfunctions, of contact pres- high pressure.
sure. p. sliding speed. v, and initial temperature. Figure 31 sb s's that there is, an increase In the

Iare -shown in Figs 2-9). coefficit of' friction x' nh increase Ill Ci inact
pressure regardlessý of the initial temperature.

(a) The effect of mnotion paramneters (p. v'. 1)on Figure 31 b shows- that the coefficient of trcieton
"c~ar intensity and coefficient of friction increases graduall\ vl th increasing, initial tem-

perature and mu1LCh tmore rapidl\ "~ith increasing,
Figures 2 and 3 show the wear intensitv and co- prssre'his niav be attributed to the taCt that,
efficient of friction versuis the contact pressure the coefficient of friction of ptfe is generally tide-
and initial temiperature at the sliding speed of' 2-5 pendent of temiperature in the hi.0h itempeiraturek
mns. FiLgure 2, b indicates that. at low initial 0cmr- ranve."
perature of 2i 0C. wecar intensity starts to increase F-igures 2; b) and 3) 1b s howý that there is, a re,!ion)
rapidly above at contact pressure of about I Mpa. of' lowý Initial temperature and lossý contact pre,
At th i hiiiltmeaue f9l.icesn sure where both the coefficient of friction and]

the contact pressure results in a graduall decrease 'ksear intensity are relatively lowý the hatched
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Figt. 6. Vvc~n- iflenfsitN ot a PttC-hasCd cornPOsItC 'Aiding Fig. 7. (oefficicnt of friction of a lirfe-hased cornposite
acai ns ai Ite dis~c at' initial tcrnpcraturc of 60':(' in two slid ini, againfst a qtcc disc at initial tenmpc rat nrc ol A0_( in

lortnl: a Npatial: 11 contour. t-% i yrtw a -patial: h b c ntouor.

atrcasrwhcre 11•3 pm/km at P= 005-1- 5 MPa. o1, sive theory of friction ot thermoplastic polymers
uip to 60'C and l -03 at P= 0-05-05 Mpa, r up as follows: on the sliding surface of the steel coun-

to I ( 0 C. terpart, the spread-bronze metallic film is coated

Figures 4 aind 5 depict the results of wear with a ptfc film which smoothes the surface result-

intensity and coefficient of friction versus the slid- ing in a reduced degree of interaction between the

ing speed Lnd contact pressure at an initial tern- bulk materials in contact, this tends to reduce rri.-

perature of 25'C. It can be observed that wear tion.
intensity and coefficient of friction both increase The same effects, as in Figs 4 and 5, are shown
with increasing contact pressure. regardless of the in Figs 6 and 7 but at a relatively high initial tcn-
sliding speed. Increasing sliding speed has almost perature of 6pr r. It is seen that there is less
no effect on wear intensity and coefficient of fric- change in wear intensity and coefficient of friction
tion. In Figs 4(b) and 5(b), can he seen another with contact pressure and sliding speed at that
area of moti.n parameters (the hatched areas) temperature than at 25iC. however both have
where the wear intensity is a minimum and the higher initial values. Also from Figs 6 and 7 it can
coefficient of friction still has a low value (1 th4 be seen that, at severe friction conditions (high

dm/km and p!•0r2 at p=s005-07 Wt, sliding speed and high contact pressure), the wear
v =0 5-25 rn/s and t cf=c25eC). This may be intensity and coefficient of friction attained high
explained on the grounds of the mechanical-adhe- values (1, = 13 pm/km andls = 074 at v = 2-5 n/s.cofiinIffito tl a o au !< ese ht tsvr rcincniin hg
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p= 2 MPa and p= 60°C . This may be attributed sure and/or sliding speed. While, at 9,5CC. therc is
to a partial degradation of ptfe resulting in an almost no effect of increasing con tact pressure on
increase of metal to metal contact of the two slid- the final temperature of friction except at high
ing surfaces. This caused an increase in the adhe- sliding speed. Fig. 9.L On the other hand. increas-
slon contribution to the process of friction. ing sliding speed tends to a gradual increase in the
increasing the friction coefficient and resulting in final temperature. regardless of the contact pres-
more rapid wear of the composite.1 III sure.

{b) The effect of motion parameters (p. v, ip) on
the final temperature of friction ('ON(L.USIO)NS

The effect of sliding speed and contact pressure From the conducted experimental friction and
onl the resultant final temperature of friction is wear tests of ptfe filling with bronze powder rub-
shown in Figs 8 and 9 from initial temperatures of hing against a steel counterpart at different
60°(7 and 95"CC, respectively. It is obvious that the motion parameters. the following conclusions
value of the final temperature is determined by could be drawn:
the value of the initial temperature and by the fact (I) There are two regions of motion para-
that it increases with in.ieasing sliding speed. meters where wear intensity and the coeffi-
Figure 8(a), :p---- 600C, indicates that the final tern- cient of friction both have low values. It is

perature increa.';es with increasing contact pres- advantageous for the designer to predict

2
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Designing for damage tolerant bonded joints

R. Jones, W. K. Chiu & J. Paul
)etfno e Si•ence and li'chnoiov ( )minisationA. .irftwnes and I. aginex DiiPvitio. .s-Aeronnau- -u lwc•rn hI Iahoratowrt, Y1_opiowi

Sr, Pt. Melbourne, I icforia 3207, A tstralta

This paper discusses the damuge tolerant design methodology for adhesively
bonded joints and bonded repairs, Attention is focused on the effects of rate
dependence, creep, and strain/load holds on the load carrving pertormance of
structural adhesiý es.

I INTRODUCTION United States Fcderal Aviation Recgulations
(FARt Part 25.57 ! at Amendment 45.

The research undertaken as part of the Primary 2) The repair of any structural component
Adhesively Bonded Structure Technology which contains damage sufficient to reduce
iPABST program' revealed that adhesively the aircraft structure to below design limit
bonded structures are significantly more tolerant load residual strength shall not normallv heto large disbonds than had previously been attempted,

thought. The PABST fuselage was made using 3) Service time degradation. environmental
"development' tooling and contained a number of and impact damage substantiation evidence
significant flaws. These flaws did net grow during shall be provided for the composite
testing., Similarly, the environmental fatigue test- material and the structural bond. as appro-
mg of representative coupons did not damage the priate to the design. This should include
adhesive bonds.' sufficient work to enable the composite

Following this work it was shown (see Ref. 3) repair to meet the intent of the damage
that externally bonded composite patches were an tolerance requirements.
effective method of repairing cracked, or 14) Quality control considerations should
damaged, structural components. Whilst this include, for all critical areas, wedge testing
repair methodology was first used to repair cracks of bond strips produced during the repair
in military aircraft it has recently been applied to process.
civilian aircraft. An application to Boeing 727 and The pur pose of this report is to discuss the design
747 aircraft is described in Refs 4 and 5, which methodology for the damage tolerant design of
outline a series of flight demonstrator programs, bonded joints and, by analogy. composite repairs
whilst repair to the keel beam of a Boeing 767 air- to cracked metallic structural components.
craft is described in Ref. 6. A summary of the In the CAA Airworthiness Advisory Circular it
relevant structural design consideration is given in was stated that:
Rcf. 7.

In 1990, with the support of the Australian ... civil requirements do not mandate an initial
Civil Aviation Authority (CAA), a world wide flaw approach. However, it is often convenient
study into the commercial application of this tech- to do so and this may reduce the threshold
nology was performed, see Ref. 8. Thirty four fatigue testing requirement. This may be in
organisations in eight countries, including 10 recognition of leaving the initial crack in the
manufacturers and seven regulatory authorities metal unchanged but also may cover the pre-
were consulted. The following proposed design sence of an unbonded region in the joint.
rules and procedures were subsequently adopted In light of these comments the initial PABST
by the(?AA: viz. methodology, see Ref. 9, has recently been

(I) Designs shall be substantiated against the extended to include damage tolerance considera-
Damage Tolerance provisions of the tions, see Ref. 10. In Ref. 10 this work was sub-
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stantiated by a series of' fati-ue test pro-rm in sraini hold the stress decavN to an aimt ot, c

which the Joints contained either in-built disbonds value which is independent of' the ,tramn rate and
and/'or impact damag C. of the value at Awhich the strain wNas field. As such

these formulae are only applicable for loadint-
which is strictly monototnic. [his luimitationi cani bc

2 DESIGN METHODOLOGY removed by modifying~ eqn V3 as follo.\ si

2.1 Maximum load carr~ing capacity 4L1 K-L
where It" is the irreversible. i.e. inelastic, enerizv

The results of the PABST tIct pi og am lcd to the resultingz from either a load dwVell or a strain hold.
w idespread acceptance of several simple formulae In gzeneral W1 will depend on the loading rate.
for calculatintz the maximi~rm load carrying capac- However. for strain holds the quantit\ IV' can be
itv of a bondfed joint. For a symmetrical bonded approximated by the formula:
joint, sub Jected to a uniform remote tensile stress. I'
it was sugtzested" that failure will occur when '

l~*the maximum value of' th', strain energy where Fis the Young's modulus, of the adhesive.
density in the bond, equals it', the maximum per- a, is the maximum value of the Von Mises equi-
missible value of the strain enerov densitv of the valent stress in the adhesive and uq, is the thres,-
adhesive as determined from a thick adherend hold. i.e. the endurance, levecl of the vonMse
test. i.e. when equ~ivalent stress. As shown in Ref. 1(0 dijlst the

It wNas also shown, see Ref. 9. that for thin ad-
hecrends the maxinium load. that can be car- 40

ried b\- the bond wvas rektcd to by the
formulae: 

3

Here L' is the Young's modulus of the adherends 20 /
sknwhilst i and T are the thicknesses of the

adhicsive and the adherend respectively. see Fig. 1.
Consequently, f-or a symmetrical -thin skinned'
bonded joint. subj, ected to a uniform remote
tensile stress, the maximum load Pr~that can be 00030

carried by the bond was given. see Ref. 9. as:

11,, 2, t W, L Ti (3

The analysis used. in Ref. 9, to determine these -

formulae made no explicit allowance f'or the 4

effe cts of' load dwells or strain holds. This effect,I
which can be quite significant, is shown in Fig. 2
for the thin film adhesive FM73 at v~arious strain/
rates. Note that, as can be seen in Fig. 1~ during a ~

20
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von hMises equivalent stress a. is strain rate of the joint. In this region, which is the peak shear
dependent the threshold stress hT, is strain rate stress region, the inner adhcrend skin: experi-
independent. "Here it should be noted that for ences significant comprcs,,sivc normal peel
pure shear problems Y- equals 3 r_'.) stresses. As such cqns 3 and 4 are only \ alid lot

A conservative estimate for t is obtained by thin skinned structures. [-or aluminium alloy skins
using the value of a, obtained from test data at they are questionable when the skin thicknscs, is,
high strain rates. For FM73 this value, at room greater than approximatel. 3 vmm
temperature, is appro.ximately 40 MPa. see Ref. [he assumption that each point is on a singlc
It). For FM73 the room temperature 'threshold' rate independent stress/strain curve is also ques-
stress ah, is approximately 25 MPa. which cor- tionable. As shown in Ref. IWi adhesives arc
responds to a -threshold' energy W of 0-416 MPa. strongly rate dependent. The linear elastic solu-
As can be seen from Table 1 the 'threshold' stress tion for the strain in the joint yields strain, sO hich
corresponds to the lower limit of the yield shear vary from a minimum of zero in the centre of the
stress. i.e. the value of the yield isheari stress at joint to a maximum of
vanishingly small strain rates. =

During strain holds, which frequently occur !

during proof tests, in laboratory testing and in at the ends. Itere r, I= P'!2. P is the applied load.
pressurised fuselage structures, the recoverable T,, is the average shear stress. 6'. is the Ohcar
i.e. elastic strain energy is converted into irrever- modulus of the adhesive and ;, = 2(I,, Ln If it

sihi energy, and as such is a direct reflection of took t,, s to apply the load then the strain ratc in
the degradation of the adhesive. The boron/epoxy the adhesive would vary from zero. in the centre
reinforcement Idoubler to a FI Il wing pivot fit- of the joint, to a maximum value of ; at tihy:
ting is an interesting cxample which illustrates the ends. As can be seen from Table I this would
importance of this effect. Here the doubler is result in a significant range of the apparent yield
bonded to the wind pivot fitting under load. In stress'.
one instance, due to a problem in the application As a result of this effect each point in the adhc-
process. a doubler disbond,.d during a ;train sive can be expected to be on a different, time

survey. This failure, which is documented in Ref. dependent. stress/strain curve. As load is shed
11. did not occur instantaneously, upon corn- from the adhesive at the ends of the joint, due to
mencement of the strain hold, and took a sig- the onset of plasticity, it can be expected that. at
nificant time to occur. points away from the ends. the local strain rate

It is important to note the fundamental assump- will increase. Consequently. it is anticipated that
tions underlying eqn t3 1. These are: any given point in the adhesive will not remain on

iIn the adherends (skin! the shear stress and a single stresslstrain curve. Initially it will. in

the normal stress (peel) are negligible. general, lie on a 'low' strain rate curve and ýub-
ii Each point in the adhesive lies on the same, sequently move to a series of 'higher' strain rate

i.e. unique, rate independent stress/strain curves as the load increases. Whilst this effect may
curve. uq rinvalidate the formulae, derived in Ref. 9, for thecurve.shear stresses and strain the expression o the

The first assumption is only true for thin ad- strain energy W remains unchanged. This pheno-
herends. For 3-175 mm thick aluminium alloy menon will be clarified in Section 3. As a result
skins it has been shown, both experimentally and eqns (3) and (4) are still applicable.
analytically. " that this assumption is invalid over
a distance of approximately 2 mm on either side 2.2 Damage tolerance considerations

For bonded structures the PABST program
lable I. Yield shear stress and elastic shear modulus of revealed that, for thin skinned structures, the use

FM73 at various strain rates of da/dn calculations, to life a bonded joint, is
-... ... .. often inappropriate and, in some instances, poten-

Strainrate s 'i Yield stress(MPa) Shear modulus(MPa) tialy detrimental, see Ref. 2. For such structures
----------------------- tia---

X-6gc-5 26.78 753 the bond (joint) can be designed such that damage
8,78e-4 32.81 746 will not initiate. Furthermore, if the bond is found
8.07e-3 35.94 766 to contain damage, i.e. delaminations or disbonds.
- 3..... 758................ .. then this damage will not grow, even under
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adverse environmental conditions. see Refs 2, 4, 8. typical widc-bodied transport aircraft the peak
10. 13. In this case the Joint should be designed (limit fuselage strain is approximately 0-0)013. see
such that the stresses and strains in the adhesive Ref. 13.j 1T further illustrate the need to keep
are below a limiting value, which is termed the below the endurance level consider the case
"-threshold.' or endurance, value for the particular where this joint experiences a load spectra con-
adhesive, see Ref. 10 and Chapters 4 and 6 in Ref. sisting of thc l'ollowing loading blocks: A strain

excursion, in the !remote! adhercnd. \%ith
To address the damage tolerant requirements c,,,, ='0-00 and 0-00.. = 1))131 here the maximum

inherent in the CAA Airworthiness Advisorx. strain is achieved in 0-59 s. , Using eqn 6 this
Circular it is possible to define the fatigue "thres- corresponds to a maximunm shear strain. in the
hoid load P.. and the associated fatigue 'thresh- adhesive, of approximately 01-0)52. and an asso-
old' strain &. below which irreversible damage in ciated strain rate of approximatelv 0-0)0 s , .This
the adhesive \\ill not occur, see Ref. 1(0. For "thin' strain rate corresponds approximatcl\ to Ihe
adherends skins this is done, as in eqns I and fastest rate given in Table 1. At this rate the strain
3 from the formulae: excursion corresponds to a stress excursion in thc

adhesive of approximately 39 MPa. [his strain
= 21, Fl I: / 7 excursion is then followed by a 2-s strain hold. i.e.

'.it V,,',,= (0()(31. after which the specimen is
unloaded to zero load.

wshere IW, is the 'threshold' value of the strain The initial strain excursion produces. in the
energy densir' of the adhesive. i.e. the value below adhesive, very little inelastic strain. Hoi\ever. the
whichý irreversible effects will not occur.The value 2-s strain hold results in an inelastic strain, in the
of It, can be determined experimentally using the adhesive, of approximately t0-( 19,. w\hich accumu-
thick adherend test specimen, see Ref. 10. In this lates with each consecutive strain hold. Hoc, cver.
case irreversible damage will not occur. For FM73 the maximum strain that the adhesive can tolcraie
the threshold' stress is approximately 25 MPa. is approximately 0-7. Thus as a first approxima-
which corresponds to a 'threshold' energy W, of tion the joint can be expected to withstand of the
0-416 MPa. see Ref. 1O. order of 40 such blocks of loading, after which

For aerospace applications PM,1\. as calculated delamination damage can be expected to initiate.
from eqn .3 should be greater than the ultimate (A similar ratcheting' process can be st.en in the
load for the component and the value of P,,. experimental test data given in Ref. 10. This
calculated using eqns 7 i or (8 i, should be greater damage can subsequently be expected to result in
than the limit load ,strainm. In general if the fatigue failure. On the other hand taking, as a con-
requirement for Pf, r, is met then the requirement servative estimate, It! to be 25 MPa. we obtain
for I ... will usually be satisfied. However, there P,1 I,,/ 1to be in excess of 1000 MPa. which is wvell
,will be instances when it is not possible to meet above the strength of most aluminium alloys.
the requirement for f, r . In these cases the adhe- This example illustrates how a joint may fail in
sive joint may still exhibit an adequate fatigue life. fatigue at a strain/stress well beneath the ultimate
For bonded composite repairs this means that if load carrying capacity of the joint and highlights
FAR 25 tPart 25.571 i and the associated damage the need to consider fatigue implications in the
tolerant requirements are to be met. see Section 1, design process. By reducing c,, the number of
then a more detailed fatigue analysis of the joint cycles that can be withstood is increased. Ilow-
possibly including coupon tests, both with and ever, if the skin thickness had been increased, to
without damage. in an aggressive environment, i.e. say T= 3 mm, then to achieve a similar degrada-
a hot wet 3-5--5% salt environment, may be tion in the fatigue performance of the joint would
required. However. it should be noted that for require a lower value of i.e. approximately
composite repairs the fatigue life of the repaired 0-00 I 8 for the case when T= 3 mm.
structure only needs to be greater than that of the In previous sections we have seen that when
undamaged structure. designing a bonded joint, the stress/strain

As an example let us consider a typical 'thin response of the adhesive plays a central role in
skin' joint where tu0-2 mm, T= 1-2 mm and determining both the load carrying capacity and
I,- = 70 (iPa. This results in a threshold strain rf of the fatigue performance of the joint. see Refs I. 2.
approximately 0-002 which, in many cases, would 9, 10. An analytical representation for this rate
be above the limit strain for the component. (For a dependent stress/strain response, which uses a



'State Variable' approach and which can be irnple- [or this geometry the miaxiunum value of the
mented on an IBMLv PC. is uiven in Ref. 10. The strain eniergy density w ,ork .ý ýNas calculated f rom
computational advantage of expressing the the results Of anl elastic. an incremntCIAl elastic
-fatiogue threshold' load P~, in terms of the quantity plastic and a rate dependent elastic -plastic iaka~-
IV'_ rather than the associated stress or strain sis. see Re's W (. I 5 hr details. -1 he resultan t
threshold valueIs, was discussed in Ref. W ( and will values are given in 'lable 2 for a remote stesin
also be discussed in the next section. the adherends of 900)( MPa. Here we scc that the

differences, in the calculated values for- thc strain
cnergy. wecre approximaclv 5", and \X crc simiaiki
to the differences given byv the rite independent

3 RATE DEPENDENT ANALYtSIS OF analysis. This w\ork can thus bec eenl ito support
BONDED -JOINTS the f'undamen~tal ass1umptian. underlying' the

simple design fo rmulae developed in Ref. ) ats

To evaluate the effect of the loading rate on the part of the PA BST pograim. that atlthonhh adhe11-
critical design variables we will consider the siveclv bonded joints are Ntronglx rate dependent
specific joint analyscd in Ref". 1.4. Here. as in Ref. temaXiMUM Value of the critical design variab1le.
1-4. the elastic shear modulus 6 of the adhesive i.e. the maximum value of the strain Qenre'\ ;n the
was taken as 750 MPa. the overlap length. 1. of the joint, is relatively rate indepecndcnit.
-joint wNas 100 mm. the adhesive thickness. t. Was
0-2 mm. anid the adherend thicknesses, T2 were --- .--

Y 17 i mm whilst the remote stress in the adher-
end s w~as 900 MPa. An elastic, a traditional
incremental elastic-plastic and an clastic-plastic
rate dependent finite element analysis of this. joint
wvas performed using the miesh describe(] in Ref.
14. see Fia. 3. with four elements across the adhe-
si' c layer. In this work the adhesive properties
were taken to be as for FM73 with the strain rate
dependence as measured in Ref. iW. Here it was
found that for FM.731 the slope of the post yield
Curve wkas essentially rate independent and -was C"
approximately 5 'MPa. 'The strain rate depend-/
ence of the yield stress wa,- given in Table I . -I

However, for comparative purposes a variety of
post vield slopes were also considered. see Table

Fig. 3. C tI ti in ' tcm i t'h

I-able 2. Effect of %tratin rate
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Vvhilst the strain ';crvwas relati\ cl, insensi- st rain rato: at cachi po int in) thle ad1hcsrI~ 1, is diich cia1

tive to strain rate ,.ect, thle indiVIdIual streCss and and vaie %ith t111e. It Is thus apparet.,~ that 11
stIrain componentts were not. This can he seen inI singleI strssstrin cuv is applicable and thatlt o
F ig. 4 where, for point A. the equivaClet eachi point, thle appropriate en 1 i delter mind
strecss-equtiialcn t %train relationship is plotited 10 r hX thle lo cal strain rate at that inistant (11 tim1w.
the tw\o cases when the ioad was applied Over Is
and 100t s rcspectivel\.

At anxý kyven point, the strain r-ate and hence 4 IMPLICATIONS FOR (O-CURFI
the associated srsstancurve also vary wýith (OMPOS11lI J -OINTS
time. Once the inelastic irreversible process, comi-
miences. there are three effects. Since the post- "[hle prc\iows analysis, has, coneeniti aed on adhet
yIied slIope Is small, the -resistance' to any Increase sIVel\ bonded j dutst ý\ here tile load is transmintited.
In load Is lowered. This effect te!nds to increase via shecar. throMI'h the- adheiveI\ la~ en Ss I1IetI~CI(
the strain rate. Flowevcer. as thle yielded reizion c -enred composite ti nits are srie'htsmlrin
becomecs largecr this 'local' rin, hich Is less that the load is transmit ted \ ja in ictrlariniar lrI

stiff. ,)Iheds load. T]his effect tnsto redce,.C thle in the coirnpt ite We als,- knm r thait, in h".

local st rain rate. [--\entUall, .a stayState" level is, composite miaterials behave in a 1Lishi imila ,111L1 ,
reached.L These three phienomecna can be seen in adhesi~ces. see Ref. I16. 10 illustrate tbis a simple
1-iU. \. where the str-ain rate behaviour of' thle t ( rail shear test \\as perftormed In atc trdance,
adheIlsive is, plotted for)I p)oints at various1 distancesý ~ Ith ASi I-% test( stardzird D-4.2 4§ - met hodt.
fro m po int A. 1 nitiall% thle Iirirt ef'fet do minates,. 1 he test specimen kas, at 1 30 itt aI 4 it-raphi te
I henI as load shed~dinge becomes more do minant epoxy laminate ýx ith a .'tIpye ni i~u r011J1atitti Of
th: strain redu11ces to a steady state \ aluc. The dlimenslions., 7() mm11 1\ 1* 5211mm. 1Ilk he tesse r

perfo rmed ]in strain con trol. I ets i rc ,ils(
performed duing-il M IcI thle strain \\as, held ctlil -

- s~~tan t. until thle stress reached Its as\vmptr lievaIte
.................. at various strain levelsl,. A typicalsha

stress-shear strain curveC is III eniH~g i ere.
- ~~~~ after the seci md strain ho ld the specimn' \a

unloaded and then reloaded at thle sami ;n.train
50- rate.

0 iscThe comiposite behavi0ior, as -,I\ en in F-ig. 0. is,
3') ~t 100sec quite similar to that slhtmni in F'ig. 2 for the thin

film adhecsive FM1 73. In bN th cases, during, a strain
20 hold the stress relaxes to an asvm ptotic level

'C ' regardless of' thile stirain lc vel. [Hie slope of thle
C " ~------r--"--- --- ~-~ rtlo idin.. cur c. lollo\\ ing ciflh: a strain hol or
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Equivalent 5train
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Fit,~, 5 Siitram rate -fini re rc tui nship att vatrious foc tat jois, in

the adhesive layer. Fig. 6. Stiresistrain response of 1F300"t) 14.



Lill l~ding. is parallel to its initial elastic curve- >41 ;anci \/tij i10\VI
I'his imiplies a 'trad~itional'. ice. inctal-like. inelastic
behaviour. :Vs Such coI1\ctltiort:I t'o-t-1111ililt [O1 r Tm/l 'L/ \. M/_I~.i 1 1 /iI

the lo~ad carrvin~g cap~aeitA. and dUrnbilitN. of' co- ncil.I/IL ~//.!.Im~...
curedCL jOi iits need to he eXtenlded Ifo Il o\\ [r11115- thi "ll'I/I ./h) lil R 'al/f k~ 11<1i. s
time dependent beha iou r. Miller Initino. Ii \1c, ai'di' I"H IV I(

01. JoncN. R [if \ , I 'tuIIN

5 CONCLUSION I/II/ !wr'!d!\it S~h ~IIi ~ i
I')" 213.

This rcpoi has presented the extended PABS[TI~R~ 1<..( t'icl/i tdI.llt~ (d OW ~/ wi 111 f
phil- sty~hv for the dantauzc tolerant d es iun i 4 Will RCsIpa. NMcth 1 'ifrw, Nk'l ' r!m ! it 1, 1

adl ixClv bonded jinmts. Inl this appro)ach the I iudI\irIi.ilNV')iI\
adhcsivc stress"s and strains arc kept beneath S wip cwLq ~~,qt ow
their threshold values These thireshold values 1/ Ti a. (at IncKl mrcilt lur '/.c
hax e becn presented fo(-r the thin hilm, adhesix e (.nuu ' ua! //Ia,. ''P: '

F \1 71 hich is %idel uLed in aerospace applica. "k R Joflcs & \ J \ii~ iitzo

thns. [he str-ess strain re wspose tis b adhcsix e. I /ifl-slinth. 1 .1 A/li/'lw xlsdm /l '!
at x arioluv t ain rates. log ether \x it h the associated N AS.\ I inlo c-scir Ii cant,' R 1 \
valuec f it'It is presented in Ref. IttQ as As an anah - I 12235.antr%. '/7.1

lt(Itn. W\ K.. Rccý D_( 1i. (hlkl,% 11 k IRl1tieal repr esenitation fior the rate depenldent In,-, lof dinamgc liclajin A.pti \RE \11,1,1!!
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Stress and strength analysis of composite joints
using direct boundary element method

Chien-Chang Lin & Chuen-Horng Lin
(Int xItO al' of A1 pplu'd A IaItheirtatics. AtionalU Chung~- It lyig LUzi 'ersrv. lait huoitg la" Iuta

In hibi paper. the stress distribution and the strength of bolted joints of ortho-
tropic composite plates under uniform loadine aire in'.estigated. A direct
boundary element method wvith quadratic isoparametric elements in conjunFc-
tion w~ithý a fundamental solution. derived by Rizzo and Shippy i, used, Plaites
"usih rigid bolts aire treated as two-dimensional plane stress problems, and the
bolt st/c is considered ito be identical to the hole dimension. Thle prediction ol
the laminate ,trcnu~th is based oin the Yamada--Suný failure criterion. Siomm
numerical results for .arious edge distances, and material properties are pre-
"et-ited for illustraiti'.e purposes.

NOTrATION' with the strength of stingle-hole -ointS,. In I1980,.
Ogonowski4 used the complex variable technique

1) Hole diarreter in conjunction with boundary collocati in pro-
1. dge distance cedure to determine the Stress concentration at ai

k, Y~uniz's modulus in the longtitudinal Circular hole of at laminated finite plate. hi I ()8"_
direction C'hang ý'! a!. studied the stress distribution a-nd

I.. Young's mnodulus In the transverse direc- the failure load of' a lamninate 1w Usine a finite
tionl element method. UJsing at compulationallh

(,. Shear densitN efficient finite element model. LakshminaravanaW
II Thickness of the plate in 1 983 presented a study onl the problem of aj
L entho te laesemi-circular edge-notch in at laminated compo-

I?, R?, Characteristic len(-,ths, site plate of ftmite size under uniaxial tension. In
Shecar strength of a cross-ply laminate 1 984. Chang~ and Scott- presented the stre~s

fi Width of the plate distribution in the laminate using a finite element
X LoAngitudinal tensile strength of each ply method and the failure load and mode for at joint

containing, one or two pin-loaded holes. Also

Poissn's atioZhang and Ueng' in 1984 used the complex stress
function which satisfies the dlisplacemenit

INTFRODI(TI()N 'boundary condit ions along the hole to obtain an
analytical solution of stress around a pin-loaded

Increasing applications of composite materials in hole in an orthotropic laminate. In I1986. Mivaha-
aircraft structures have motivated the present yerin and Sikarskin" developed an efficient
investigation on the stress concentration and boundary element method for use in the analysis
strength of bolted joints. Limited work in this area of mechanically fastened composite structures.
is available in the open literature, and the authors In this study, stress concentrations are deter-
are niot aware of any existing closed form solution mined by a direct boundary clement method with
for this. problem concerning orthotropic plates. quadratic isoparametric element formulation, and
However. there are studies for Stress and strength the fundamental solution for two-dimensional
analysis for bolted joints of orthotropic plates problems for orthotropic elastic material is used.
using various numerical methods. For the strength of bolted j Ioints of laminated

In 1979, Pyner and Matthews Imade an experi- orthota opic plate, rhe analysis IS based on the
mental investigation on the strength of a variety of characteristic curve for plate failure derived from
multi-hole ioints. 'Their results were compared the Yamada--Sun failure criterion. A comparison

209)
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of the numerical rcsuilt\, based on the presenlt in 1 which weC h1;1\ Inude u\,c 0eqn3
method \,\ith other methlods shows that the 10llo%ý ing Mnipu1-lation)fI 11'LII I th nIt orce
present direct boundar\ element method is sig-- :InI the: second terml ()n ihec IA i-hand-

tniticantly more efficient In computational timec side of CqnI
and cost for comnparable aIccuracy.

z I?:u dl, c z4 A I I :

STRESS ANALYSI1S

Direct boundary element method A 11 L U c dZ

The direct 131: \1 Lan most conveniently be f. )rmu~- Te~~tr sax olmnt l h nerl
lated through thle reciprocal work theorem. The
theorem states that: if two distinct elastic cLJU- inteqnij and \ chalmN be, fat redlý qniid -4 each1
libriumn statcs 0*, t*> u* 0'~. 1. Ili, exist inl a itga ~hc lo~su i\ ieei w

b~termi can further bic simpliticd b\ noitingL that
region )'hunded 1, the surface X. the work done
I,\ the forces of the first systemn * oil the disl-
placements of the second is equal to the work
done hy thle forces of the second svstemn on the
displacemients of the first * h'.according to
Ba~ncrice and Butterfield.'"

N1. U xdv-I + 0 z II ,(1-Z

in w~hich the indeN ll= I correcsponds to points,

* *within I' corresi onds to poUints II S. and
-'ý ;(I )ds x I* d:z1 1 corresponds to points, ouitside oI V. Ilenec

wheexsaoijonaI irorneqn 4;. we arrive at

and 6, res pectively. and the *denotes those
quantities corresponding to a unit freapidi
an infinite solid. 4

Wesalrequire 1h tractato ~ .v atJ
point .i,s onl a surface with outward normal 111,
determined fromn Since no body force Is considered in thc situdy

,~-=0XfAeIK then

Substitutifng cqns 2 1- i(] 13 1in eqin I) we
I ibtainl where x locates an interior point and It for a

fboundary point,.t is the suirface traction, and It, is1

X. 14j ý1. i ix + 6 . ý)if~vz the displacement vector.

Fundamental solu' rn

~x(;"X. ds x A symmetrically stacked laminated plate (A~nsist-

ing of N orthotropic lamina subjected to inplanc
loads as shown in !H*g. I is considered. The rc-

+ 0 (Z d1, z(4) lationship between the inplane stress resutltants
fl and the strain components based onl the classical
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.Vtres.• atid Il;'n,9,1t1 a'ltb (•1 , t I o( VI C /Oi/I i ls

V in which

I I --V , *-',

1:, " 1;. 1:, I .

aic the compliance. tic ,trcss .; and displac,-
.ment g1radients it,, ar e mean value•s taken thr )ugwl

1ig. I. (corn trv and COorJI IIf Cý Of aW co p itC , )the thickness of thc lam inate.
According to Rliio and Shippv.I -.arioUs,

quantities are taken as follohwvs:

( Is. =K a•t . In r, -,a ..\ In r.

lamination 
theory is

V' j = - ,A int,[ - " I 1 1
! G" . l. I ; - K ,, . In t- I

" - ' t ¢L ,,(lK,,U , ISi

V- /1=K, A. A 0)10

In which 0" arc the reduced stitfiesses and I?, is 13
the chickncss of the kth laver. e-1 f. t-p.

Itu csl th e t At ' a n d ..: , t e r n m s a re z e r o . e q n I.! . =' K . k . , • • r • ' 1 ( t I ,

in which
w'hich is thec constitutive equation for the plane1

clasticitv problem for a specially orthotropic K,
laminate. ...- (L

The effective engincerinm !roperties for

balanced and symmetric laminat, arC determined ' = . -- ai

from the a1tffncss constants. A,. The effective

longitudinal YounLi's modulus beccms rM x

I A. 1 A A ,.. - izA.,A. the transverse Young s .t

m(odulus I", A, A A "'- )/A 1. the longitudi-
nal Poissonr's rato vi,, A,/=A /I,./ .and the shear,,,tan

modulus (;,, A,,. . ,=ln (j
The Hooke's law for plane stress distribution

for orthotropic plates takes the form/ r I

, +~ where the value'; of at, are generally real and
positive for a large number of materials, and the

u,, +, 4'~, ..--.,,,, J,,present study is limited to this class of materials.
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Strcss and displacement of interior points ),,. = + c,

For solving boundary value problems in plane
elasticity using the fundamental solution, displace- __, +

ment and traction at each boundary element are D)'_2 =(.6h +

given. As a result, we will use the following
equation with the known values of displacements
and tractions from the boundary points: 8I11 = I + C

i,!) )= ' (;,,_x. •: ids(x) t "(X,)

a,S -1 , I , , C I) + c , •

- ( i )(x. • d 14) 31, ti..•(, S,:. c .3S + . _'

Once the displacements at interior points
j x. • are given, the stress at interior points can OF'. ,k:

be determined from the following stress-strain S... c: -+

relation.

af-, at",iC-1 ,0 S I..... ....
, 1 c 0 (151

0-0 at-. t-
*S 1 C66~ + (,h

in which c, =A ,IHand His the plate thickness.
While u i. , u. t. + ui,, are unknown in eqn

15!, they can be determined by using eqn (14).
and the stress components may be expressed as STRENGTH ANALYSIS
follows:

"f ()lFor the determination of the strength of a bolted
U= D, l',dS(x) t ,(XA joint before failure, the failure strength and

/ 'location of failure initiation may be predicted by
adopting a failure criterion. Vhe present study

-~ d.x(16) follows the lfiilure criterion proposed by Yaimada
and Sun.' The criterion proposed below is based
on the assumption that all constituent lamina fail

in which in the form of cracking along the fiber directions

1 ,=I,• D,,i. . = , ,, and each lamina has substantially higher shear

strength:

D,, = CI -7 + C"2 I+,, _ " = e - 1 failure occurs 17)

k / S, / e < 1 without failure

D1)2I = C II +~
D -, a+ - where a, is the longitudinal stress, a,, is the shear

stress. X is the ply longitudinal strength and S, is
the ply shear strength measured from a symmetric

DI 22 = () 2 + C cross-ply laminate.
042 Locations of failure are determined according

to the characteristic curve established by Chang et

OGI2 2 al./ for loaded holes. The failure is considered to
- -04 occur on the curve for the value of rof the charac-
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teristic curve defined by the following equation: analytical results for the problem were given
previously by Leknitskii et al' 2 The present

r(6) = +R, + (R,,,-,Rocos(O) (18) results, given in Table I compare extremely well
2 with the exact solutions.

in which R,,, and R, are experimentally deter- An orthotropic plate of finite width containing
an unloaded hole is considered next. The analv-mined characteristic lengths for tension and com- tical solutions for the problem were given previ-

pression respectively. ously by Whitney and Nuismer,' and Chang et
To predict the failure or strength of a bolted al.ý The material properties are E,, = 149.8 GPa.

joint, we first determine laminate stress resultants E, = I GPa, G' = 5.39 GPa and v1, = 0-29. The
from the characteristic curve from which we can -- di are 1 = 3-a and vdetermine e from ply-by-ply lamina stresses. geometrical dimensions are Wi!)=3", E/i)= 4.

LID= 14 with the diameter D = 49 mm where W
These e values are proportional to the applied and 1 are the width and length of the plateloandp. aaretthehwidthtandllengtheogovhenpltte
load p. and the highest value of e governs the respectively, and E is the edge distance from the
strength of the joint. When this maximum e= 1. centre of the hole. Results based on the present
the corresponding applied load p =1l, is the failure method as shown in Fig. 3 show excellent agree-
load: ment with the existing analytical solutions.

Pt = - (19)
e 17

NUMERICAL RESULTS AND DISCUSSION 14 **Jft*7i'mt Ti Ao mko •rolhcon

(3 • 0.8.E..v •,outwm

The present analysis using a direct boundary t2

element method in conjunction with quadratic ,, J
isoparametric elements is an accurate and versa-
tile approach for solving elastic orthotropic plate 9 S
problems. Several numerical examples are pre- 8 8
sented here for illustrative purposes. 7,

Isotropic plates s / 'a

To demonstrate the accuracv of the method. the ,/ I
stress distribution in an isotropic annulus plate for 2-.
which the exact solution can be found in any text_ ---
book in elasticity such as the book by Timo- 0
shenko and Goodier" is considered. The material ,o it f7 13 1 4 Y 5 6 17 1,8 1,9 20
properties are E = 2.96 MPa. and v= 0.3. Results
for the annulus having an inside radius rt = 10 cm r -di,-0nto,

and of outside radius r, = 20 cm under the in- Fig. 2. Slress in the isotropic annulus plate under uniform

ternal pressure o = 10 MPa are shown in Fig. 2. internal pressure.

They compare extremely well with the exact solu-
tion given in Ref. 1 1. 'Table I. Stresses in orthotropic plate with a circular

opening
Orthotropic plates

L.oading type Present F Xactsolution solution'.
We first consider an orthotropic rectangular plate i p

with a circular opening under three types of ps!pi

loading considered in Ref. 1 2. They are case (I) Case )I Maximum 5.4694 5,454

tension in the principal direction, case (2) hydro- Minimum -0.7172 -0.71

static tension of a plate, case (3) constrained Case (2) Maximum 4.0607 4-04

pressure of plate. The material properties are Minimum 1-0915 1I09

f, = 1.2 x 105 psi, E, = 0.6 x 105 psi, Case(3) Maximum 0-5389 0.56

G) =()7 x 10' psi and v, 2=0-6568. The
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FinalIy. the strength of a plate made of T300/ occurs at the edge of the hole. It is found that.
SP286(0/ ± 45/90), with the same ply thickness of when 1A/D) is less than two. the longitudinal stress
1.067 mm is investigated. The material properties o, decreases across the width of the plate. and the
are given in Table 2. and the geometrical dimen- stress reverses to compressive near the edge of the
sions are L = 100 mm. W= 25 mm and 1) = 10 plate.
mm. Results on o, along the v-axis are shown in Similarly. the strength of a plate having two
Fig. 4. Obviously, the high stress concentration holes made of AS 3501--6ý0/+45ý`90,. w,\ith

material properties given in Table I. and ply
thickness of 5"283 mm is studied. Results on (1,

8.00 - along the v-axis are given ifl Fig. 5. ()bvious~l\,
-I a- f [ high stress concentration occurs at the edge of the

""6.00 "- £ j hole. It is found that when EiIf) is less than two.
E _.___the longitudinal stress o, decreases across the

' ,sMER-f-HIFrve width of the plate. and the stress reverses to corm-
,.00 -, - - - PRESENT AfETHOD pressive near the edge of the plate.

0:=SPIRNCER

Z.0o _Failure strength

"The strength of a plate made of I+30W).1SP2,86 with
co 'ply thickness of 1.067 mm is investigated. The

.eo ,oo ,.zo ,.40 ,.0 o ,.ao 0.oo results on the strength for I) = 10 mm are shown
DISTANCE YI/ in Fig. 6. Similarly. for the same problem for AS;

Fig. 3. Stresses in a uniformly loaded orthotropic plate 3501 with ply thickness of 5"283 mm. results on
with a free hole. the strength for 1)= 10 mm are given in Fig. 7.

The strength at failure is small foir f/I) less than

400 4.00

,3.50 .3.50

3.00 -1 3.00 -

2.50 - 2.50 -'

2,00 __ E/D = 4.0 2.00 -EiP = 4.o
iEI/D = 2.0 = 2,0

"15 CE,/O = 0. 7 I -- X 1a20 !E/D = iýo
100 1.00O

0-so 0.50 ••,a•,'EO o

0.50 -1 0.5 0

-1 00 - -1-1.00-4
1 00 1.25 1.50 1.75 2.00 2.25 2 -50 1.00 1.25 1.50 1.75 2.00 2.25 2.50

DISTANCE. Y/R DISTANCE, Y/R

Fig. 4. Stresses in a uniformly loaded 1'300/SP286 Fig. 5. Stresses in a uniforml\ loaded ASI 3501-6 laminate
laminate with a loaded hole (where oh = Pidt. with a loaded hole vwhcrc o,,, = I/dt.

Table 2. Lamina material properties

l: 1 .,, vl. X R, R_,,
(GPa ((Pa) (GPa) (GPa) (GIPa) jmm) ýmmý

I1300/SP286 130"0 8,274 5-033 0-3 1"23 0"05 1.092 3-048
AS/3501-6 130)0 13'1 5'86 0-3 1,58 0.12 0-584 1.727

---------



Stress and strength analysis of composit'joints 215

0.00 -- following conclusions can be made:
"(0•. .45/90).

1 1. The present method using the direct
8 .0- • (02/± 45), boundary element with quadratic isopara-

. .. - --- ---. metric element formulation requires less
S- .•-bound!ary conditions than the conventional

60-00o- boundary element method which saves
-- computing time.

"2 Solutions indicate that the E/1) value should
40.00- (0/.: be larger than two for safe design.

3. The stress concentration increases when the
Z o EI) value decreases, and the maximum

strength decreases when the E'/D value
decreases.

0 0,0 -4. The laminate strength depends on material
0.00 2.00 4.00 6.00 800 10.00 •200 properties and stacking sequence of the

E /, D laminate.

Fig. 6. The failure strength of T300/SP286 laminate under
inplane stresses versus -/1) ratio.
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Adhesive interface element for bonding of
laminated plates

Chien-Chang Lin & Tseng-Chung Ko
Institute o0Apptied Mathenatics, Nationdal ("hung-Jising L'niv'ersi.v. "li•iu/nng. laiin-'ti

An isoparametric adhesive interface element is used in the stress analysis of
adhesive-bonded structures. The model assumes that transverse shear and peel
stresses prevail in the adhesive layer. The analyses articulate separate responscs
of the plate. overlays and the adhesive. The stress distribution in the adhesive
layer, obtained for lap joints, is found to be in agreement with those obtained by
previous authors. To extend the use of bonded joints, the deflection of patched
plates under transverse loading and the stress concentration in a plate having a
center hole reinforced by a ring patch are also analyzed. The present element.
together with the eight-node isoparametric plate element based on first order
shear deformation theory used to model the plate and ovcrlay patch. is found to
have an advantage in solving problems of adhesive-bonded structurL s.

1 INTRODUCTION cally as simple tension-shear springs cofnectingl

the plates and patches. Although the method ill
Adhesive-bonded joints have widespread applica- developed for lap-joints, patched plates and
tions in aerospace structures due to their light reinforcement of plate with hole. it can be readily
weight and efficient load transfer characteristics. extended to other bonded joint confiturations.
These can be metal to metal, metal to composite Numerical examples are provided to show the
or composite to composite bonding. The use of influence of the patch on the deflection of the
adhesive in the bonding technique for composite locally patched plate and the stress distribution of
structures has shown the feasibility of adhesive a plate having a center hole reinforced by a ring
joining and stiffening of structural components patch. The present finite element solutions show
subjected to severe environmental and loading good agreement with the published results. The
conditions. For efficient designs of adhesive- element developed is quite general which can
bonded structures, a knowledge of the rela- easily be employed for adhesive-bonded struc-
tionship between plates and adhesive layer is tures.
essential. Most of the existing studies'"" pertain
to the analysis of bonded joints such as lap joints.
In crack patching problems,'' -.2 it is assumed that 2 BONDING PROBLEM DESCRIPTION
the plate and patch are membranes and the
adhesive is a shear spring. However, it is not valid For the elastic analysis of adhesive-bonded struc-
for single side patching because the bending effect tures, the following assumptions are made: ý I !
is neglected. The realm of analysis is extended in deformations are small, and all constituent
this study. While an eight-node isoparametric materials are homogeneous and linearly elastic:
plate element based on the first order shear dcfor- (2) the transverse normal modulus of adhesive is
mation theory' '1 is used to idealize the plate and much lower than that of the plate and overlay
overlay patch, a sixteen-node adhesive interface patch, so that the transverse normal deformation
element for the adhesive layer is developed in the of the plate and overlay is negligible in compari-
present work. son with that of the adhesive, (3) the adhesive is

This paper presents a stress analysis method under the antiplanc stress state, i.e., ,= ,,=

for adhesive-bonded structures under in-plane r,, -0; (4) the peel and shear stresses along the
and transverse loading. The adhesive layers are thickness direction in the adhesive layer arc
assumed to be relatively thin and behave clasti- assumed uniform.

217
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Bonded structures including the plate, adhesive w(x,y,z) =z a.+ w,(xy) 4,

and overlay as shown in Fig. 1, may be viewed as a ,
sandwich structural element. The displacement
components of the adhesive u, v and w are where wv.(x,v) is the displacement in the adhesive
obtained from the equilibrium equations at z=0. Displacements it and v are obtained by

expressed in terms of displacements, and the integrating eqn (3) in conjunction with eqn ý4.

detailed formulation of the problem is presented Along interfaces between patch and adhesive at

here. z = t,, and between plate and adhesive at z =-0. two
From assumptions (3) and (4), there are only independent continuity equations in the x and v

three stresses and their associated strains in the directions respectively become:
adhesive. The stress-strain and strain-displace- I
ment relations are y, (t I - u,- + h, yo, + h, Y,,_

7,: X, rVT = G•, (x,y), o E,:(x,y) (1)

au aw at, ww a y, -(tv -c1+ h + ',+ '
.. . +-- , e=- (2)az ax JZ6Ywhere E, =Young's modulus of the adhesive.

and the equilibrium equations are as follows: tý, = thickness of the adhesive, t, = thickness of the
overlay patch. t, = thickness of the plate. It,. cU,

a (a T"O r,. ()r,+ aa'- w, =displacement components of the overlay.
z 0. +. ax +l, ( 3l V, = rotation components of the overlay. u-.

1'1. w = displacement components of the plate.
Integration of E. in eqn i2) with respect to z in i,,. , = rotation components of the plate, h =

conjunction with u. in eqn (1) results in + t;'). h/1 = (t, + t ".

3 FINITE ELEMENT FORMULATION

Isoparametric plate elements with first order shear deformation are used for both the plate and overlay
patch. They are made of fiber reinforced composites. Referring to the schematic of the isoparametric
adhesive interface element as shown in Fig. I, the adhesive is assumed to experience only the transverse
shear stress r,:, r: and normal stress a.. The total strain energy of an element of the bonded structure
can thus be written as

..+ -ý +- U++ Ki ) + G;,f F y,: + y, id d d+ 11'ý - - dIt dv

in which Q represents the area of the adhesive, and )',, and y, are the transverse shear stramins corre-
sponding to r, and r,, respectively. Here- KP and K, are, respectively, the element stiffness matrices of the
overlay patch and plate. The transpose of the displacement vector 6, for the plate is 6, which is defined
in terms of the nodal point displacements wv ,. t' 1, t, and rotations ,, j 1.2... m) with in = 8
being the number of nodes, i.e.

61 = wl1, phlI , Vi,. . ,, it',, vI1 . i = 1.2,..., 8

Similarly. the same applies to the displacement vector 6p for the overlay patch such that

(),, = w,,, q,, ... •- ,,, u, ,, 1, i = I, 2,.... 8

The evaluation of the area integrals Uu and UJ requires a knowledge of the shear strains ),,,. and ',.: for
the adhesive layer. The shear strains can be found from the relative displacements between the overlay
patch and plate given in eqn (5). The generalized displacement can be written as

iq, =[•.V',. /)I,. ItI"'I I, W2- V2,, V)2,, 112, 1ý21
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where

s

q, = q,,I

•or j ranging from I to 10, and .1' are shape functions. The vector o contains the nodal displacements in
both the overlay patch and plate as follows:

Without going into details, the area integrals in eqn (6) can be expressed in the form

L'X+7U,= G, (7A+ +•y dx dv + w - t')- dx dv = o'I KIj2 f u 2 t:,, • ..

From the strain and nodal displacement relationship, we have

where

I h. 11 1 f 0 . .( () h') , 0 0 Ii 0 h .k 0I - .. ..

=t( l I 0 0 ... ý, 0 0 0 0 -. ! 0 0 0 0 ... -0, (o ( 0 (1 ( i,

The stiffness matrix due to the shear strain can be expressed as

KI Qf f 1Bj1 B~detIJdý di

and the stiffness matrix due to the normal strain can be expressed as

!K ,°,I= -E-f' IB.,j'[B, l det[al dý dql!0

where [J] is the Jacobian matrix which is used to transform the physical coordinates (x.y) to the
curvillinear coordinates (•,7). Both ý and q range between - 1 and + 1. The matrix [KI of an adhesive
interface element for the adhesive layer given by

I Ký,I-- IK_,I + [K, I ( 1

can be evaluated numerically using the 3 x 3 Gaussian point integration procedure.
Finally, by assembling the total stiffness of all elements of an adhesively bonded structure, we obtain

the following equation:

[KI = 2[Ke1 = 11 K,] + IKpI + [K.] (12)

and the stress analysis of bonded structures is established.

11. ....
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4 NUMERICAL EXAMPLES WITH
DISCUSSION - - -

A single lap joint under various loading condi- /// / y A, ....
tions, a patched plate under transverse loading,
and a plate with a center hole reinforced by a ring
patch as shown in Figs 1, 3, 5, respectively, arc--"
considered as examples. The following material -
constants are used: Fig. 2. Finite demnct idcalization ot singde Lip joini

Boron-epoxy:

E, = 2'234 x 10'' N/mrn (3"24 x 107 psi)

E,= E.=2'413 x 10 N/m2 (3350 xl 0" psi) because of the smaller bending stiffness of the
upper adherend. The result-, found in this

G,,= : = GQ = 8"481 x 109 Nim'- example are in agreement with those given in Ref.

(1 123 x 101, psi) 5. The discrepancies are mainly due to the model-
ing of the adhesive for which the peel stress

v,,= 0"23 includes the effect of axial strain in Ref. 5. but is
Aluminum: neglected in this paper. Case ýcý is a lap joint

under bending, and case !d) is a lap joint under
E = 6-895 x 101" N/mr f 107 psi) transverse shear. The v!gh stre,;s concentration at

v=0"3 x=0 for cases (c) and (d) are similar to case b as
shown in Figs 3(c) and (d).

Adhesive: For patched plate problems: a square plate.
E,3"068 x 10 N/m- (4-45 10 psi) a = b = 508 mm, reinforced by bonding an overlayS=3" ' (patch with c =d =0-25a, 0.50a. 0-75a and I.0a. is
Q, = 1-138 x 10" N/m. (1-65 x 105 psi) considered. The patched plate subjected to a

The plate element based on the first order shear uniform transverse load q 1 -0 psi. and the finite
deformation theory is used to idealize the upper element mesh are shown in Fig. i. Numerical

and lower adherend, and the adhesive interface results, when compared with unpatched plates

element is used to idealize the adhesive. The having a thickness of t, 2t and 2t + t,, show that

thickness of adhesive is assumed to be 0-0 16 mm the present analysis is reasonable and the total

in all cases. patching is quite workable. The following three

For single lap joint problems: the finite element cases with different boundary conditions andlamination schemes are considered for this
mesh used for the bonded region of a lap joint is

shown in Fig. 2. Case (a) is a lap joint under purpose:

tension as shown in Fig. 3(a). The calculated (i) A simply supported square aluminum plate
results are presented for aluminum to aluminum is reinforced locally by bonding an aluminum
and aluminum to boron-epoxy combinations, patch. The plate and patch have the same thick-
Both shear and peel stresses in the adhesive are ness of t= 5.08 mm. The nondimensionalized
shown in Figs 3(a) and (b). As the upper adherend deflection, w' = w(,t'E/qa') 10', of patched plate
has the same thickness and material as the lower along x direction is shown in Fig. 4(a). and the
adherend with t = t, = 2"29 mm, we obtain the maximum transverse displacements are given in
symmetric stress distribution about the center of Table 1. In the full plate patch case (d), the deflec-
the bonded joint as shown in Fig. 3(a). The results tion is lower than the unpatched plate with 2t + t,
are in close agreement with previously obtained thickness. Since the simply supported line is on
analytical results given by Goland and Reissner.1  the neutral plane of the plate while the patch edge
For the combination where, the upper adherent is free, the overall stiffness is larger than the
boron-epoxy with t, = 0-762 mm and lower unpatched case due to the shifting of the neutral
adherend is aluminum with t2 = 2.29 mm as case plane. From the numerical results, we have found
(b), the stress concentration of peel stress a and that the patching system is efficient. The reduction
shear stress r at x = 0 as shown in Fig. 3(b) are of deflection is about 30% by only patching 1( of
dramatically greater than those in Fig. 3(a). This is the plate area in case (a).
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Fig. 3. ,Stress distribution in the adhesive for a single lap joint. 1. 25-4 mm, ,**.peel stress. lII for tAI-AIl 5 or
, A-boron j: **** t,. peel stress, present: nc momo, ,shear Stress, 11I for iA I-A I, •. S!, for ilA I-boron ,, A A ,•A A L , shear stre~s,

present).

(ii) For the same problem considered in (i) thickness of each layer for plate and patch is
except the boundary condition is changed from 1.27 mm. The nondimensionalized deflection,
simple support to clamped, the nondimensional- W* = w(c•E,./qa')1()3, of the patched plate along
ized deflection of the patched plate along the x the x direction is shown in Fig. 4(c) and the
direction is shown in Fig. 4(b), and the maximum maximum transverse displacements are givent in
transverse displacements are sorted in Table 2. Table 3. In the full plate patch case ld), the deflec-
Similarly, we also found that the local patching is tion is slightly lower than the laminated plate with
efficient. In the full plate patch case (d), the plate (0/90/0/0/90/0) stacking. From the numerical
and patch edges arc all clamped. The deflection of results, we notice the excellent efficiency of the
patched plate is between the unpat,-hed plates of patching system. The reduction of deflection is
2t and 2t + t,, thicknesses, and the value is equal about 35% by only patching 1Lh of the plate area in
approximately to IA of the deflection of the case (a).
unpatched plate with thickness t. This is reason-
able. For a plate having a center hole reinforced by a

(iii) A clamped square boron-laminated plate ring patch: a square plate with a center hole
(0/90/0) reinforced locally by bonding a boron- (radius=25"4 rnm) reinforced by a single and
laminated patch (0/90/0)) is considered. The double ring patch (outer radius =50"8 mm and
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i 7
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o .. c.. No patch, Al with 2t or (0/90/0/0/90/0)
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Fig, 4. 1 hc iao snersc delection of patched plaks•.

Table I. The center deflection of simplý supported patched Table 2. The center deflection of clamped patched plates
plates under uniform trans% erse load under uniform transverse load

(ondiliion (aw It' Ratio dom. n Condition ('aw it Ratt dI Lt 11

t-:npatched rhickncss --. 16 =lOt Unpatchickd Ihicknc's = I 1 2)6 2 100
I 4hicknes , 21 (i-554 1254 fhickne~s = 2 - 0-167i
Thickncs 21 0. -(.53,i 12.17 Ihicknc,;s = 21 + 1, -0.162 1 '-54o

Patched Case a. -- 3,088 69-94 Patched ('a,. a - 0-840 04.8-4
"(Ic ' b - 1'562 3536 Case b - 0143i 3 3 5

'asc, c: -0-677 15-32 (a-c 1 --C)268 20.7 1
Cawe :& -0 (-395 89-945 (Cawe d - ("1d3 125 -

Nondimcnsionalized deflection w'= w, t:l-/qa I 4 [1-'. Nondimcnsional deflection wI = It il-.qaa, 10-.

inner radius = 25-4 mm) is considered. The plate the applied force. Numerical results show
is under uniform simple tension as shown in Fig. dramatic reductions of the stress concentration at
5. The shaded area shown in Fig. 5 represents the the hole edge from the unpatched case. especially
patched region. The finite element mesh used for for double patched cases. Details are given in
the ring-patched center hole plate is shown in Fig. Tables 4 and 5. Owing to the bending effect. the
5. The patch materials used are aluminum and single sided patches result in limited reduction in
boron-epoxy, and the fiber direction is parallel to stress concentration even for a thick patch. The
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double sided patches always have excellent patch- are simple to use. and provide realistic assess-
ing efficiency even for thin patches. In this class of ments of the stress distribution and deformation
problems. because the patch only transfers part of of the adhesive-bonded laminated plates.
the applied load which is not like the lap joint
whcre the full load must be transferred. the
stresses in the adhesive are not as critical. ACKNOWLEDGEMENT
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5 CONCLUSIONS of the Republic of China under the research

grant No. NSC81-0401-F--005-50) I sx gratelullv
An adhesive interface element and a first order acknowledged.
shear deformation plate element are established
for the analysis of adhesive-bonded structures. Table 4. Strets concentration factor for a center-hole plate

The analysis provides accurate and efficient with a Al-ring patch
calculations for the distribution of shear and peel . . .. ....-
stresses in the adhesive, and stresses and displace- 'total patch Singlc side I),Dhhc: ,idc

thickncss rcinforccmcnt rcvintrcemcn
ments in plates for a variety of adhesive-bonded . .... . ... . ..... ... . .
structural problems subjected to various loading No patch 3(191 34I')

conditions. Results obtained in the study are in O4254 mm 2 514 .
(0-508 mm 2-466 2,392close agreement with previously obtained analyti- u.16 mm 2419 2 7

cal results. D)etailed finite element studies have 1.524 mm 2-408 1-994
confirmed that the adhesively patched method 20132mm 240-,07 S44
may upgrade the structural performance and 2-540mm 2-4(1 l41,

3- 556 mm 2-344 1 493
dramaticall\ reduce stress concentration for 5 MITI mm 25256 1 255
structures with cutouts. The present procedures -. . .. . . . .- --- ------

Table 5. Stress concentration factor for a center-hole plate
with a boron-rin, patch

Iable 3. tne center deflection of clamped patched ... t . .a.b.r.n-rin..pat.h
laminated plates (0 90,0) under uniform tran,%erse load Total patch Singlc SidC l)oublc sitdc

.. thickness reinforcemcnt rcintrcemcnt

( ndition (a'C it Ratio dt~ MIT

No patch 3.09 1491
0.-254 mm 2-721 -

I. 1paichcd 41)944,{) -9 3 s398 l4 0-5 08 mm 2-7(48 t.-9 I
, o :944;0ý )) 0-451 132, 1-0116 mm 2-587 151

l'alchcd (asc a - -33 e5,72 1-524 mm 2.451 1 25
(5 Ih 5 3s 27.032 mm 2"321 134
C a kc c 5-7N4 23 '44 7 2 .5 4 tirm 2 '147 l44 1

(Csc d 0.43 o 12'3 3.550 I -966 l"-,5 i11
~ ~~~~~~~5 . . .. .. ... ... .... . . .5 11.10 ) nlm !. 75iI t ,,

No\ ttirnensic m ali/cd (Icdlection ni t l (1, 1-)•44 -4,

a

t Im I0t It t - /-........-......-

2,5,4m, 0r -- ..

Fig. 5. The plate with a cenlic holc rcinforccd by ring patch.

A



REFERENCES ~.*~~x ~ ia~aadat /,~

uhd i , httol! 17 I 1 . o

I(ioiand . %I & Ret ''ner. I... St re,,.c Iin CL ntnied n 'inut" aniil J.h ann of I teon' a sn" Ito ilwm a Ia/I
hauaaaaa' -1 lpht~'d -1chamnta s, 11 1144 A\ 17 A-\2 7. W N (IL if

Renton,. W\ 1. & ViNon. VIR.. A\ni-iksi ol akiheamei\ Il 'IicoOI aei. / jlk.I1'Itr Ind~ ll '11-t d~ii
hol(IJMt joint" hcmet ee paels (At Comnpos~ite fitlclijai ttiitioln kCttckt Ili iap rillta'Jira ;

Journid of *AppledIu'r/ ~h'r/m N, 1')- 'a'I 10 1~ -- 6,W .iml,ha a I )n m4 rn Ai( I1.'"
Yuc3 d.1' Lpdike. I). R,. Yr\ anaki iI i ot hondlei 1 1. ('1. h, IC & a Ko. I ( . sr~ianwii cul itsjn
pki~tte and joints. Jounaial of lit, I figjnceiv Wpe, f1ri/rni-N ciLcinent1 applied ia ýcrac pIItcintt anld nst!Ahihln
/hiistaalr..-A. 106 i 'Thd 37-( '1)1( trama anlt 1/4/dI "n- .I an .I

4. Rcrnton. Wa I. & V'ins~on. J. R.- IThe v'ficiilent dcsign ra 9 12
atdhcji~e bondedCL joint. Journial of .d/ Whvni, 7 It 7 . Kull. A Is-\ tAa'imniri 1111111 Cpitt flit 11!

I ALAl Jo umu/a. 22 11 n19-1 oD)eiatc. I.-. Lrdorzan, I . & Axdinor'Iu M. N, Stre~sces iv .Viiie J a a 'ian . ha k; rt.~aaa
ad he 'is e bonded joint,.: a Lii sCkfOrjj ii (i 'luIii in. liet er.aI-4- a aico 11i srtai llc !'!aaa

Ja'urmd/of ( omapowci VIiiuriai,l. I5S IJ)S 1 240-" L. 1Iaa halm Iis ka/1 . I~ IC 111t
%Ia. Vaa.I. Stre,,, distributioni in a bonded anis~otropic hap 14i' ant, I'(. No[rris ( *. I Is '\ ta'\ sK- 't . I ii .I vs4
40111i. jaoartilat aof h~ig~ilTIVIQi A~afilr~itll wild lr'chloloai,a. ITprapatill anIn hecitra It 11vaaa b!;( oalbao

-X1.95 11)731 J4 S 1 Iaaurn~ld of .'aad lids anali tton rar' 2 i1 a ofi
A-danris. R. F). & Pepplilt. \.A-Strcss anaI\" sf al 5, Reddx. J. N.. 1-ree a ilaitiaan rat aiitis\iittflCtrts*i.-~f

"\,Naitejtra Rao. B., Saidasia Rao, Yi Va K. & 'tadagIiri. lrtaa.66I"'5( a



(Otptposift' Sirtonres 25 l'1993, 227-2 39 ¶ ~~I

Compressive and shear buckling analysis of
metal matrix composite sandwich panels under

different thermal environments

William L. Ko & the late Raymond H-. Jackson
-V I ý I Pri'fh lie/i 4?t Res e iirch I- d ci ho . Iýd It Irds. ( " 1. 9" 5 () ,_' S II

Combined inpiane compress.ise and shear buckling analssis asconducted on
flat rectangular sandw.ich panel% using the Ravleigh-k it/ minimum eneres,
method wvith at consideration (if transscrsec shear Itecet of the sand\\ ich core.
I~he sandwich pantels wecre fabricated with titanium honcs'comb corec and lami-
nated metal matrix composite face sheets. The results show that slightls slender
aloniL, the unidirectional compressiwe loading axis; rectangular sandwkich panels

hias e thc most desirable stift'ness-to-wceteht ratios for aerospace structural
applications: the degradation of buckling strength sandwich panels with rising
temperature is faster in) shear than in compression: and] the fiber orientation ol
the face sheets hor optimum combined-load buckling strength of sand's ich
panels is a strong function of both loading condition and pantel iaspect ratio.

1,nder the same specific %%Qight and panel aspect ratio, at sanihw cl panel with
metal matrix composite face sheets has at much higher buckling strength thanI one hiasing monolithic face sheets.

NOTATION l),. 1), Panel flexural stifftesses,. 1), 1),,

ea Length of sandwich panel m rn ii,(n-lb
f!' Ldie lenozth of' square sandwich pantel D), Panel t\% isuing stiffness. 1),, =2G (/ ý1 rn-

III t!n. N i-lb,
(I" (oefficietiiis of' characteristic equations L1  Young',s mioduluis of litaniumn material

dimensionless .iN /rn: ilb /in'
1"" F-oUncr coefficient of' trial function for L, Y ount,.,, roduli of' face sheets Vitn'

tIrn tn lbin
h Width of sandwich panel ( --m in) G, , Shear moduli of' sand\%ich eore N. InI'

Y Flexural stiffness parameter. Jh/in-
Shear mnodulus of' face sheets rN.n

I) = ni N ilin -llvIhit
V1- D'I epth oft sandwich panel distance

bectweecn middle planes of tw,,o face
1)~,. ), Transverse shear stiff'ncsses of' sand- sheets e, cni inI

wich core in thle V-z and Y-z planes. h, Sandwich core depth i cmi InI
Q, /1. 1)" = k G h N/irn-radi) i.j Indices. 1. 2. 3.,...

lb/i in-rad) 1, Moment oft inertia, per unit width. oft
I), 1 ), L ongitudinal and transverse flexural two face sheets taken with respect to

stiffnesses. I) U IJ, I) 1, frn-N, horizon Ldl centroidal axis (neutral axis,
(in-Ihi of' t he - andwich panel. 1, t, I+

(m 1/M) I II`/i 1
A,,. k, Comnpressive buekling factors tn _v- and

'Ihis paper is in mema yi of co-au thor Mr Raymond IIL. ack-
son, Mwhos untimch' death occurred during the preparation N'a N W
of this paper. Mr 'Jackson contributed greatly itn various Y-directions, k, k2--~.A - *_

acrothcrnioclastic ;inal~scs of the National Aerospace (o osn dmnines
Planec's st ructural ii rnponenits. (fra=cnln)(ieso es
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k Shear buckling load factor, k,, = INTRODUCTION

osndm ons Metal matrix composites (MMC(s have gained
for a= constant) (dimensionless) considerable popularity onef the strongest

candidates for hot structural applications. Typical
k,..k, Modified compressive buckling load hot structures are the airframes of hypersonic

factors in x and o -directionse flight vehicles, gas turbine engine components.

etc. [he MMC system is attractive for hot struc-
tures because it can meet the structures' service

k ,,a k Ah k I requirements. Namely. MMCs can operate at
:r-) a .7(I a elevated temperatures and provide specific

mechanical properties (i.e. high strength and stiff-
for ah= a" =constant) (dimensionlessi ness). Tava and Arsenault have discussed all

/(, Modified shear buckling load factor, aspects of the thermomechanical behavior of the
MMC system in great dctail.'

The principal application of MMC(S in hyper-
k,, k, for ab= a,' sonic flight vehicles is in the form of sandwich

-T I)* constructions with the laminated MMCs used as
face sheets.' The sandwich structure offers lo\,

=constant) dimensionless) thermal conductivity in the sandwich thickness
M Number of buckle half waves in v- direction, a high stiffness-to-weight ratio. and the

direction capability to reduce thermal stresses.
MMC Metal matrix composite During service, the sandwich panel is under
/I Number of buckle half wraves in - combined thermal and mechanical loading that

direction could induce a critical situation of combined
X, Normal stress resultants in r-direction compressive and shear loading, the driving force

iN/m) tb/in) of panel buckling. Before actual application of
N, Normal stress resultants in v-direction MMC sandwich panels as hot structural compo-

t N/m) (lb/in ) nents. the buckling characteristics of the structural
NV Shear stress resultant (N/m) (lb/in• panels under different thermal environments must
!P, Compressive load in x-direction fN) be fully understood. This paper analyzes the

(lb) combined inplane-compressive and shear buck-
/P, Compressive load in v-direction iN ling behavior of MMC sandwich panels using the

Ilb) Rayleigh-Ritz minimum energy method and
Q Shear load (N) (Ib) shows how the combined load buckling strength

Thickness of sandwich face sheets icm) varies with temperature levels, fiber orientation.
'in and panel geometry.

1 Temperature (°("f (°FI
Ti Titanium
w Panel deflection (m)(in) METAL MATRIX COMPOSITE SANDWICH
x. v. z Rectangular Cartesian coordinates PANEL

Figure I shows a rectangular sandwich panel of
,,,,, Special data function obeying i, length a and width h, fabricated with a titanium
n #j( jm ± i) odd. (n +) odd. (Ti) honeycomb core of depth h, and laminated

MMC face sheets of the same thickness t, The
Innij sandwich panel is simply supported at its four

, 6-111, 2 edges, and is subjected to combined inpiane com-pressive and shear loadings. The problem is to
calculate buckling interaction curves for the panel

0 Fiber angle (°) and to examine how the combined load buckling
v11 Poisson ratio of titanium material strength of the panel changes with (i) thermal
vV,, v,, Poisson ratios of face sheets, also for environment, (2) fiber orientation, and (3) panel

sandwich panel aspect ratio.

I,
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F~ig. I. I tnnc,,comh-core s.andwich pawic[ with NMMC face shee~ts subccoted to combhined co•mprc,,,,i,,c •rd ,,hear h~adig'..

J COMBINED-LOAD BUCKLING EQUATION

The combined-load iinplane compression and shear) buckling characteristic equation developed 1y lKo
and Jackson" for a four-edge simply supported anisotropic rectangular sandwich panel may be written as

A',,

This equation was derived through the use of the Rayleigh-Ritz method of minimization of rhe total

In eqn I i. A .... is the undetermined Fourier coefficient of the assumed function for panel deflection iv

in the form

wtx. v)= \" x"~ A... sin ...... m'r sin ......- ~

a a

where a and 1 . respectively, are the length and the width of the panel and m and %. respectivelyo are the
number of buckle half waves in the x- and the y-directions. The aract in eqn (r ) is a special delta function

defined as

(2 - i')(n2- =)

kI" 1 -
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that obeys the conditions 1 7` i. n#-j. 171±+) = odd and In+e I odd. The stiftncs lnactr 1,I ... n n I i,
defined as

I, 2 T-, (I) a ,, -p (Ia, +t U ( -

h,,,ical ,h, tran,%,,, t,, -tt ,'t,, ir.,
plate then cini

where the characteristic coefficients fil, i. j= 1. 2. 3 appearing in eqn 4, arc defined as

+ + + , (, I ± +

, , - ( r), ±-- +-- ), V,,+I),iv,,+I21), (_n ) ( .r)
+ 2 (-1),) 2+ ,,+ 6

=I), + 'a- (1-)... +) , + 2,

,,£,~ ~~ =D:•,= ),,, + I),v,+19,T--

a;,,,, ~1 + I), vk... .. + l011 it b

EIGENVALUE SOLUTIONS

Equation (I) forms a system of an infinite number of simultaneous equations associated with different
values of in and n. However, the number of equations written from eqn ( 1 ma' be truncated up to a
certain finite number as required for the convergency of the eigenvalue solutions.

Because (mn ± i) = odd and (nt ±j) = odd (eqn (3)). then ( m ± i) ± (in± ± j) = (Im± n± i) ± (ki -) = even. Thus. if
(mn ± n)= even. then (i±j) must be even also. Likewise, if (im ± i)= odd. then (i+j) must be odd. There-
fore, there is no coupling between the even and odd cases in each equation written from eqn (! for a
particular set of Jn, n }. If the A ..... term in eqn (I ) is for (m ± a) even, then the A, terms in the same equa-
tion must be for (i±j)= even also. If the A ,,. term is for (1_ +t') = odd, then the A, term must be for
iiji = odd also.

Thus. the set of simultaneous equations written from eqn (1) may be divided into two groups that arc
independent of each other: one group in which (m+± n) is even (symmetrical buckling), and the other
group in which (m± n) is odd (antisymmetrical buckling).3 -7 For the deflection coefficients A,,,,, to have
nontrivial solutions for given values of k,, k, and b/a, the determinant of the coefficients of the unknown
A,,,,, must vanish. The largest eigenvalue I /k,, thus found will give the lowest buckling factor k,, as a
function of k,, k .and b/a. Thus, a family of buckling interaction curves in the k,-k,, or in the k,-k,, space
may be generated with b/a as a parameter. Representative characteristic equations (buckling equations)
for 12 x 12 matrices written from eqn (1) arc shown in eqns ( I 1) and (1 2) for the cases (I n± +.) = even and
(n ± i") = odd.

I
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For (I m i t) even (symmetric buckling):
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For _n m i' = odd (antisymmetric buckling):
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in = 5,n - 2 ¶,, 2il

mn-6.,,I 
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where the nonzero off-diagonal terms in eqns (1i) and (12) satsify the condition i # i. nit/. (m4 i) odd.
and (njt = odd.
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Notice that the diagonal terms in eqns I I ) and Buckling curves
'12) came from the first term of eqn (1), and the
series term of eqn ( I) given the off-diagonal terms ('onventionalplots
of the matrices. The 122 x 12 determinant was In the conventional plots of buckling interaction
found to give sufficiently accurate eigenvalue curves, the panel length a is kept constant i.e.
solutions. a=a, constant). Figure 2 shows a family of

buckling interaction curves calculated from eqn
(1) for the sandwich panels with two different

NUMERICAL RESULTS types of laminated face sheets. The buckling inter-
action curves are plotted for different panel aspect

Numerical buckling studies were performed on ratios b/a and different temperatures using data
sandwich panels having MMC face sheets of dif- given in Tables I and 2. For bia = 0"7. each buck-
ferent fiber orientations. The loading in the Y-axis ling interaction curve is a combination of svmme-
was set to zero (i.e. k,.=0. eqn (4)). Thus, the com- tric and antisymmetric buckling interaction
bined loading implies inplane uniaxial compres- curves. For compression-dominated loadings the
sion in the x-direction and shear. panels will buckle antisymmetrically. For shear-

dominated loadings the buckling mode is svmme-
Physical properties trical. For b/a= I (square panel), all buckling

interaction curves are continuous and are asso-
The sandwich panels analyzed have the following ciated with symmetric buckling. The antisymmct-
geometry: a=a,,=60'96 cm (24 in) or ab=a". ric buckling interaction curves for b/a= I fnot
b/a= 0"i-4. h= 3"0480 cm ([12 in). shown) which give much higher buckling loads, do

flh = h - t, = 2-9667 cm (1-1680 in), and not intersect with the symmetric buckling curves.
t,=0-08128 cm (0.0320 in). The effective mate- For b/a= 2, 3, 4, the buckling interaction curves
rial properties used for the titanium honeycomb are discontinuous, and are the composite curves
core are shown in Table 1, and the two types of consisting of both symmetric and antisymmetic
laminated MMC face sheets investigated have the buckling interaction curve segments. For h/a<- 1.
laminate properties listed in Table 2. the [45/- 45/- 45/451 lamination case has a

Finally, the value of D* (eqn (4)), the room higher combined buckling strength as compared
temperature material properties of Ti - 6-4, were with the [90/0/0/901 lamination case. As the tem-
used, namely, Er1 = 110"3161 GPa (16 x 10' lb/ perature increases, the buckling strength of the
in'). v- 0"3 . latter decreases slightly faster than the former. For

b/a-2, the two 1,umination cases have compar-
able compressi on-dominated buckling strength.

Table 1. Material properties of titanium honeycomb But for shear-dominated buckling, the 145/ - 45/
-45/45] lamination case is slightly superior to

Tempcraturc (i.,. GPa (, GPa) the 190/0/0/901 lamination case. For bla= 3. 4.
10 'W lb/in-) ( 10i lb/in-§ the [90/0/0/901 lamination case has a slightly

21-11 t70 1-4365(2-08351 0-6505(0-9435) higher compression-dominated buckling strength
315.56 600W 1-2480(1-1800) 0.5652(0.81971, than the 145/-45/-45/451 lamination. For

648-89 i 12000' 0-8277 1"20115) 0.4527!0-6566) shear-dominated bucklings, the reverse is true.

Table 2. Material properties of laminated NIMC face sheets

Temperature L:, (GPa) l, (GPaG (,, GPa ,,

( 'C• ('F (to') lb/in-) (10' lb/in2 ) 1[0' lb/in2 i

I 90/0/(0/901 laminate
21'11 170) 158.3581 (22-9679) 158-3581 (22.9679) 56-1923 (8-150) 0-2369

315-56 (600) 135-)573 (19-5884) 135.1573 (19-5884) 40-6791 (5-900) 012108
648-89 f1200) I 10-8008 (16)0703) 1101-8008 (16-0703) 24-1317 (3-5001) (0-134

145/-- 45/- 45/451 laminate
211-11(70) 145-8551 (21-1545) 145-8551 (21-1545) 64"0130(9-2843) 0-2972

315-56 (600) 110-2837 (15-9953) 110-2837 (15-9953) 55-7731 (8-0892) 0-3555
648-89 (1200) 70)7457 (10-2608) 70-7457 (10-2608) 47-6193 (6-9066) 0-4658
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Fig. 2. Buckling interaction curves for MMC sandwich panels at different temperatures- constant panel length.

Even though the 145/ - 45/ - 45/45) lamination Figure 3 compares the room temperature
case has lower values of bending stiffness JD,, D, (T= 2111 -C (70°F)) buckling interaction curves
(or IE, E. U, Table 2) than the [90/0/0/90) lamina- of the b/a = 0.7 sandwich panels fabricated with
tion case, it has higher values of D, (or C,,,, Table MMC face sheets (taken from Fig. 2) and with
2) than the latter for all temperature levels, monolithic titanium face sheets, under the condi-
Because the combined-load buckling strength of tion of equal panel specific weight.! Notice that
panels depend not only on I D, D} but also on DI, through the fiber reinforcement of the face sheets,
1eqns (1), (4) and (5)-(10)), the combination of the the buckling strength of the sandwich panel could
values of D, D, znd D,, happened to cause the be increased by 27% in pure uniaxial compression
145/ - 45/ - 45/451 lamination case to have and by 22% in pure shear.
slightly superior buckling strength than the [90/0/ Figures 4 and 5, respectively, show the
0/901 lamination case. decrease in the compressive and shear buckling
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strengths (k•, k, ) of the two types of MMC sand- the region b/a < 1. and beyond b/u = 2. the rate of
wich panels with increase in the panel aspect ratio decrease of k, gradually dies out. For low panel
b/a. The compressive buckling strength k, (Fig. 4) aspect ratio (bla<0-75), the buckling mode is
decreases very sharply with the increase in b/a in antisymmetrical, and beyond b/a 0.75, the panel

T- - 6-4 FAl .
A A •-Y f ,lT 1,Th A .. t W,-BtCK'L~ I €

S'(b.ip S Ty • I11•C UItI -_ ,, J G NX
AK

10 0.
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K \ ",
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0 I 5 3< 4

Fig., 4. t(egrndatison of cmrsiebuckling strengths of hMMyom-cr sandwich pan, els withm seinicracingh thmpriatuesad panieilc-
•nl/a-c .•h aspecI t i•.ratios; c"ons l=" tant F pane ti tml length.

Ia

S~Nx
12b

k 1. A

3 4

Fig. 4, Decgradation of compressive buckling strengths oif MM(" sandwich panels with increasing temperatures anld panel
aspect ratios; constant panel length.
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tures*; b/a = 0-7; constant panel length.
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will buckle symmetrically. The shear buckling ratio b/a is changed (holding a constants. the
strength k,, (Fig. 5) is less sensitive to the change panel weight (or panel area ab, is alo changed
in b/a. All shear buckling curves shown in Fig. 5 accordingly. In aerospace structural designs,. the
are composite curves constructed with symmetri- main objective is structural optimization. That is.
cal and antisymmetrical buckling curves, for a given panel weight, the objective is to search

Figure 6 shows the degradation of k, of pure for a panel with optimum buckling strengths ()r
compression. and k,, of pure shear with the stiffness). For this reason. k, and /,, were recalcu-
increase in temperature for the panel with aspect lated as functions of b/a under the conditions
ratio b/a=0"7. The [45/-45/-45/45] lamina- ah=a,2=constant (instead of a=e ,=constant.
tion case has a lower rate of degradation of k, and Figures 7 and 8 respectively show the modified
k,, with temperature than the [90/0/0/901 lamina- buckling plots of k, as a function of 1)a and 4', as
tion case. a function of b/a when the panel area ab was held

constant. In practical applications, the structural
.iodifedplotý panels have to be supported by edge frames, and.
In the modified plots of the buckling curves, the therefore, the weight of the edge frames must be
panel area is kept constant (ab= au = constant). considered in the structural optimizations. If the
The conventional plots shown in Figs 4 and 5 may cross-sections of the edge frames are kept con-
not serve as ideal design curves for aerospace stant, the edge frame weight becomes a function
structural panels because, when the panel aspect of edge length 2(a+ h+. Thus. in Figs 7 and 8 the

N1

____,'. , , I<

145/- 45/- S45 /5

[90/0/ 0/90]

Q sy"SY,,waR- OUCCLI.4

" " I k r.J Q _k . .. . . . . . ,

•a

A0 2.0

.2 4 -5 - - -- - - - tl9

21,I 0 0)1. 1T_ _.---0,9 0.9

23 4

Fig. 7. [Degradation of compressive buckling strengths of MM(' sandwich panels with increasing temperatures and change of
panel aspect ratio; constant panel areas.

Table 3. Panel aspect ratios at which k, or k,, is minimum

-1 (1C) b/a for minimum at k, b/a for minimuni k,

145/ - 45/ - 45/45) 19()/(/0/9()l 145/ - 45/ - 45/451 [9()/)/0)/9()!

21A11(70) 1.8 1.7 0-9 0.9
315.56 (600) 1.9 1.7 0.9 0-9

648,89 (1200) 2.0 1'6 1'0 1"0
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dimensionless semi-edge length (a+b)/2a,, was aspect ratios, the gains in values of k', (Fig. 7) and
also plotted as a function of b/a. Figures 7 and 8 Tr (Fig. 8) are practically offset by the edge weight
serve as design curves for selecting the optimum penalty (more severe in k, curves JFig. 7i.
sandwich panel geometry (i.e. the panel aspect
ratio b/a). A square panel (b/a = 1) has the mini- Buckfing interaction surtfces
mum edge frame weight; however, it has compa- Figure 9 shows three dimensional buckling sur-
ratively low compressive buckling strength (Fig. faces plotted in 'k, k,,, b/a' and 'k ,. k,,, h1/a;
7). and it has practically the lowest shear buckling spaces for conditions u = a,, = constant (constant
st,-ength (Fig. 8). The aspect ratios b/a at which panel length). and ab= a', =constant (constant
either k• (Fig. 7) or k', (Fig. 8) becomes a mini- panel area), respectively. This figure gives better
mum are listed in Table 3. visualization of the buckling behavior of the sand-

For pure compression (Fig. 7), the [45/- 45/ wich pnmels than the buckling plots shown in Figs
- 45/451 laminates have slightly higher compres- 2. 4, 5. 7 and 8. For slender rectangular panels bi
sive buckling strengths than the 190/0/0/901 a< 1), antisymmetric bucklings occur mostly in
laminates in the region b/a < 2-., and the reverse the compression-dominated regions. For wider
is true when b/a> 2.2. For pure shear (Fig. 8), the panels (b/a> I . the antisymmetric bucklings take
145/-45/-45/45] laminates are always superior place in the shear-dominated regions. In the
to the [90/0'/0/901 laminates for the whole range neighborhood of b/a= 1, the lowest buckling
of panel aspect ratios b/a. From Figs 7 and 8. it is modes are all symmetric (im = n = I
noticed that the slender ib/a< I) rectangular
panels are more efficient than the fat (b/a> I) Effect offiber orientations
rectangular panels. When the panel aspect ratio Figure 10 shows the room temperature
b/a is reduced from b/a= 1. one can improve the (T= 2 1.-1 i0C (70'F ) pure compression buckling
panel compressive buckling strength (Fig. 7) strength (k,) of sanwich panel with 6/ - 0/- 0/60
considerably with a slight edge frame weight laminated face sheets plotted as a function of fiber
penalty. The similar gain in shear buckling angle 0 with panel aspect ratio hba as a parameter.
strength (Fig. 8) is less conspicuous. At higher The peak value of k, occurs at 0= 20' for the hi a

A [90o/o0/901o/

16 A

N,,y

tL2 k, 6

I - - - ,4. b ----

Fig. 8. D~egradation of shear buckling strengths of MMC sandwich panels with increasing temperatures and change of panel
aspect ratio: constant panel areas.
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FiR. 9. Buckling interact-ion surface's for MMC" sandwich panels: I45/ -451- 45/45! fa.ce sheets:lr; / 21. I I°( 70°I=

= 07 panel, and migrates to 0= 60° for the b/a and gradually moves toward 0 = 0 as the value of
=0-8 panel. In the neighbourhood of b/a = 1, the b/a increases beyond b/a =I.
peak k, point occurs near 6= 450. As the value of
b/a increases, the peak k• point shifts toward
0 = 0°. CONCLUSIONS

This special feature of composite material was
also seen in single laminated plates with symme- Combined compressive and shear buckling analy-
tric angle-ply laminate 7 and antisymmetric angle- sis was performed on flat rectangular sandwich
ply laminate.5 Similar plots for pure-shear panels fabricated with titanium honeycomb core
buckling strength (k,•.) are shown in Fig. 11. The and laminated metal matrix composite face sheets

maximum k1•, point occurs at 6=450 for b/asl of [45/-45/-45/451 and 190/0/0/9(01 lamina-

-----------
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Postbuckling analysis and imperfection
sensitivity of metal matrix laminated cylindrical

panels

Esther Feldman & Jacob Aboudi
Ioepartnien t oi-solid tIechono is. .1lfterugl A (t d Structures. f lt',s/uan /i uIt ofs (4. nivneerii i. Ilel A o il tii ro ýR(in. aumt i A

09()J7N, Arael

Trhe postbuckhing behaviour of metal matrix (compo~site AINC Iarniinacd
cylindrical panels under quasistatic in-plane loading is nsestigatecl. A micro-
to-macrn analysis is used to obtain the response of the composite structurc.
The micromechanical analysis allows us to establish the overall instantaincous
elastic-viscoplastic hehaviour of the MM(I composite at each load increment
'The macromechanical analy sis provides the response of the geomctricalfý
imperfect cylindrical panel to the applied external loaiding.

Results are presented for unidirectional and antisy mmctric angle-pkl Si( I
composite paniels, subjected to uniaxial compressive loaidings. I he effeci,, of the
panel curvature, initial imperfections and rate of loading on the po',.thucklini!
response are illustrated. Comparisons ss ith the response (4t the correspondingj ~perfectly elastic panels are slosmni

I INTRODUCTION developments in the finite element analysis of
elastic-plastic response and bucklim' '1alminated

Curved panels. made of advanced composite composite shells may also lie found.
materials, are now widely used in the designi of Metal matrix composite-,s MMCý are knownr asl'
aeronautical and aerospace constructions. Under exhibiting, elasto-plastic rate-dependenit bchav i-
wkorking conditions, these structures might he sub- ou.The latter property is especially significant at
mitted to in-plane forces that can cause instability high temperatures. Viscoplastic bifurcation buckl-
phenomena. Ihe important problems here are not ing of metal matrix composite plates wkas invcesti-
only the determination of the lowest buckling gated by Palev and Aboudif4 where a method for
loads and the correspondling modes of buckling, determination of the buckling, load w~as proposed.
but also the study of the postbuckling behaviour T he present paper deals, wtth the postt ucklttw
4f a structure and its sensitivity to the initial behaviour of layered cylindrical paniels, made of

tmperfections. Such at studV Would allow a deeper MM(' materials, under in-plane loiiding. J hie
understanding, of the behaviour of astructural ele- analysis of' such structure,, is difficuth for three

ment and better utilization of its load-carrying rea~sons. First, the metal miatrix for example.
capability, aluminlium) exhibits, elastic visel plastic bha'iv-

Many research works on different aspects of iour. Second. tlitic are complicated interactions
buckling and postbuckling behaviour of perfectly between the inelastic matrix and the re-
elastic composite curved panels have been inforcenient. Third, due to the nonuniformity of
reported in the literature. (Comprehensive lists oif the stress and ,traitn fields, in the postbuckling,
references, can be found, for example. in reviews stage, the in,%intancous properties of the corn-
bv Leissa' and Simitses- and in the recent paper posite n"t onl\ change with time (as might occur
by Iibrescu and (Chang.) in the prehuckling stage, e.g. Paley andl AboudiW

However, thcte ; iw fewer works dealing with but they are difficult at the diffe.rent point,, of the
the buckling and posthuckling of inelastic com- MM('slructure at every instant of lime.
posite curved panels. A finite element analysis of The dlerivation of the instantatneous properties
elastic- plastic laminated thin shells was presetnted of composite at every point of the structure in the
by Lilaw and Yang,' v -e a sur-ey of recet-u present investigation is based on the micro-

2141
f 'o mimmie Sirw (toeis 0)26 t 5223193/5446 .t( 444 ý I 99( I I ses ic i Science Pu hIishei i id, I n l~and Primoed in ( re~ B Iri tain
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mechanical method of cells, proposed by micromechanical approach which relies on the
Aboudi.' This method establishes overall con- fibre and matrix properties and analyses their
stitutive relationships for MMC. The metal matrix detailed interaction.

is modeled as an elastic-viscoplastic material, and In this paper the micromechanical analysis
the fibres may be either elastic or viscoplastic. which describes the inelastic behaviour of the
The rate, dependent behaviour of a metal matrix is unidirectional composite ply is based on the
represented by means of the unified theory of method of cells developed by Aboudi ' In this
plasticity by Bodner and Partom.' This theory model the composite is assumed to be of a
does not require a yield criterion or distinguish periodic structure such that the detailed analysis
between loading and unloading, so that the elasto- of a repeating volume element is sufficient for the
plastic equations have the same form at any point determination of the behaviour of the entire corn-
of the structure during the whole process of defor- posite.
mation. In the framework of the method of cells, the

In this paper simply supported unidirectional, repeating volume element is divided into four sub-
angle-ply and cross-ply rectangular cylindrical cells, one being occupied by the elastic fibre.
panels, subjected to a uniaxial loading, are con- whereas the other three subcells are occupied by
sidered. The geometrically nonlinear quasistatic the inelastic metallic matrix. The detailed interac-
behaviour of the panel is governed by the non- tion between the various subcells is accounted by
linear differential equations in terms of stress enforcing continuity of displacements and trac-
function 4) and out-of-plane displacement w, in tions at the interfaces between the subcells. as well
the framework of classical shell theory. The initial as between neighbouring repeating cells. This. in
imperfections are included. A method of solution conjunction with microequilibrium conditions.
to the problem using Galerkin's procedure is pro- establishes the overall behaviour of the unidirec-
posed. As a result a postbuckling equation is esta- tional composite. The veracity and reliability of
blished. which relates at each time increment the the method of cells were extensively checked and
value of the applied external axial load and the discussed with various theoretical and experi-
value of the out-of-plane displacement. mental approaches in a review papers and in the

The method proposed is illustrated for various monograph.'
types of SiC/Ti composite panels. The panel, re The micromechanically established constitutive
subjected to a uniaxial compression, applit-d oti law that describes the average behaviour of a
both edges. The results display thc applied unidirectional metal matrix composite can be
external loading against the out-of-plane displace- written in the form (see Ref. 6. eqn (8.48))
ment. The effects of panel curvature, material rate .,
sensitivity, ply orientation, initial imperfections a,, = E,,•,( i - iV ) i.j. k, I = 2 3 (1
and mode of buckling on the postbuckling behavi- where 5,P, ig, and iP are the stress, total strain and
our are studied. Comparisons with the cor- plastic strain components of the bulk composite,
responding postbuckling behaviour of cylindrical referred to a Cartesian system (x,, x,, x,) in which
panels, obtained by disregarding the viscoplastic the unidirectional fibres are oriented in the x,
effects in the metal matrix, are presented. direction. In eqn (1), E,,., are the components of

the effective elastic stiffness tensor of the unidi-
rectional composite, which are given explicitly in

2 THEORETICAL ANALYSIS terms of the fibre and matrix properties and the
fibre volume ratio. The composite plastic strain

2.1 Constitutive equations of a unidirectional H' is given in a closed-form manner in terms of
metal matrix composite: a micromechanical the plastic deformations of the metallic matrix
analysis subcells.

The analysis of a MMC panel requires a constitu- 2.2 Response of an elastic-viscoplastic
tive law which describes the overall behaviour of cylindrical panel to axial loading:
the single inelastic composite ply. The latter is a a macromechanical analysis
unidirectional metal matrix composite whoze
inelastic effects are caused by the plastic deforma- Consider a shallow cylindrical panel of length a,
tion of the metallic matrix phase. The requested width b, thickness h and radius of curvature R
constitutive law can be established by a suitable (see insert to Fig. I (later)). The panel consists of a
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number of perfectly bonded layers. A layer is panel, we proceed with the consideration of the
made of a unidirectional MMC material and is corresponding constitutive relationships. The
oriented at angle Ok with respect to the panel axes total strain e is presented as the sum of elastic
(x, y) (k is the layer number). (reversible) and plastic (irreversible) components:

The differential equations, which govern the e = c'ý + -P, where the elastic strain is related to
moderately large deflection response of a geo- the stress by the inverse Hooke's law, -. hile the
metrically imperfect cylindrical panel under plastic strain components E,' are related to the
quasistatic in-plane loading, can be written in the plastic strains i,P of eqn (I ) by the transformation
following form (see for example Simitses9 ) of coordinates (x, y) to (x , x.,).

The plane stress constitutive equation for the
S+ 2M,.,.b + M%. , +1 . kth layer has the form

R &A = Q k;(E -eP-F (6)

+¢ 1 ,w,,-2•.•.w,, +q.•w, 0 (2) here QA is the reduced stiffness matrix. which

is derived from the material stiffness matrix
. + (w - w.).. -_w.,w. Ck: Q ,= c(A,_ ,, /( ij=- 1,2.6. TheR matrix C' is obtained from the effective elastic

+(W_,2 + WoW~-,(w,,) (3) stiffness matrix E` of eqn (I) through the trans-
- (3 • - formation of coordinates (see Whitney,"' for

Here 4P(x, y, t) is the stress function, w(x, y, t) and example).
w"(x. y) are current and initial transverse displace- From eqns (4)-(6) may be shown that
ments respectively, M..., MlT, M,, are the bending
moments, e l ', ell, are middle-plane strains ;7)
corresponding to the von Karman-Donnel non- M= - B*. N+ D*X - B." NP - MP
linear kinematic relations, and t is the time.

The following matrix notations are introduced: where the matrices A*, B*. D* are defined in Ref.
1 0) and the vectors NP and MP are the contribu-C= [e U e, , lT1' tions, due to the existence of the plasticity effects.

E = ICJ. EV. , t to the total stress and moment resultants.
In this work we shall consider the response of

X=[. 1XX Xti x". antisymmetric angle-ply or symmetric cross-ply
= - [(w - W') (w - W"). , 2( w - w') . laminated panels. For this case, retaining only the

non-zero elements of the stiffness matrices, and
o=•, 0 ' o(4) taking into account relationships (4) and (7,. one

may write the expressions for e" and M in terms of
=[N . N,,. N,, the stress function (1. the transverse displacement

fi2 w, and the vectors NVP and MUP'. Substituting this

1b. 1b, (-"•.10)= adz expressions into eqns (2) and (3) yields the
- • j.-h2 governing equations for the quasistatic responseof the imperfect viscoplastic cylindrical laminated

M[M M,A.h/2 Mr d panel to an in-plane loading:

IIh(w- + 2(D* , + 20* -(w-w")

where -,Y and al are total strains and stresses in Ithe composite, which are referred to the panel + D.2(w w- "). . - - ...
Rcoordinates (x, y, z); N,, are the membrane stress

resultants. + (2B* - B*B) (2 ,) •+ -,.
In the framework of the classical plate theory, M+AI.P,,+,2M(P' +M(P) + B*• N(P)
C(x, y, Z, t) = g(,x, y, 0)+ zX(x, Y, 0) (5) X. x~q W V 6 Y '

+ 2fB (BN6 'P + B' 6, Vj 1, + B* ,•.',In order to obtain the governing equations for
the elastic-viscoplastic composite cylindrical - ,w., + 20,.,w,., - . ,. 0 (8)
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_ +(2A. +A* j) +A*(D, complicated expressioas including, in particular. a
number of line and surface integrals from the

1 (w - w") +(2B 1* - B*')(w - i), 'plastic' functions NM,, MY'.

-R+(B"B" Y-') To solve eqn (12 , one needs to determine the
coefficients c,. This is performed in an incre-

+(2 - B*2 )( w - w)... - w6 wy mental procedure. A three-dimensional regular
+ , W' - ( grid with the coordinate points (x,. y,, Z,) is intro-

- wduced, and at every time increment the afore-

+ YP V - Y-% -P (9) mentioned micromechanical analysis is

where performed at every grid point. As a result of this
the values of the plastic strains c ,P, needed for the

Y; *,AP- *+-A NP next time increment, are available. After that all
the values that form the expressions for c, can be

y, A1% ,N,. =2 AP NY,,.. calculated.

Consider a simply supported panel, subjected
to compressive uniaxial loading in the x direction. 3 APPLICATIONS
We'll stipulate the kinetic boundary conditions to
be satisfied in the average sense: To illustrate the proposed method, consider the

Il, [•'postbuckling response of SiC/Ti metal matrix
x=O. a: • d,., dy -P(t); laminated panels. The fibres are assumed to

b 'behave as perfectly elastic, whereas the matrix
phase (Ti-6A-4V alloy) is considered as an

Ddy0; elastic-viscoplastic work hardening material. Its
,0"-hudy=- inelastic behaviour is described by the unified

(I 0) viscoplasticity theory of Bodner and Partom.' The
material parameters that characterize the SiC

0, b: D.dx=0, elastic fibres and the viscoplastic matrix at tem-
") 0perature T= 315'C are given in the paper by

Paley and Aboudi.II
The results are presented for square cylindrical

dx =0; w0; MYdx 0 panels (a = b) of thickness h1= 28"5 mm. with
length-to-thickness ratio a/h = 35 and for dif-

where P(t) is the applied external load at time t. ferent ratios a1R. All layers comprising a panel

An approximate solution to eqns (8- 10) can be are of the same thickness and they are made of the

obtained by employing the Galerkin procedure. same unidirectional MMC with the fibre volume

Suppose that the initial imperfection w"(x, y) has a fraction v,.
simple sinusoidal shape compatible with the The behaviour of composite panels is investi-
geometric boundary conditions, and assume that gated by subjecting them to a quasistatic uniaxial
theomtra bnsv arse displceenditin , a ) issue ofan compression P(t) at both edges x = 0, a in such a
the transverse displacement w(x,y, t) is of an manner that the rate of change of the transverse
analogous form: displacement Wis constant. In each graph. repre-

w"(x, y) = W, sin a *x sin #*y; senting the postbuckling response, two branches
w(x, v, t) = W(t) sin a*x sin *y (11) are shown: one branch corresponds to an initial

imperfection W, and deflection rate W, both
where a*= nm*/a, I3*=,,rn*/b and m*, n* are directed outwards, i.e. W0 >0, I€> 0; and the
the modes of buckling, second branch corresponds to W, and W, both

After some lengthy manipulations one can esta- directed inwards, i.e. W, < 0, W< 0. A non-dimen-
blish the following postbuckling equation which sional transverse displacement iW= 1Wh and an
relates the amplitude W of the transverse dis- average stress 6= P/h at the edges x = 0, a, are
placement to the applied axial load P: introduced. For convenience, the stresses are

0+,- a*P) W+C 2 W+ C3 W=0 (12) shown as positive in the figures. The elastic solu-
tions obtained by neglecting the inelastic effects

In this equation the coefficients c,, i = 0,,..., 3 are are presented in the figures by the dashed lines.
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In Fig. 1 are shown the postbuckling curves 6 external loading is applied in the direction of the
versus W/ for a cylindrical panel made of un- fibres (i.e. for a lamination angle 0= 0°). The
reinforced titanium alloy (i.e. vf = 0). The graphs graphs are shown for two values of initial imper-
relate to the lowest mode of buckling (m*, fections: I W, = 0-01 and 0- 1. It appears that in the
n*) = (1, 1), and two values of rate loading: I 1i/h present situation (0 = 0°) the effect of the initial
= 1 s-I and 100 s- '. Also shown in the figure is imperfections on the postbuckling behaviour of
the corresponding elastic behaviour of the panel the viscoplastic panel is similar to that exhibited in
kobtained by neglecting the inelastic effects). It can the perfectly elastic case.
be readily observed that the viscoplastic effects of The influence of the curvature aIR on the post-
the material are significant, and the ability of the buckling response of the unidirectional composite
viscoplastic panel to sustain loading, contrary to panel, which is loaded in the fibre direction
the case of the corresponding perfectly elastic (0 = 0°), is illustrated in Fig. 3. The results are pre-
structure, is limited. The effect of rate of loading, sented for aIR = 0 (i.e. a flat plate), 0-2 and 0-5. It
however, appears to be rather small. can be readily observed that the viscoplastic

Figure 2 presents the response of a unidirec- effects increase with increase of curvature. This
tional composite panel with v, 0-3, in which the may be explained by the fact that in panels with

Ti
0.8 '(GPo)

\,\ a/h--35 (rn*,n*)--{ ,1)

a/R=02 oRoI o1--oo,

T= 315*C

0.6-

x a

-100s' h
x RR

0.2-

0l __ _ _ _ _ __

-1.5 -1.0 -0.5 0 0.5 1.0 1.5 20

w
Fig. 1. The posthuckling curves (the applied stress versus maximum deflection) for a homogeneous cylindrical panel, made of

titanium alloy only, at different rates of loading Wl/h: (-viscoplastic response,;- . elastic response.

i\
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higher curvatures, higher stresses are developed these two modes for the viscoplastic [ 1 30°] panel,
for a given deflection. It can also be seen from the as well as their perfectly elastic counterparts, are
graphs, that the plate and the panel with aIR = 0.2 shown in Fig. 5. It is seen that whereas the elastic
buckle in the elastic region. The panel with the buckling stress for the mode (2, 1) is only a little
higher curvature aiR = 0-5, however, buckles in bit smaller than that for the mode (1, 1), the dif-
the plastic region. It is worth mentioning that a ference between the corresponding viscoplastic
composite panel, which is reinforced in the direc- buckling stresses is much greater. Furthermore,
tion of external loading, can exhibit a considerable one may observe the characteristic difference
load-carrying capacity beyond the buckling load between the postbuckling behaviour of symmetric
- contrary to the behaviour of the unreinforced (m*=2) and antisymmetric (m*= 1) buckling
panel, shown in Fig. 1. modes. Note that the ability of the viscoplastic

Figure 4 demonstrates the influence of curva- panel to bea, loading is limited for both modes
ture aIR on the behaviour of a unidirectional considered.
composite panel, loaded perpendicular to the
fibre direction (0 = 90*). It is expected that in the
present situation of matrix dominated behaviour, REFERENCES
the viscoplastic effects are more significant than in
the previously considered case (0 = 00). In addi- Leissa. A. W.. Buckling of laminated composite plates

tion, the increase in curvature leads to pro- and shell panels. Flight Dynamic Laboratory. Wright

nounced viscoplastic effects. The combined Patterson Air Force Base. Dayton. Ohio. Report
influence of matrix dominated behaviour and AFWAL-TR-85-36th9. 1985.

2. Simitses. G. J., Buckling and postbuckling of imperfect
increase of curvature is displayed in Fig. 4. Note cylindrical shells - a review. Appl. Mech. Rev.. 39
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of loading in the fibre direction (0 = 0°) buckles in 3. tbrescu. L. & Chang. M.-Y.. Imperfection sensitivitv
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Scaling of impact damage in fiber composites
from laboratory specimens to structures

Stephen R. Swanson
Department of'Mechanical Engineering, UniversitY of Utah. Salt Lake (ity, Utah ,4112, USA

Impact damage in fiber composite structures remains of much concern, and is
often the limiting factor in establishing allowable strain levels. The complexity
of impact damage formation usually dictates that experiments are required, but
scaling of results from small laboratory scale specimens to large structures is
not well understood. The following paper presents the results of an analytical
and experimental investigation intended to develop procedures for prediction
of damage formation and subsequent strength loss, with particular emphasis on
scaling of results with respect to structure size. The experimental investigation
involved both drop-weight and airgun impact on carbon/epoxy plates and
cylinders. Five sizes of plates ranging from 50 x 50 x 1-072 mm to
250 x 251) x 5-36 mm, and two sizes of cylinders with diameters of 96.5 and
319 mm. were employed in the experimental program. Delamination was
observed to increase with specimen size more than would be expected if
stresses controlled the delamination extent, as would be predicted by fracture
mechanics. Regions of broken fibers were observed in the impacted specimens,
that were best correlated with the applied specimen stress or strains, indepen-
dent of specimen size. It is seen that knowledge of the failure mechanisms
involved is required to predict scaling of damage with confidence.

INTRODUCTION over a range of specimen sizes, and thus the scal-
ing was reasonably well understood. However the

Fiber composites are increasingly being used in scaling of damage and failure mechanisms proved
large structures where in many cases the strength to be much more complicated.
to weight and stiffness to weight are both import- The possibility of impact damage is an import-
ant. Important questions in structural response ant consideration in the use of fiber composites.
must be answered by experiment. It is highly In early work, a number of investigators have
desirable to be able to conduct these experiments determined the general susceptibility to impact
on scaled models, for reasons of time, conveni- damage of carbon fiber laminates, and demon-
ence, and cost. Thus the question must be strated the forms of damage that result.-,-` In
addressed as to whether the scaled model is repre- further work, attempts were made to analyze the
sentative of the final prototype, and just how to impact event. Sun and co-workers showed how
extrapolate the results with changes in scale. A the contact stiffness could be included in the ana-
well developed methodology exists to answer lysis. and made finite element calculations of plate
these questions, based on the theory of simili- impact.', 7 The nature of the damage resulting
tude.' In this methodology dimensionless groups from impact has been discussed by a number of
are identified based on either dimensional analy- investigators. Boll et al.5 have given detailed
sis, or if possible, by examination of the governing results of micrographs of sections taken from
differential equations involved in the problem at impacted specimens, indicating the widespread
hand. Procedures of this type are, of course, well microcracking, delaminations, and fiber breakage
known in diverse fields. An application of scaling that can result. Morton' and Jackson"' have stud-
of this type was carried out by the author and co- ied scaling in composites.
workers for the problem of impact of fiber com- The difficulty in predicting the behavior of
posite plates and cylinders. It was found that damage and failure with changes in scale is that
scaling of the linear response for both quasi-static the underlying failure mechanisms are not well
and dynamic conditions could be well predicted understood. For example, it is sometimes consid-

249iompoite.Structures 0263-8223/93/S06.00 C 1993 Elsevier Science Publishers Ltd. England. Printed in Great Britain
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ered that failure is related to maximum values of pal result was that if geometric scaling was used
stress or strain components. Conversely, failure is for the specimens and impactor geometry. con-
often related to energetic principles as in the usual stant values of peak strain, independent of speci-
application of fracture mechanics. Frequently it is men size, should result from impacts at a given
difficult to know which principles are applicable, constant value of impact velocity. Further, the
and decisions are made based on the personal time scale of impact should depend linearly on the
preference of the investigator. However the seal- geometric scale factor.
ing behaviors of these two postulated failure A total of approximately 400 impact tests were
mechanisms are quite different. As is well known, carried out on the plate specimens and 200 on the
fracture mechanics involves a dependence on the cylinders. Typical results for structural response
absolute size of the crack, and thus scaled speci- are shown in Figs I and 2. taken from Refs I I and
mens containing a crack or flaw should exhibit a
decrease in critical stress levels with an increase in
size. 3000 I ' II

In the following, the previous experimental
program on scaling of impact will be briefly 2500 X=."•'L' 2
reviewed. The scaling behaviors for two difterent . - _,_

failure mechanisms typical of fiber composites, C 2000
that of delamination and of fiber breakage, will be • >

examined with respect to changes with scale. 1500

EXPERIMENTAL PROGRAM 1000' ,t

Impact tests were carried out on 5 size-, of l-5-0e, • ' 5400
and 2 sizes of cylinders.'"." The plates varied
from 50 X50X [-027 mm to 250 X250x i-36 0 I
mm. If the scale factor is termed 2, the dimensions
of the plates were varied by A = 1,2.3.4 and 5. The
layup used in the plates was ±( + 72);/().• L. Geo- 0 100 200 300 400 500

metric scaling was employed so that as many Time4 ( micrseonds

dimensions as possible were scaled with A, includ- Fig. I. Comparison of strain response at location A in

ing the exterior dimensions and the ply group impact tests on five diffcrent plate sizes. V;, 5-47 m;s from
Ref. I I

thicknesses, but not the thickness of the fibers or
individual plies. Tests were carried out using both
drop-weight (pendulum) and an airgun apparatus, 200

representative of quasi-static and dynamic condi-
tions. The two cylinders were 96-5 mm and 319
mm ID respectively, and thus differed by a scale 0 -,, .
factor of 3"30. Again, both drop-weight and air- ,
gun experiments were employed.

Analysis procedures were developed for both
the plate''' 4 and cvlinder'` impacts. The plate -200
analysis was based on a Ritz procedure because of ,
the boundary conditions employed in the tests, . 319 m ID

and used a finite difference integration in time. -400
The cylinder analysis used Fourier series expan- .......... 9.5 mm ID

sion of the displacements, coupled with Laplace
transform techniques for the transient time -0effects.-.00
effects. -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0 5 0.6

Scaling of the linear structural response was
established by examination of these governing T•m. ), (tmS)
differential equations. The coefficients were Fig. Z. Comparison of strain response 112 bctwcen 9•-5

grouped into dimensionless parameters. A princi- mm and 319 mm diameter cvlinders (from Ref. 3.
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13 for plates and cylinders. It can be seen that the rounding the impact site. The broken fibers were
response scales very well over the range of sizes observed by thermally deplying the impacted
examined experimentally. The peak strain values specimens, and then inspecting under a low power
at a given value of impact velocity are constant microscope. The observations were quantified by
over the range of specimen sizes. as predicted by specifying the length of the broken fiber region.
the scaling theory. The time period of the impact Clearly this is not a very accuiate measurement.
is predicted to vary with the scale factor. As however it is still believed to be representative of
shown, normalizing the measured time scale by the extent of broken fibers.
the scale factor gives good agreement over the
range of specimen sizes. Additionally, it has been Delamination
shown that the analysis procedures developed
compared well with th" experimental A typical set of results of the delamination
measurement of surface strains.' L 13 measurement is shown in Fig. 3, where the deiam-

The comparison between the drop-weight and ination area is shown for the various sizes of
the airgun experiments involves considerations plates, all impacted at a constant velocity. A line
apart from scaling issues. It is well known that for has been drawn in this figure indicating the delam-
impacts in which the impactor and target act like a ination that would be expected if the delamination
single degree of freedom system with the target extent were controlled only by the stress distribu-
behaving as a spring of negligible mass, the targci tion in the specimens. This line was constructed
response depends on the energy of impact and not by drawing a line from the origin through the
on the specific values of impact mass and velocity, measured delamination extent for the smallest
This is the well-known 'quasi-static' approxima- plate size. The logic for this is that the tests were
tion for impact response. To facilitate compari- designed so that the peak stresses and the relative
sons of this type, the impact mass was decreased stress distributions are the same for each speci-
by a factor of 8 from pendulum to airgun, while men size. when impacted at a constant velocity.
the impact velocity was increased by a factor of Thus. for example, if the dceLmination spread to a
64. Thus the impact energies are the same for certain fraction of the specimen size for one of the
corresponding tests with pendulum and airgun plate sizes, it should also do so for all of the plate
tests. It was originally anticipated that :he quasi- sizes. Thus the characteristic delamination length
static analysis would be appropriate for the pen- should vary linearly with specimen size. The
dulum tests, and that the airgun experiments consistent feature of all of the delamination results
would display strong dynamic effects. The is that the measured deiaminatio, did not foc!,,w
measured response of the airgun tests does dis- this trend, but exhibited a larger delaminition
play transient effects, however, the peak values of area for the larger specimens.
strain are very close to that which would be pre-
dicted by the quasi-static approximation. Calcula-
tions over a range of values of impact mass shows 1 0
that rules can be established for the limits of the
quasi-static approximation."' and that the airgun 4)-N 8
tests were on the border between quasi-static and (n
dynamic. Further use of this will be made in the .
examination of the damage resulting from impact. • 6

C;
Z 4 ••

SCALING OF IMPACT DAMAGE
N

Damage was observed in the form of matrix cracks, o 2
delaminations and broken fibers. The delamina- on sizer0- Y . ealmetric scading

tion was measured by means of C-scan ultrasonic a 0enpletr
inspection. This measurement was quantified by 0 1 2 3 4 5
computing the area of the image, which is thus an Plate Scale Factor
integration of delamination through the thickness. Fig. 3. Measured delaminalion size as a function of plate
Nevertheless, this measured area seems to be an size in scaled dynamic impact lests. at impact velocity of 18'3

indication of the extent of the delamination sur- m/s (from Ref. 17)
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The relative increase in delamination size with 140
specimen size can be clearly seen in Fig. 3. The E 120 0 AIrgun 200x200 mm
delamination results are consistent with a fracture 0 1 Pendulum ,c
mechanics interpretation of delamination, as has < 100
been discussed previously."- To see this, consider <
a generic expression for energy release rate given ._ 80
by 60

-2 10OX100 MM
G=,• af(a/w)/Q (1 '0 40

where G is the energy release rate for delamina- ",0-9 20
tion. a,, is the applied stress. a is delamination (D

size. f(a/w) is a finite width geometry factor, and 0
Q is an appropriate material stiffness constant. 0 0.2 0.4 0.6 0.8 1 1.2
Noting that the applied stress is proportional to V/Vref
the impact velocity in the present experiments, it Fig. 4. Measured delamination size as a function of impact
can be seen that the impact velocity required to velocity in impact tests of plates. lI = 24.4 m/s for airgun.
produce a delamination size that is a given frac- 3-05 m/s for pendulum impact from Ref. 17.

tion of the specimen size should decrease with
increasing specimen size. Specifically, the velocity
to cause this relative delamination should de- 120
crease with the square root of specimen size. In E 0 Airgun 0 319 mm ID

fact, this relationship was observed, with veloci- i 1 00 0 Pendulum

ties of 24.4 m/s. 18"3 m/s and 12.2 m/s giving the • 80
same relative extent of delamination in the 6 0 s

50Ox 50. 100x 100. and 200 x 200 mm plates, . 60
respectively.' 2  Q

Evidence also exists that the initiation of 1. 40 :l
delamination exhibits fracture mechanics scaling. .•
To illustrate this, the delamination extent has been 2 20 96.S mm ID
plotted as a function of impact velocity for the a
plate specimens in Fig 4 and the cylinders in Fig. 0

5. taken from Ref 17. Extrapolation of the delami- 0 0.2 0.4 0.6 8 1 1.2
nation size to zero should give the velocity for V/Vref
dc!amination initiation. It anpears that the velo- Fig. 5. Measured delamination size as a function of impact
city. and thus the stress, for initiation of delamina- velocity in impact tests of cylinders.•V, = 6 1-0 ms for air-
tion is dependent on the specimen size. As an gun, 7.62 mis for pendulum impact (from Ref. 17.

explanation for this, it has been conjectured that
the delamination initiates at microcracks,' and in
the present case the ply group thickness, and thus breaks were controlled by stress or strain levels.
the size of the microcrack, varies directly with the the length of the broken fiber region relative to
size of the specimen. Thus an energy release the size of the specimen should depend only on
mechanism that initiates at microcracks may input velocity and not on specimen size. . plot of
explain the size effect. Further discussion of this the measured length of broken fibers is shown in
explanation for the size effect is given in Ref. 17. Fig. 6 as a function of impact velocity for the

pendulum tests. Extrapolating these values to zero
Fiber breaks length for the broken fiber region gives the critical

velocity for initiation of the broken fiber regions.
As mentioned above, the plate specimens were It can be seen that essentially the same critical
thermally deplied and inspected under a low velocity is estimated for all the plate sizes. This
power microscope, and the length of the broken strongly suggests that the pendulum failure
fiber regions noted. In the present tests a linear mechanism does not depend on the specimen size.
analysis indicates that the applied stress or strain A similar plot is shown in Fig. 7. only now the
levels are independent of specimen size, and only broken fiber region length has been divided by the
depend on the impactor velocity. Thus if the fiber scale factor for the specimen. Consistent with the
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1 ... DISCUSSION
Pendulum ;ests

0.8 - 0 - 50x5C mm The major point of the present work is to examimc
E--c -100xl00 mm the effects of geometric scale on damage and fai-
- 0.6 a 200x200 mm lure in impact of fiber composite structures. While

scaling of the linear response appears to be rca-

0.4 a sonably well understood, scaling of failure
. 04- -[ mechanisms and damage is much more compli-

S[
a 0.2,'" cated. The experimental results appear to show&. 0.2 .A-
Q.-" that either the specific failure mechanisms

0 " ""I r-;-• ... involved must be well understood. or else a test
U program must be carried out in which size is con-

0 0.2 0.4 0.6 0.8 1 1.2 sidered as an explicit variable, if extrapolation to
V/Vref full scale structures is to be performed with any

Fig. 6. Length of broken fiber region in 50. 100 and 200 confidence.
mm plates after pendulum impact V,,, 3-05 m/s). In particular, the two forms of damage consid-

ered at present, that of delamination and fiber
breakage, appears to have different trends with
changes in size. Delamination exhibits a depen-

0.dence on absolute size as would be expected fromCI 0.4 . . .. I "" "I "" I"" " " "" * . .

* 0.35 Pendulum tests : fracture mechanics considerations, while fiber

S0 - 50x50 mm breakage does not appear to exhibit this trend.
, 0.3 o- 100xlOO mm It is not surprising that delamination extent

0.25 A 200x200 mm exhibits characteristics typical of fracture
E" 0.2 mechanics. It has long been considered that
E 02A delamination propagation is governed by energy

0.15 . release rates and is an appropriate field for frac-

0.1 ture mechanics methodology. The present results
C .are thus consistent with this viewpoint, and do
. 0.05 M "X point out the implications for scaling from model
o 0 F to prototype.

S 0 0.2 0.4 0.6 0.8 1 12 The scaling behavior associated with fiber
breakage is more controversial. There is consider-

V/Vref able evidence that fiber breakage can be predicted

Fig. 7. Length of broken fiber region in 50, 1O0 and 21)1) on the basis of fiber direction stress or strain. For
mm plates after pendulum impact. normalized by scale factor example, the author has been involved with expe-

V,, = 3-05 mi/sI. rimental measurements of the ultimate failure of a

number of carbon/epoxy laminates under biaxial
stress loading, and it has been observed in all of

previous figure, the velocity for the initiation of these tests that the maximum fiber direction strain
broken fibers is the same over the plate sizes. How- in a critical ply provides excellent correlation of
ever, although the trends are masked somewhat the data.' -'
by the data scatter, it is possible that the larger However when changes in stressed volume are
specimens seem to have developed larger relative considered. it is not clear just what theory to use.
broken fiber regions. Although conjectural, a Weibull theory2' is sometimes employed, in which
possible factor in this may be the greater non- the stressed volum- 4f material is explicitly con-
linearity in the larger specimens. This could arise sidered. However i, ould be noted that it is
because of the greater relative delamination in the possible to confuse testing variables with size
larger specimens. as discussed previously. In any effects, and perhaps arrive at conclusions about
case, this effect is not large. Thus at least over the scale effects that are not reliable in providing
range of geometric scale factor considered in the extrapolations. As an extreme case, consider the
experiments, the extent of the broken fiber performance of the large size carbon/epoxy
regions appears to depend on stress or strain rocket motor cases that have been built. It was
based criteria, reported in Ref. 22 that the industry experience
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seems to be that the delivered allowable stress or appears to depend only on the applied stressc•s or
strain differs from that in test coupons by at most strains, independent of specimen size.
of the order of 20,').,, although the stressed volume
differs by approximately a factor of a million. This
evidence suggests that Weibull theory must be
used carefully when applied to fiber composites.
On the other hand. there seems to be ample evi-
dence that the gradient of stress influences failure The contributions of Carl Madsen and 1)r Ralph
values, which has been sometimes interpreted as a Nie of Hculesnc d.
Weibull effect. are gratefully acknowledged.

The present data appear to show that the size
of the specimen does not have a strong effect on
the fiber failure values of stress or strain in REFERENCES
impacted specimens, at least over the range of
sizes included in the experiments. The evidence I. Goodir. .1. N., Dimensional analN-sis. In handhook ,,
shown in Fig. 6 seems to show this quite clearly. Lxperintenal .Srens% Analvsis._ cd. M. Iletcn|i. John
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regions with larger specimen size shown in Fig. 7 2. Starnes. J. i I.. Rhodes. NI I). & Williams. J. (,.. Ilfct ol

. impact damage and holes (n the compressi% c strength of
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Delamination and matrix cracking of cross-ply
laminates due to a spherical indenter

Sheng Liu
t pn~rfin('m ol .thchumhal artd ;erospuc' IEngineerinyi, Florida Institure (4 1, 'Ito~~ .\l(lhoiroe. 1-1 .424~J!. I 8A

An insestigation was performed -to study delamination growth induced by
matrix eraciss in cross-ply conipositesý re-sulting from a spherical indenter. The
major focus of the study % as to understand fundamentiullx' the damage
mechanics in terms of mainsx cracking and dclamination Srossth. and inter-
action between them. A nonlinear three-dimensional finite element model
based on an updated Lagrange formulation vas deseloped (luring the insestiga-
tion. An augnmented Lagrangian method a as utilized to model the dlelamination
interlace conditioti. A gecneral contact niode search ;feorithm was proposed
which canl handle complex contact conditions, such :irhitrarv slippage and
discontinuous curvature. The indentation resultine i~m the ,pherical rigid
indenter %,was also modeled. Fracture mechanics %vas applied to determine the
de-lamination propagation in three dimensions. the strain enerjev release rates,
"e rc cateidlaed b% a jacik-clo,,urc technique. The model vazi %erified
analyi cal ly and experimentally.

I INTRODUCTION mnode. B~asically. the Initial matrix cracks have
been classified by several investigatorY" inlto tNo

It is wecll known that fiber-reinforced composites types: the internal shear crack and surface bend-
aire vulnerable to transverse concentrated loads, ina crack. However, lrimied work has been per-
such as lowý-velocity impact. which can result in formed In studvi ngt the interaction between matrix
exrcnsivec delaminations and multiple matrix cracking, and delamination.' ] The fracture
cracking.' '' Numerous experimental and analvti- modes controllino delamination growth of lami-
cal investic-ations have been performed to study nated composites subjected to transverse conceen-
the damnage, resulting, from traoisversc loads. The trated loads have not vet been adequately
antalvtical work previously developed hats empha- identified. Recently the author',, 2-[) study"'
sized estimatingy the overall delamination showed that the initial matrix crackine, affected
size,,.' ' None of these models considered significantly the growth of delamnination. lDelami-
the detailed fracturing process during the forma- nation growth could be either stable or unstable
timn of the damage, dependling upon the location of' the initial matrix

Several investigators have indicated. based on crack's. In 1-1). 1 u and Liu-" modeled an
thetir experiments, that for somec ply orientations. embedded circular delamlinaltion by a thin soft iso-
surface matrix cracking could be produced with- tropic la~.er wvith a linear finite element method
out generating delaminations by carefully adjust- and showed that M~ode I and Mode Ill fractures

ing, the impact velocitv or the amount of the predominantly control the growth of the
applied load. Howecver, whenever there wvas a embedded delamination due to at poitnt load. No
delanmiation, there ,vere tratrix cracks aecoin- matrix cracking was considered in the analysis.
partied with the delamination. An energy thresh- Accordingly. the objective of this I invcsliizatloll
old also exists below which no daimage could bie was to study the damage mechanics of laminated
ucenerated. FExperiments have demonstrated] that composites subj. ected to transverse concentrated
similar results obtained from low-velocity impact loading and to furidamentallK understand the
tests could be produced by quasi-static transverse interaction between miatrix cracking and delami-
h ads' .~ nation growth. TO simplify the problem. only

Jones et al."' and Josh and Sun' have suggested cross-ply laminated composite panels were
that matrix cracking is the initial impact damage studiedl,and the load was applied quasi-statically.
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This paper will first present the analytical (1) the effect of the initial matrix cracking on
modeling. Comparison with the generated experi- the propagation of the delamination in the
mental data and numerical simulations will also be plate,
presented briefly. A detailed description of the (2) the delamination growth in the laminate at
analysis can be found in Ref. 19. a given load,

(3) the fracture modes contributing to the
delamination growth, dnd

2 STATEMENT OF PROBLEM (4) the contact information associated with the
delamination growth.

Consider a cross-ply laminated composite plate Accordingly, the laminate containing a delamina-
subjected to a quasi-static transverse concentrated tion with and without a pre-introduced matrix
loading as shown in Fig. 1. The rectangular plates
could be simply supported or clamped on any one
of the edges and subjected to a transverse quasi- r-. .•
static concentrated load by a spherical indenter.
The plates were assumed to contain a pre-existing
small delamination located at the central loading
area on the second 90/0 interface directly beneath
the indenter. Two types of matrix cracking in con- SIDE VI-

junction with the delamination were considered in SIDE vEW-

the study: a bending crack and a pair of shear FRONr vEW
cracks. Accordingly, for a given loading and boun-
darv condition, four types of internal damage FONT VIEW
modes were studied: (1) delamination with no
matrix cracks- (2) delamination induced by a TYPE 1: DELAMNATION ONLY

bending crack; (3) delamination induced by shear
cracks- and (4) delamination induced by both a tSIDE VIEW 0i

bending crack and shear cracks, as shown in Fig. I
2. Limited by the space. only surface crack is con- TYPE 2: DELAMNATION & BEN•IMNG CRACK

sidered in this paper. A typical damage pattern of
the laminate from an X-radiograph in shown in f r ,
Fig. 3. FRONT VIEW 0 R

In this investigation, it was desired to deter- TYPE3: DELAMINATION&SHEARCRACKS

mine:
FRONT VIEW SIDE VIEW

TYPE 4: DELAMINATION & BENDING AND SHEAR CRACKS

Fig. 2. Four types of damage modes considered in this
analysis: ( I) delamination with no matrix cracks; i2) delami-
nation induced by a bending crack; 3) delamination induced
by shear cracks; and 4) dclamination induced by both a

bending crack and shear cracks.

Fig. I. Description of the problem. A laminated composite
panel subjected to a transverse load applied by a spherically- Fig. 3. An X-radiograph of a graphite/epoxy [0,/90,j,

nosed indenter, resulting from a quasi-static transverse loading.
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crack in the 0° ply group was analyzed as shown in Based on the virtual work principle, the follow-
Fig. 4. A three-dimensional finite element method ing equation can be obtained from eqn (I ) for an
was developed for analyzing the problem. A brief uncracked laminate:
description of the analysis will be given in the next
section, however, details of the analysis can be "
found in Ref. 19. 1t2= , f "

3'

3 METHOD OF APPROACH The above nonlinear equation is valid for any
+ uncracked laminated composite undergoing finite

As the local deformations of the laminate could deformations in three dimensions. However. for
be substantial due to the concentrated load, finite cracked laminates, eqn (3) cannot be applied
deformation theory was adopted in the analysis. directly because of the presence of crack inter-
The total potential energy of a laminate without faces generated inside the materials. The contact
damage under the given load can be described as condition of the interfacial contact during loading

must be included in the analysis.
" [") ` -Two type of contact are involved: the rigid-

"="(E7) 0d - ", u,"ds (1) elastic contact between the indenter and the plate.
f f jand the elastic-elastic contact between the

cracked/delaminated interfaces, as shown in Fig.
where n'. is the total number of layers. oQ2"' is the 5. The local indentation resulting from a spherical
cross-sectional area of the mth layer in the refer- indenter is very complicated and three-dimen-
ence configuration, W is the strain energy func- sional and could significantly affect the delamina-
tion. u, is the displacement vector, and "S is the tion growth and its interface deformation.
boundary in the reference configuration where the especially when the delamination is small.
tractions "7T, are applied. In order to prevent the contact surfaces from

The components of the second Piola-Kirch- overlapping, an impenetrability condition must be
hoff stress in the mth layer can be expressed by specified and satisfied at all times along the con-
the constitutive relation as tact interfaces. This condition requires that the

shortest distance (defined as a gap g) between two
contact surfaces must he greater than or equal to

where E01 are the components of Green's strain zero. Mathematically, the impenetrability con-
tensor. Q' , are the orthotropic material moduli straint can be stated as g 0. Upon contact. the
for the mth layer. contact force must also be less than or equal to

zero (. \5<0). Accordingly, the contact constraints
for normal contact can be specified as

A ,. !E-< 01

g(u,) - (40
Delamination front ,r/g(u4,) 0

Matrix Crack
Dlamnination

Crack Length
Fig. 4. The coordinate system used in the finite element
analysis for a laminate containing a delamination and a bend- Fig. 5. Contact problem associated with a delaminated

ing crack. laminate subjected to an indenter.
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This is the well-known Kuhn-Tucker condition
for normal contact. The three equations in eqn (4) z/-, 7
reflect, respectively, the compressive normal trac-
tion constraint, the impenetrability constraint.and
the requirement that the pressure is nonzero only
when g- 0. Accordingly, eqn (4) must be con-
sidered together with eqn (3) in order to analyze
composites containing delaminations.

Several methods exist to implement the contact -

constraints. The most popular choices are the
Lagrange multiplier method and the penalty
method. Both methods have advantages and dis-
advantages (see discussions in Ref. 19). The
Lagrange multiplier method was adopted pre-
viousiv by the author for the study of damage

induced by a cylindrical indenter for analyzing the
interaction between matrix cracking and delami- ' /
nation.'" In this study, an augmented Lagrangian
method was adopted. It has been shown to pro- x
vide important advantages over the more tradi- Fig. 6. Description of a typical finitc clement mcbh uscd in

tional Lagrange multiplier and penalty methods. the analvsis.

lDetailed mathematical discussi,,, can be found
in Ref. 211. The augmented Lagrangian techniques

j have been known to provide almost exact en-
forcement of constraints while using finite penalty correct multiplier, then g = 0 on F. Thus, in the

I parameters. avoiding the ill-conditioning. case where the multipliers are correct. eqn i7
In the method of augmented Lagrangians. the achieves exactly the same form as the standard

Lagrange multiplier )., is initially chosen to be an Lagrange multiplier method, making it an exact
arbitrary constant. If this constant is not the penalization.
correct Lagrange multiplier, the contact con- It is important to notice that eqn 7 is a non-
straint is not satisfied and minimization of the linear equation due to the contact conditions and
total potential energy of eqn 1) does not lead to eonmetric nonlinearity. In general, then. it will be
the equation of equilibrium. Therefore, from a necessary to solve eqn (7) in an iterative manner.
penalty function viewpoint, the total potential In practice. F. is chosen to be as large as practic-
energy represented by cqn I needs to be further ally possible without inducing ill-conditioning.
penalized by the following modified functional: The advantage of the current treatment over the

penalty method was developed based on eqn 7).
-1 + gand an eight-node brick element was used. Due to

1 -2lrJg 5) symmetry, only a quarter of the laminate was

analysed. A t pical finite element mesh is shown
where ' (<0 denotes the fixed estimate of the in Fig. 6.
correct 2. 'The superscript k indicates that the The initiation of delamination growth ionset of
search for the correct A\ is an iterative process. delamination growth) was predicted based on
The updated formula is linear elastic fracture mechanics. The well-known

(6) = +virtual crack closure technique:: served as the
,+ basis for the strain-energy release rate calculation.

Therefore, the variational equation corre- This procedure determines Mode I, Mode 11 and
sponding to cqn (5) can be derived as Mode Ill strain energy release rates ((;,, (;, and

(;,) from the energy required to close the delami-
nation over a small area.

[1i (f• + r'g)i)gdr=( (7) Therefore, at any point on the delamination
front, strain energy release rates can be calculated.

It is noted that the term (A; + e'g) plays the Since the delamination growth can be attributed
role of the Lagrange multiplier A•. If A, is the to a mixed mode fracture, the criterion for deter-
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mining the initiation of the delamination growth cross-section (X-Z, Y=O) of a 10,,/90,], compo-
was selected as"9  site at a load of 172 lbf. The local indentation due

+ Gto the rigid indenter can be clearly observed in the

(= EG (8) figure. A relatively large sliding between the upper
Gil,( ) and lower surfaces of the delamination were also

clearly shown in the figure.
A close-up side view of a deformed cross-

for any point on the delamination front. Hereg section (Y-Z, X=0) of a 0,,i/90,1, is shown in
Gr. Gas and Gcr are the critical strain energy Fig. 8. The bending crack was open due to the
release rates corresponding to Mode I, waode applied load. which closely resembles the cylindri-
and Mode II1 fracture, respectively. It was cal bending of a [90m/0,1, beam containing a sur-
assumed that G,(.. G11c. and G did not change face crack. The local indentation due to the rigid
with delamination size. Based on the previous indenter and relatively large sliding between the
two-dimensional study by the authors, a = 1. upper lower surfaces of the delamination were
3 = 1. and y = 1 were selected for this study, also shown in the figure.
because they were found to provide the best fit to Figure 9 shows the comparison of the calcu-
the experiments in two dimensions. It was lated total strain energy release rate G, based on
assumed that G1,. = Glc,2 because the value of type I and 2 models for a laminate containing aGil,( has not been reported in the literature. small circular delamination with and without the
Accordingly, delamination would start to propa- surface matrix crack (bending crack!. For the
gate when Ed >- I at any point on the delamination laminate containing the matrix crack. the value of
front.

4 RESULTS AND COMPARISON ......... --- . .

In oider to verify the model, numerical solutions .7.
were generated and compared with existing - --:--..
analytical and numerical solutions. Overall. the ,
agreements wer vrgood. Due to limited space. •

verification can be found in Ref. 19. In the follow-
ing, numerical simulations and experimental veri-
fication are presented and discussed.

For a [0j,90,J layup. a long slender peanut-like
shape of a delamination on the interface near the ZL
bottom surface was observed. A matrix crack
(bending crack) in the bottom 0' ply group was Fig. 7. Deformation of a cross-section (X -/. / )0 of a
also clearly seen from the X-radiograph given in i(,,/90:j, composite with a surface matrix crack.
Fig. 3. The left and right halves of the delamina-
tions always grew in a relatively equal size.

In order to evaluate the damage propagation in
[o,,/9o)z, composites due to transverse concen-
trated loading, both types I and 2 damage models ir ..--
were utilized to perform the numerical simula-
tions. The type I model considered only a delami-
nation without a bending crack, however, type 2
model considered both the delamination and the
bending crack.

The mesh, deformation, and stress data gener-
ated from the finite element analysis were stored
in standard post-processing files and transformed Z.
to the commercial code IDEAS 24 (licensed by
Structural Dynamics Research Corporation). Fig. 8. Deformation of a cross-section '1 4 A \O of a

Figure 7 shows a close-up view of a deformed I0,/')0,.1 composite with a surface matrix crack.
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GT along the delamination front near the location figure indicates the sequence. The sub-figures
of the matrix crack increased significantly and were generated by evaluating the strain energy
reached a peak at the intersection between the release rate ratio Ed for various sizes of delamina-
matrix crack and delamination (at 0 = 0°). The tions. First, the values of Ed were calculated for a
value of GT, however, decreased rapidly as the small circular implanted delamination. If delami-
delamination front, where the value of GT was nation growth was predicted (Ed Ž- 1), then the
calculated, moved away from the location of the delamination size was extended slightly along its
matrix crack (9 approaches 900). major (X-direction, 91 = 0°) or minor (Y-direction.

A completely different distribution of the total 91 = 90*) axis according to the predicted direction
strain energy release rate was obtained for the of delamination growth. In this analysis, the
laminate containing no bending crack. Overall, delamination was only allowed to grow into either
the values of Gr obtained from the type 1 model a circular or an elliptical shape. Again, numerical
were much smaller than those calculated by the calculations were re-performed to evaluate the
type 2 model. Apparently, the laminate with the strain energy release rates for the laminate with
matrix crack could initiate the delamination the new delamination. This procedure was
growth at a much earlier loading stage than the repeated until the calculated strain energy release
one without. Once the delamination propagated, it rate ratio was smaller than unity everywhere along
would grow along the direction of matrix crack- the delamination front. The size of the final
ing. delamination was then considered to be the

Figure 10 shows the sequence of delamination delamination shape corresponding to the given
growth in the laminate without the matrix crack loading condition.
predicted by the type 1 model based on the crack At 0.05 in of indenter displacement, the de-
growth criterion (eqn (8)). The number shown in lamination tended to grow into an ellip:cal shape
the bracket at the upper right corner of each sub- with major and minor axis ratio about 2 after a

series of stable and unstable growth. However, the
delamination shape predicted by the type I model
was significantly different from the shape

t•,• ..... ,,ok,•e,,tobserved in the experiment. First, the well-known
t, ,s0.0 WIMaid"I,•k Cr~kl

0- peanut-like delamination could not be predicted.
Second, the predicted shape was fairly large
instead of slender and was very different from theobserved delamination shape with major and

minor axis ratio about 5. And third, the applied
- load (or displacement) which initiated the delami-

SOL 0.2 9.4 a . 1. nation growth was much higher than the experi-
W 24/n mental one. It was noted that something was

Fig. 9. Comparison of the calculated total strain energy missing in the type I model for simulating the
release along a delamination front in a I0,/90,], composite

with or without a surface matrix crack. delamination growth due to a spherical indenter
loading. It seemed to show that the type I model
could not predict accurately the damage growth in

1.06 ,bOM, (1) $A.S ig,.t. b 1 this laminate due to a spherical indenter.
However, a completely different growth pattern

was predicted by the type 2 model. First, at the
"same load, delamination growth was predicted to

_ _ _ _occur much earlier for the laminate containing the
same small delamination given in Fig. 11(1).

.(2)- (4) Figure II shows the sequence of the delamination
X• growth in the laminate with the matrix crack pre-

, 1A• dicted by the type 2 model.
At a fixed indenter displacement, Fig. 11 gives

6.6 01 0.4 0-GA U 1 .# 0 6 S.; i 1. L a final shape after a series of growth. After a sub-
fx •x stantial growth of the delamination along its major

Fig. 10. The predicted delamination growth sequence in a axis, Fig. 11 (4) shows that the strain energy
10,/902], composite without a surface matrix crack. release rates started to increase near 0 = 750 away
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Fig. 11. The predicted delamination growth sequence in a

composite containing a surface matrix crack.
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from the matrix crack, initiating the expansion of i Lis

the delamination along the minor axis. However, a '
slight expansion of the delamination along its -*
minor axis as shown in Fig. 11(5) subsequently
caused a significant increase of the strain energy a 0
release rates along the major axis. Hence, the
delamination started to grow along the major axis
again. Apparently, the growth of the delamination 2.t

was predominantly controlled by the delamina- r
tion front near the neighborhood where the -

matrix crack intersected with the delamination. It
is worth noting that at 0 =90', strain energy I

release rates remained at a minimum regardless of
the shape of the delamination. This observation
implies that no delamination would grow in this
area, leading the delaminaFion to a peanut shape f

3
which was frequently observed from the experi- QUASI IMPACT ENERGY (lbotin)
ments for this type of ply orientation, such as the a 1arge delamination sizes prface

oneck gieNumFig.3 Thpeis enis also indica edfo thet Fatig. 13. k Comparison ofr d helamiaionasie preditedaindn

oncorrec g enernFig. 3.e ise ateso wudicaated fromthhe measured in a 0fa/90ema1 composite with respect to quasi-
actual contact area. Even the model allowed only impact energy.
the elliptical dela3iL cration shape, the actual con-
tact area can be seen in Fig. 12, which coincided
with the shape shown in Fig. 3. It is observed from shows the calculated strain energy release rates of
Fig. 12 that the contact zones are significantly Modes I, TI and IlI for the laminate containing a
different with and without modeling the surface small and a large delamination with. a surface
crack. Numerical experiments also showed that matrix crack. Clearly, for the laminate containing
incorrect energy release rates would be calculated the initial surface matrix crack, G, (Mode I frac-
if the contact algorithm was not implemented. ture) dominated the total strain energy release

Figure 13 shows the comparisons between the rate along the delamination front near the neigh-
estimated delamination sizes in the x and y direc- borhood where the surface matrix crack inter-
tions and the sizes measured from the experi- sected with the delamination ( 0=0). This
ments. The correlation between the experiments observation is also valid for a moderately large
and the predictions was very good. Figure 14 delamination, as shown in the same figure.
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However, when the surface crack was ignored 5 CONCLUDING REMARKS
in the analysis, Modes 11 and III fractures domi-
nated the total strain energy release rate along the A finite element analysis was developed for
delamnination front for the laminate, as shown in analyzing cross-ply laminated composite plates
Fig. 15. Although the contribution of each mode subjected to transverse concentrated loading
to the growth of the delamination strongly resulting from a spherical indenter. Based on the
depended upon the current shape of the delami- analysis, the following remarks can be made for
nation, the presence of the matrix crack clearly the laminates studied:
played a very important role in the delaminationV)Teitalmrxcakngfetssnf-
growth. Therefore, it is very important that the caTh ntly ma gotrixf crackingaffect rsuingnii
initial matrix crack be considered in the analysiscatyhegohofdlmninrsuig
for understanding the damage mechanics anrmdrnves oaigand (2) The surface matrix crack induces the
mechanism of laminated composites due to trans- delamination to grow into a slender peanut
verse loading. shape.

(3) Mode I fracture contributes significantly to
_________________________the growth of the delamination induced by

T3/W7% a surface crack.
A 0.63 In 41 Mixed mode fracture dominatcs the inter-

with Suarfac Crack nal crack induced small delamination
'arowth. Mode 11 governs the internal crack
induced large delamination growth.

Additionally, it is noted that the proposed
finite element analysis can also he extended to

a=0.7~b-0i~i ~conditions, such as delamination buckling, whichi
~ ~-Gu/Gc are going to be reported in future publications.
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A parametric study of residual strength and
stiffness for impact damaged composites

Victor L. Chen, Hsi-Yung T. Wu
(Composites, Trianqort Aircrajt •echnolog., M.cl)omw t Douglas Aerospace, Transport Aircraft. Long BeahIt, (A (XW46. 1 "4

&

Hsien-Yang Yeh
D)epartment of lh'chanical Engineering, (Calijornia Siate L'niver.itrv, Long Beach, ( A W)8+40. L',SA

A parametric study of residual strength and stiffness for low-velocity impact
damaged composites w-as performed. Possible compression after impact failure
mechanisms, which may be caused by stiffness and strength degradation inside
the damage region, were discussed. In order to understand the scaling effects
on impact damage residual strength. finite element analysis was performed.
With stiffness degradation inside the damaged area, the stress fields of small
coupon and larger stiffened panels with the same damage were calculated
numerically. The stress redistributions were found to be almost identical
between the coupon and panels. This indicates that the stress redistribution is a
local phenomenon. and will not be affected much by the existence of the
stiffeners. It is believed that the residual strength of impact damaged composite
structures is related more to the damage severity than to the load redistribution.
Fhc dependency of the stress concentration factor on the anisotropic
engineering elastic constants of a laminate was extended from an analytical
study by Lekhnitskii Antsotropic Plates. (Oordon and Breach Science PuO-
lishers, Nevw York. USA. 1968 i.

INTRODUCTION evaluated using an analytical formula for aniso-
tropic plate obtained by Lekhnitskii.'

Laminated composite structures are generally The determination of stress concentration
susceptible to damage resulting from low-velocity factors by linear elastic solutions is a classical
impact. It is of vital interest to understand this problem, even for anisotropic materials. However.
mechanism because even non-detectable impact there is a renewed interest related to the causes of
damage has been found to drastically reduce the scaling effects on residual strength of impact-
strength of composite laminates. However. due to damaged composites. Figure 1 show.s that the 4-
the complexity of impact damage which involves, or 5-in-wide I I in = 2-54 cm) coupons retain
the interaction between dynamic matrix crack lower strength as compared to the larger stiffened
propagation and delamination growth, the current panels when they were damaged by the same
understanding is still very limited. Further, the impact (same energy per thicknessxC Tradi-
question of how to predict residual strengths and tionally. many argue that more complex structures
stiffness about impact damaged composite struc- (e.g. stiffened panels) provide alternative load
tures is still not answered. Based on reported paths, therefore retain higher residual strength
experimental results, an impactor with a hemi- (than coupons). However, C-scan results show
spherical nose will produce a more or less circular that even a 100 ft-lb impact seldom causes
damaged region. This damaged zone is expected damage arger than a I in disc in a t, in thick comn-
to have reduced macroscopic stiffness and posite wing-skin panel. The damage size is small
strength. Because of difficulties in directly compared to the typical stringer spacing, and
measuring the stiffness and strength loss, a finite therefore all stress concentration diminishes
element parametric study is in order. The stress within one skin bay. In other words;. the stress
concentration factors with various laminate engi- distribution (within the skin bay) would be nearly
neering elastic constants f,, f-*,, and 0,2 are also identical to that within a coupon if the damages

267
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were the same (size and severity). The scaling SCALING EFFECTS ON RESIDUAL
effects shown in Fig. I have to be explained by STRENGTH OF IMPACT DAMAGED
other means, but not by stress-load redistribution. COMPOSITES
The cause of the scaling effects that complex
structures exhibit higher residual strength (after What structural designers often say about scaling
the same impact) will be further discused in a effects are that complex structures are less
separate paper. affected by local damages (as compared to

To investigate the stress redistribution after coupons).- This is reflected in Fig. I as having
impact Jamage. a parametric finite element study higher residual strength after the 'same impact*
has been performed. Stiffness inside a circular (defined by same energy per thickness,. Such
damaged region is reduced to simulate the low- scaling effects are extremely important to com-
velocity impact damage. Results of this finite posite aircraft structural design because the
element analysis indicate that the stress redistribu- design stress-strain allowables are dctermined
tion is a local phenomenon and numerical calcula- accordingly. There are two explanations: i i, coM-
tion of stress concentration agrees with those plex structures can provide alternative load paths
obtained from the analytical predictions studied (stress redistribution), and (ii) complex structures
toward the end of this paper. This analytical para- can deflect and are damaged less during the
metric studv indicate-, that !aminate shear modu- impact (damage severity'. Good understanding of
lus G• . compared with E1ý and/F., is a dominant scaling effects will help us in extrapolating coupoi;
factor in the variation of stress concentration fac- and element test data to predict compression after
tor. Through the variation of fiber orientation per- impact (CAI) behaviors of large structures. This is
centae in the laminate, the stress concentration an appropriate goal in view of the pay-off culmi-
factor could be reduced. thus. the residual nating in economics via reduced panel testing.
strength after the low-velocity impact damage To clarify the causes and their relative impor-
could be improved. tance to scaling effects. steps were taken to sepa-

Irnm act energy, ft fbfuin.
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Fig. I. Effect of test panel size/configuraiuon on residual strength. jAdapted from Ref. 2.
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rate and better define the two explanations. be worse than a hole of the same size. To capture
Instead of using the rather ambiguous condition the latter. other researchers have used a sub-
of the same impact level, we choose to model the laminate buckling model with given delamination
"same damage severity' (same geometry and to relate the damaged area properties.4 " We made
material properties) into a 5 X 10 in coupon and no attempt to resolve this task, nor to emphasize it
stiffened panels with the same skin layup and in this paper. The following discussion is to point
thickness. The same end shortening strain is then out the difficulties, and more importantly, to lead
applied to the quarter symmetric finite element to a scenario that detailed damage modeling mam
models, with the damage modeled as a 1[5 in not be as essential as it appears to the residual
diameter disk retaining X% of the undamaged strength prediction.
stiffness. Prior to detailed discussion on modeling Because impact damages are more critical
and parametric studies, we shall look into the under compressive loading. CAI cases are used
physics of this residual strength problem. If stress for discussion. A typical CAI test used by Douglas
redistribution is the main cause of tl'e scaling Aircraft Company is the ST-I described in NASA
effects, one should expect major differences in RP-1092.7 We modeled the 5 x 10 in ST-I CA I
stress distribution. In other words, the existence of coupon with X% of the undamaged stiffness and
the stringers should greatly lower the stress con- Y% of the undamaged strength retained for the
centration in front of the damaged zone for the damaged area (Fig. 2). By comparing test data to
panel cases. If the stress distributions around the the results of a parametric FEA study 1varying X'
damages are similar for the coupon and the and Y , wc expected to determine the values of X
panels, one would be led to believe that damage and Y for each damage case. including generaliz:1-
severity is the main cause of the scaling effects. tion to panel CAI. We encountered two major
That is. the coupons and the panels must have difficulties. •i! This seemingly simple model is
damages of different severity to cause the differ- quite complex. i.e. there is no restriction that .X'
ence in their residual strengths. Whether the ,•mae has to be the same as V Further. X and Y should
impact' events •same impact energy per thickness be functions of positions rather than constants. •,ii;
in Fig. I resulted in different damages, and ST-I CA! coupon tests provide insufficient infor-
whether there is any other impact parameter that mation in determining these functions. i.e. the
relates better to damage severity are not the ST-I measurements reflect -averaged' properties
subjects of this paper. \,W will only go through the of the 5 x I) in coupon. hut not local properties
damage modeling scenarios and concentrate on of the damage.
stiffness behaviors in the next two sections. The series of parametric studies did not lead us

to a satisfactory means to determine X and Y for
detailed damaged modeling. However. a few other

MODELING OF IMPACT DAMAGED findings arc worthy of mentioning. First, for the
COMPOSITES entire range of stiffness variation, the stress re-

distribution is found to be a local phenomenon.
A rigorous analytical residual strength prediction which never goes beyond two or three times the
approach seems to have to start from detailed damage size. Therefore. the overall stiffness
damage modeling. This is a difficult task. whether behavior is not sensitive to the local stiffness NXi.
one does it by characterizing the observed This suggests that the only experimental approach
damage or by simulating the impact event. Many that may properly characterize the damage is to
researchers have compared the residual strengths test narrow strips cut through the damaged area.
of impact damaged specimens with the strengths Secondly, by varying X and Y independently, we
of open-hole specimens.' The approach of treat- found two competing failure mechanisms, and
ing the impact damaged area as a hole cut out of also obtained a feel for the implication of this
the laminates cannot capture the true character- competition. When low stiffness retention but
istic of impact damaged composites. On the one high-strength retention was assumed. failure can
hand, when damage growth prior to failure is initiate outside of the damaged zone due to stress
insignificant, the damaged area is a weakened concentration. When the opposite was assumed.
zone, but iiot iccessarily as bad as a hole, On the high stiffness retained for the damaged zone
other hand, if sub-laminate delamination/buckling causes little stress redistribution, and enough load
is the main failure mechanism, an impact damage, still goes through the weak (small Y) damaged
usually associated with multiple delamination, can zone to initiate failure from within. Because of this; I
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competition' and the locality of stress redistribu- Standard material properties of graphite-epoxy
tion. the collective behavior (e.g. calculated failure composite'" are used in the analysis, and they arc
load) becomes less sensitive to X and Y individu- shown in Table 1. The test coupon and the skin of
ally. This suggests that detailed damage modeling stiffened panels are made of 0/45/0/ -45/90,k

e.g. position dependcnt functions X and Y) may -45/0/45/01,s laminate with a nominal thickness
be circumvented tor failure load prediction. Such of 0-324 in. The 0' fiber orientation of the lasm-
an approach is consistent with the concept of nates is parallel to the stringer and applied load
continuum damage mechanics which treats the directions. The stringers of stiffened panels arc
micro damage initiation and propagation as a made of the same material as the skin. The blade
macro-degradation process.' To speculate further, of stringers has !0/45/0/-45/90)/-45 iO(450):,
aside from damage growth, a single constant "Y' layup with a height of 2 in and thickness of
indicating! the collective strenth retention, or the 0-468 in. The flange of stringers has 0/45/0/
inverse of an equivalent stress concentration -45/90/-45/0/45/01,, layup with a width of
factor. may be sufficient for CAI strength descrip- 2-94 in and thickness of 0-216 in. The liange of
tion i Fig. 2 . The stiffness behavior (stress distrib- stringers is assumed to be bonded perfecth on the
ution around the damage) is discussed further skin of panels.
with numerical details in the next section. The impact damage zones of test coupon and

two stiffened panels are assumed to be circular
with diameters equal to 1-5 in Fig. 31. located at

CALCULATION OF STRESS the center of each specimen. The stiffness inside

REDISTRIBUTION USING FINITE these circular regions are reduced to simulate the

ELEMENT METHOD low-velocity impact damage. Failure analysis will
not be performed in the present study. therefore.

o tmaterial strength properties are not needed. Stress
L investigate the stress redistribution of compo- redistributions of coupon and panels with damage
sites after impact damage. a paraametric finiteelemnt tudvhasbee perormd. n th stdy. are calculated using finite element method. All

a been performed. In the study, stiffness iE, E, E. and (; of the lamina: therefore.
stress concentrations of a test coupon, two- EI, F., and (;, of the laminate) retained inside
stringer, and four-stringer stiffened panels with the circular damage area are simultaneously
impact damage at the center are calculated. It is varied from 0%, which is similar to a hole. to
necessary to prove that the stress redistribution of 100%, which is no damage. of the virgin material
damaged composites is a local phenomenon. and properties. Poissons ratio v, of the lamina'
the stress redistributions between the test coupon therefore, F-,. of the laminate) is assumed to
and stringer-stiffened panels are similar. remain unchanged for impact damaged compo-

The linear s:atic analhsis in MSC/NASTRAN sites. A same end-shortcning. strain
version 67 was used for stress field calculations."
Dimensions of the test coupon. two-stringer, and A/ 4000 uin/in
four-stringer stiffened panels are shown in Fig. 3. i

E E=E X(r)
j STRENGTH

DETAILED OR STRESS
MODEUNG REDISTRIBUTION i PANEL CAI

PREDICTION

a = o Y (r)

COUPON CAI
TEST RESULTS

SEMIEMPIRICAL
PARAMETRIC - S
APPROACH/ STNGtI p

Fig. 2. Schematic of impact damage modeling.
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retained insideI the circular damage area arc ploit- brealLtge. MAtHN craicking,' aind dlam~inat win,11.
k'dI illli 4-6.f Froim th hi.'clIculation,. the ma~xi- T'hese damiag-es will certainlil reduce loctal sliffitnss
mlumi s1 ress, cri ccri' ratuions appear at the and strenigth ofi laminates. 'I 'lie stitlhness reduictionl

Nmi ndarN betweecn damnaged and intact areas.1w 'hi ki thin the damagie a rca \k ill cause stress co nccn-
finding isconsistent w~ith the conventional stress H'a ton near thle interfaice o! tile intact and

i:ýncentratitin stkui t\ ifco mpi si tes with cif~irclar damnaged areas, under lo ading. "I h1is stress redis-
hole.! trifuifon Is etitical for predlictingi- the impapict

tIn m ider to v's in% lga te the influecei iot imnpact damiauc residua~l stfreneth. While 11he S(T 1' thle
da matte seveno~ to til e stress retliStributu io o1 simpilesCt ind(icat r ofI thle 0t1ress concentrtrit lIn. For
cOiponp in an panels. the retained stiffness, inside thc \ i~rsil stiffness redutti~n a1 holte .S( RI can
the circular datmage /iiine is varied h~ir st ress ficld he obtained analytically for infinli te lat platies., To
C1Cal1 ulr601it. 'I heC stress, conicent rations (4t various11 eeTI~rnoize erigiticering arid Ctlf m puf (Ic r fite me
retained st ilfrwsscs inside the damnage area are parametric si ux o SC I ar0111)(d circular hole, is

jt:lctilateid and also compared -,kith thet iretical conducted for varitiren 0rt hi triipic plate proper-
valuecs 4)1 intinite plate wkith hole.' "Ihle results are ties. Hie results wkill pro~ ide information onl recla-
pit ittcd in I- ig. 7 lIb- infinite plate. eonupo n, amli It e t eseeiyi s ese ien a ion Ib ariouis

panecls. Thcy st Wthat the variationus ot the s't'ess larnminats. THuls. x% it iii p,,ope; bouiidanies oit
cioncentratio n Ii~ctw ccii co upon and( painels are: as' laminate selection. desittncrs could arrange the
smiall as, i-ink t"1 '*.1 hnsk. we Coinclude that stress tJibr orientation pcr.'etiagc tin the larminate Ito
redistnibutioins:are simiiilar f ir cioupo n anid pa nes miii imizel( the S(TI to tin pjrove the residulll
it the% halve thi. sante matgnitude (t damage.- str 1gt ,1t'te impact.
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PARAMETRIC STUDY OFSTRESS indepth parametric study did not completely
CONCENTRATION FACTOR resolve the difficulty of impact damage modeling,

it led to a better understanding of the damage
To investigate the stress concentration behavior of residual strength performance.
composites, a parametric study has been per- A parametric study of the analytical solution
formed based on the anisotropic elastic infinite about the SCF of composite plates indicates that
plate solution obtained by Lekhnitskii.' The stress the smaller E, /1E value and larger G, , value will
concentration factor K can be expressed as lower stress concentration. The shear stiffness

G,, is the dominant factor in the variation of SCF
K = , of composite plate, therefore. it is a key factor to

the failure mechanism of laminated composites.

=-(( -cos-" +(k + n) sin2 0)k cos2 a

+ ((1 + n) cos2 0- k sin2 0) sin 2 a ACKNOWLEDGEMENT

- n(1 + k +n) sin 0 cos 0 sin a cos a) The work presented in this paper was sponsored

sin-'a + E- cos a by the Independent Research and Development

, 
2

+- ( 2vY, sin2 (12 2 a4

where o,, is the tangential stress along the circular 0a

hole at angular location a, o r is the far field stress -
acting atan angle ¢with respect to the principal

elastic axis "1" of the anisotropic plate shown in 00

Fig. 8. The symbols k and n are product and sum "-'LLoading
of the complex roots of the anisotropic plate
characteristic equation,'"" which are functions of
El. E2 , G1, and vf2.

Figure 9 shows clearly that, with fixed laminate _,-

Poisson's ratio f 1 2 - the SCF is lower for smaller 0o11 0
E, /E, value (stiffness ratio of the composite plate) Fig. 8. Tension at an angle to a principal elastic axis I of an
and for larger G,2 value (shear stiffness of the anisotropic plate with a circular hole.
composite plate). The results of this parametric
study indicate that shear stiffness, Ciy2 is a domi-
nant factor in the variation of SCF of the com- 61M.0-s, S15 Msi
posite plate. In other words, adjusting shear =
stiffness may be an effective means to reduce SCF "= 3.6,9 12. 15 Msi

and to improve residual load carrying capability. ',2 0.,66

CONCLUSION

From the finite element analysis, the stress con- Q 4.0-

centration appears near the interface of the intact
and damaged areas. We also verify that the stress
redistribution of damaged composites is a local 5 A-s
phenomenon. The local stress distributions 3.0 ., ,
between the test coupon and stringer-stiffened 1. 2. 3.0 ,o0
panels are similar. This suggests that damage - Shear Modulus (Msi)
severity, not stress redistribution, is the main Fig. 9. Variation of stress concentration factor around

cause of the scaling effects. Even though this circular hole in an infinite composite plate.
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Identification of material properties of composite
plate specimens

C. M. Mota Soares, M. Moreira de Freitas, A. L. Araujo
11)ME(. Instituto de Engenharia Mecnica, P61lo do IST A v. Romisco Pai.ý, 10%6 Lisboa Codex, Portugal

&

P. Pedersen
Department of Solid Mechanics. The Technical Universirv of Denmark, Iynghýv Denmark

An indirect identification technique to predict the mechanical properties of
compos'te plate specimens is presented. This technique makes use of experi-
mental eigenfrequencies. the corresponding numerical eigenvalue evaluation.
sensitivity analysis and optimization. The laminate analysis is formulated in
terms ot non-dimensional material parameters and the discrete model is based
on the linear shear deformation theory of Mindlin. The constrained minimiza-
tion of an error functional expressing the difference between measured higher
frequencies of a plate specimen and the corresponding numerical ones is then
carried out to find the desired optimum parameters. The required sensitivities
with respect to changes in the non-dimensional material parameters have the
option of being evaluated analytically. semi-analytically or alternatively by finite
difference. Results which show the validation of the sensitivities and the limita-
tions of the model to predict the required quantities and its range of application
and accuracy are demonstrated through test cases,

I INTRODUCTION difference between the measured higher eigen-
frequencies of the plate specimen and the corre-

The use of composite materials in the project sponding eigenfrequencies of the numerical
design of structures or structural components is model plate is established. This functional is then
increasing due to their strength to weight ratios, minimized to find the required mechanical pro-
high stiffness to weight ratios, improved corrosion perties. The eigenvalue analysis and the evalua-
resistance, low specific gravity of fibers, low main- tion of sensitivities are carried out using a finite
tenance costs, etc. For specific applications the element model whose characteristics are derived
composite material is often tailored to meet cer- for the linear shear deformation theory of Min-
tain design requirements and the mechanical pro- dlin.2 This work is closely related to the develop-
perties are not available in general. Although ments carried out by Pedersen' for thin composite
these properties can be approximately estimated plates using the classical theory assumptions of
through the rule of mixtures' the safest and formal Kirchhoff and sensitivity analysis. Also Wilde and
way of obtaining the required mechanical material Sol' using Kirchhoff assumptions and a Bayesian
data has been through experimental procedures parameters estimation method associated with a
using specific geometry specimens, numerical model have developed an alterinative

In this paper is described an indirect identifica- technique based on experimental/numerical
tion technique to predict the mechanical proper- eigenfrequencies to estimate the mechanical
ties of composites which makes use of properties of orthotropic specimens. More
eigenfrequencies, experimental analysis of a recently two alternative methods both requiring
composite plate specimen, corresponding numeri- experimental eigenfrequency data have been
cal eigenvalue analysis and optimization tech- published by SoV and Wilde,' which do not follow
niques. An error functional expressing the the sensitivity analysis approach here proposed.

j 277
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2 LAMINATE ANALYSIS are given by:
c,1 =-8 - a,[1 - cos (2 0k)l - a ll - cos ( ki

Considering the system referential cartesian axes

x, y, z and the kth ply principal axes, X,, X-,, X, C12 = CŽi = a 4 - a.3 cos (
4 0

k)

(Fig. 1), the constitutive equations for a ply of a C1c,, = a, sin (2 0k)+ a, sin (4 0 k)

composite plate made of a finite number of ortho-

tropic plies by neglecting the transverse normal c 2 = 8 -a 2 [ I + cos (2 001 - all1 - cos (400 1
stress effect can be represented as: siC216 = c622 a- . 2 sin (20O,.) - a., sin (40, O

IO~k= Q1kkE•4k (1a) C44= as .[2 (8- a. - 3a a,.)-_ a,

I --- - 0Y, a • .,- , UTZ }' I t (lb) cos (2 0k) 3
{e~k=l•.., yy y: y.: yy}E lc) C54 = ('45 [ (8 _ 3a-_ a ) _ •

where {Jak is the vector of stress components, fL }k sin (2 0k
the vector of normal and shearing strain compo-
nents, [Q], the material constitutive matrix trans- c 5s = a. +[1 (8 - a, - 3 a, - ct)- a,] cos (20A
formed from X•. X,, X.3 to the x, y, z axes and t c= (8- - a,- - a4 •- a cos (40k
the transpose of a vector or matrix.

The mechanical properties of ply (k), consist- a,,= 1 -[(a 4 - a,)/08 -2a.)12(4- a.)/4
ent with the Mindlin plate model, are defined as 0A being the angle which axis X, of ply (k, makes
El, E, the Young's modulus in the X 1, X2 direc- with the system reference x axis. The non-dimen-
tions (X, being parallel to the fibers), GI., G13, sional material parameters are defined as:
SG.-, the transverse shear moduli in planes X,-X 2,

X -X, X,-Xý,, respectively and v,2 the major a,4-4(E_/E1 )Poisson's ratio. It is also assumed that the ply is a, = 1 + (E,/E1 )(1 - 2v,) -4( G,/E,)a,,
transversely isotropic, then G1, = G1,3. " =41

The coefficients of matrix [Q]k can be repre- a4  1 +(E2/E1 )(1 +6v 12)-4(G1 2 /E1 a,,

sented as: a, = 4(G2 3 + G, 1 )a,,/E

E , The inverse relations of eqn (4) are:

8[a,, EJEI = (4 - a,)14

a,=I-V, E, (2b) G12/E, = (8 - a, - 3a, - a,)/I16a,,
a,=1 - (2-,bE1(5)

v1_2 =(a 4 - a,)/(8 - 2a.)
where matrix [C]k and a,) are here expressed in
terms of nondimensional material parameters a,,, G,,IE1 =-(2a.; - ý (8 - a,- 3a,- a, )/8a,,
(m = 1, 2, 3, 4). The terms of this matrix and the
parameter a,, using the Vinson' index convention

(x. y, z) on the composite plate, consistent with
linear shear deformation theory are expressed as:

U(x, y, z)= u(x,y)- z1t,,(x, y)

W(x, y z)= w(x, y)

Y "where u, v, ware the displacement components of
3 -a corresponding point in the middle surface in the

2 x, y, z directions respectively and the v,,. 4', are

the rotations of the normal to the middle plane
X\ • l • along the y and x axes. The displacement field is

Fig. i. Nomenclature for the stacking sequence and related to the in-plane strains {r,J, curvatures {kl
laminar coordinate system, and shearing strains {y} through the following
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kinematic relations: where Ke, M" and q' are the element stiffness

matrix, element consistent mass matrix and ele-

(7a) ment displacement vector in the system axis x, Y, z
"la y ay ax] and to& the eigenfrequency.

For node i of element e the sub-vector of the[kJ ' c . ()V, a V4], (7b) degrees of freedom is:
{k} o - ay y ax (7b) qe=ju; ve,; w,; ip.; ',[ 10)

ie,; vi'; w" being the nodal displacement of the

{y Ow-_ 1Ow ]V (7c) middle plane with respect to the x. y, z axes
a •x y-'O.,y respectively, and 1p'%; Ve the nodal rotations

about the y and x axes.
Integrating eqn (1) layer by layer through the For unsymmetrically stacked composite plates
cross-section of the composite plate one obtains it can be shown following standard procedures via
the constitutive relations as: the virtual work principle that the element con-

IN)] [A] [B] [0]] 0sistent mass and stiffness sub-matrices which link

J I=F B D [1 jJ(a nodes iand/jcan be evaluated as:
|{M} = [B] [D] [0]/ (8)k}'f

LiQ} U [0] 0] is]] [NMetIm "[Nf] det Jdý dr (11)

AB - hk_ 1)(ci,)k; i,= 1,2,6 (8b)8a,, k., I[n]= Z [rn k (I2a)

iE B -- E (h2- hk2 ,)(cj)k i' -1,2,6 (8c) rnt = m, = -_(h i-h 1 _) ;

8a,4 k= I --3 k-I /h2J
D , Pml 3)C~ 4 1-(k - k3)lb

Z- ( hk _,(~ -; i~j= 1,2,6 (8d)m4 -m =o h hk"- )1b

8a.E k -I -t

Eao 5 4= - 3 3- M14 ,) 5r = Mn25= -P (h -- - 2 (12c)
St,= ý hk - hk- I h -I

(Ci)k ; ij=5,4 (8e) g,,-" {[B*,,fA]B[B,, +

INJ= N. N, N.}'; {M1=1M1 M,,}' J -
Q1 = { Q, Q.? (8f) + [Be+,['[eIBB JI+ BB[DetB+ , + iB,,[

det B(Bhj +d Ir B1'D ( Be3

where the submatrices IA], [B], [D], [S] represent det Jd) 7

the extensional coupling, bending and shear where the non-zero coefficients of the symmetric
material stiffnesses respectively, INI, {M[, {Q[ are matrix [m], are shown above, pA is the mass
the vectors of the components of the in-plane maty o plk a ne s h e detem, n ntis the
stress resultants, bending moments, and trans- density of ply k and det i the determinant of the
verse shear forces and n is the number of plies of Jacobian matrix relating the natural coordinates
the composite plate. e, q to the local coordinate derivatives. Matrices

[Nl, [B,,,, [B,] and [Be] relate the nodal degrees of
freedom of the element to the generalized dis-

3 FINITE ELEMENT MODEL placement field Iu, v, w, i,,, V),.}t, in-plane strains
(eqn (7a)), curvatures (eqn (7b)) and transverse

For fn= harmorzc 'ibrnons, the equilibrium shear strains (eqn (7 c)), respectively." 9 Tl-.e ele-
e .on. at the equilibrium ment mass and stiffness matrix coefficients eqns
equations at the element level can be represented (11) and (1 3), are evaluated by Gaussian quLdra-
by: ture, with reduced integration on the stiffness

Keqe = oMjIAq, (9) transverse shear coefficients to avoid locking.
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The system equilibrium equations are obtained sented by (t) I,... (Co) 2..... C', where the con-
in the usual way leading to an eigenvalue problem: stant C( is chosen through the relation

Kqi=wjMq, (14)

where K and M are the system stiffness and mass w0
matrix and q, the system eigenmode (i), which
corresponds to the eigenfrequency i to obtain agreement for the first eigenfrequ2ncy

and to eliminate the influence of quantities whichW hen support conditions are not specified, as s a et e s t o i e f e u n i s
when a plate is assumed free in space, eqn (14) is The setivenfunci ef aThe objective function • is defined as an error
modified through a sidestepping technique., to functional which depends on the higher order
avoid the singularity of matrix K.

Hence, the eigenvalue problem is replaced by eigenfrequencies as:

an equivalent one as:

(K + /M)q= (o' +/3)Mq, (15)
where P > 0 is of the order of magnitude of a) 2. Inwr >The optimization problem is formulated as the
this work the initial guess is /3=wy, 1 being the identification of the set of non-dimensional
experimental fundamental eigenfrequency. A new material parameters a which minimize the error
value for /3 should be chosen before each new
iteration of the optimization process. The predic-
tion of /# is efficiently carried out through a MinV(az.a., a.a.a () aa90
knowledge of the sensitivity of with respect to S c
the non-dimensional material parameters a., by
an expansion of first order through Taylor's series g= - a. < 0 (E,/l' > It as:

/ = w, ( a ,. )a . az, (8 -= a ,--3 a , - a ., <_

a.,(a.a ,a 4 .a 5,)+ .(a. -a.) 1I- 1

+ 2 (a,, a3, , a) ( -a) (2a1 (,-a)1 1-.8-2a, 4

- - K8-a,-3a(-a )

g+ 
8a. 

0 

( -a +)a , a , -a , 

<a(+ (a, ,I a,8 [ - 2 a ,j

i being the previous iteration. (Gz/L, >01 20!

(~ ~ 4a<4 DESCRIPTION OF THE IDENTIFICATION g4  (8 - 2a) 4 - a<0

OPTIMIZATION PROBLEM

The identification technique aimed at finding the a,• :5a a u i= 2,3.4.5
mechanical material properties of composite lami-
nates takes advantage of the agreement between g, being inequality constraints and a', a,' the
experimentally measured eigenfrequencies of a lower and upper side constraints respectively,
specimen plate hung on two thin elastic lines and The optimization problem is solved by non-
the corresponding numerical model with free linear mathematical programming techniques
boundary conditions. described by Vanderplaats"' whose algorithms are

Let the experimentally obtained eigenfrequen- incorporated in program ADS'' (Automated
cies be designated by w •, V ..... i .... I being Design Synthesis).
the number of measured eigenfrequencies. The After the evaluation of the optimum values for
corresponding numerical eigenfrequencies for a the non-dimensional material parameters a,,,
set of given material parameters a, are repre- (mr= 2,3,4,5) that satisfy eqn (19). the value of E,

I I•lIl l
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can be evaluated easily, since C and a,, are known. oto-, (aK a All
The eigenvalue relation eqn (9) for mode q1, ,=q:, _ __ el, (26)
which corresponds to the experimental eigen- aa a a,,, /
frequency --j can be written in in equivalent form; where aKiaa,, and OM/Oan are the system sensi-
putting E, in evidence, yields: tivity stiffness and mass matrices with respect to

EIK*q ow-Mq1  (21) perturbations in the non-dimensional parameters
a,,,. For the present situation OM/6a., is consi-

CE-K*ql = Cwo2Mq1  (22) dered as a null matrix, sinc. i is independent of

hence the material non-dimensional parameters.
Using the technique of obtaining the sensitivi-

Et = CE'; (23) ties at element level, for this particular application

E?) being the initial guess value given to the eqn (26) can be represented as:
Young's modulus in the major direction X, and E I (K"M
the corresponding identified mechanical property. _ V q`', q, ¶27i
The remaining mechanical properties are then aa,,, .• na,,,
evaluated through the inverse relations in eqns (5).
The optimum mechanical properties are valid on E being the set of elements which are perturbed
average for the entire specimen which contrasts by the parameter a,, K"/aa ,, the sensitivity of
with the majority of alternative direct methods the stiffness matrix of the element and q," the elc-
where they are of local nature requiring a series of ment nodal eigenvector parameters for mode i
repetitive work to obtain reliable design data. and element 1.

In the next section the evaluation of sensitivities The sensitivities of the element stiffness matrix
required to accomplish the minimization of the eqn (1 3) with respect to perturbations in the non-
error functional are discussed. dimensional material parameters are evaluated as:

M Iý'f, .'5 SENSITIVITY ANALYSIS f , I ,A 11 B,,j 2,

To minimize the error functional D, eqn ( 18), it isrequired to evaluate the sensitivities O•/aa,,, for + I Bld I' BB,,,, I + 0, t,,, I iBB,, 11
m = 2.3,4.5. By differentiating the objective func- oa,, ,'
tion (eqn (18)) with respect to a,,,, yields: 28)

+ IB1:i' [D ]IBl, I+ IB$, I' IS]

0a .. I det Jdý dq(24i

fo "0 1 This is accomplished by differentiating analy-
v I tically eqns (8b)-(8e) with respect to parameters

a,,, a,,,/ ---2.3.4) a,,, followed by matrices multiplication and inte-
gration using Gaussian quadrature.

which requires the evaluation of the eigenfrequen- Alternatively one obtains a semi-analytical
cies sensitivities with respect to the material non- solution for the evaluation of the eigenfrequencies
dimensional parameters a,,,: sensitivities (eqn (27)) by calculating OK'/Oa,,

approximately, using for instance a forward finite
ao), difference technique:

i=ý2,3,..., 1; m=2,3,4,5) (25)
" XaK" K"(a+Aa)-K(a() (29)

These sensitivities are calculated through the a,,, 6a
numerical finite element model. Differentiating
eqn (14) with respect to a,, and assuming that the where a=Ia2, a,, a4 , a~J is the vector of non-
eigenvectors are normalized through the relation dimensional parameters. 6a,,, is a small perturba-
q, Mq,, yields: 2̀ tion in a,,, and Aa =0.. ,,,,...oa .(.
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As an alternative to these two methods, which Table 1. Benchmark test - natural frequencies (HO)

differ only in the way matrix aKe/aam is obtained. Mesh w J4 0J5 W v w -= w), (,,.,
a so-called global finite difference (GFD) approxi-
mation can be carried out evaluating the eigen- 4x4 1.626 2.369 2,936 4-186 7.560

frequencies sensitivities as: Present 6x6 1.621 2.360 2925 4.18( T401
8x8 1.6210 2,360 2-923 4.180 7.396

2 Analytical - 1-622 2.360 2-922 4-233 7416
atl o1(a +Aa)- w, Mo'rris'(30)

which is easy to implement but less efficient with a d/2

regard to CPU time, since two numerical analyses Table 2. Eigenfrequency sensitiiities a lrad 2/sl
are required to evaluate each senstivitv.

11= 2 in= 3 mn=4 Pz= 5

AN - 191-25 6-99 - 23"25 0-239
6 APPLICATIONS SA - 191-25 6-99 - 23-25 0-239

ba,,, = 0.)00 1
6.1 Discrete model validation GFD - 191.25 6.93 -23.25 0.236

)a,, = 0-000 1

A computer package with the objective of identifi-
cation of the mechanical properties of multi-lami-
nar composite plates has been developed and the Removing the rigid body modes. Table 2
eight node isoparametric composite plate element compares the eigenfrequency sensitivities for
tested with regard to accuracy of the eigen- mode 2, o, = 17-96 rad/s (2"86 Hz. where the
frequencies in accordance with benchmark for sensitivities of the element stiffness matrix with
free vibrations of a typical square isotropic plate respect to parameters a,, are evaluated analv-of dimensions a X a. The following geometric and tically (AN) and semi-analvtically (SA) through

mechanical properties were used:' 3  eqns (28) and (29) respectively. Results are also
Sm. h= 005 m (thickness). E= 200 GPa shown for the global finite difference approxima-

=Young's modulus). v=0-3 (Poisson's ratio), tion(GFD)obtainedusingeqn(30)uu These sensitivity results show that each of these
=8000 kg/rn3 (mass per unit volume ), techniques can be used with confidence in the

The results for modes 4-9 are in perfect agree- optimization of composite mechanical para-
ment both with an analytical solution and also meters. The analytical sensitivity evaluation will
with numerical results of several commercial be the option for the identification results pre-
codes shown in Morris."3 Table 1 compares the sented in this paper. since in general they are
results of the proposed model using a 4 x 4 regu- alway, more accurate.'"
lar mesh. with the corresponding analytical
ones." The maximum relative error related with 6.2 Identification examples
(t, is - 2-96"/o. When 6 X 6 and 8 x 8 regular
meshes are considered then these relative errors Data fbr the six specimens which are being pre-
arc reduced to - 21"/3% and - 008% respect- sented are shown in Table 3. The identification
ivelv. and comparison of reference and/or experimental

To compare the quality of the eigenfrequencies versus optimized eigenfrequencies (after the
sensitivities with respect to changes in non-dimen- removal of the rigid body modes) for specimens
sional material parameters a,.. a model using a (SP) I-VI are presented in Table 4. The corre-
regular mesh 4 Y 4 and having the following sponding mechanical properties arc shown and
characteristics has been used: four layered square compared in Table 5.
plate ia X a i. with stacking sequence [(1, 90', 90'. Case I validates the range of application with
Ol and a= 10 m. h=0-I m (h,=0"05 m. regard to side/thickness (al/h) of a square steel
itI =- 00)25 m. It=0'0 in. h,=0.025 m, plate, where the experimental frequencies were
h,=0-05 m). The mechanical properties were: replaced by reference values obtained using the
IF.I =4.-05 GPa. L, = 1-50 GPa, v,, &0.23, present model with an 8 X 8 regular mesh. These
G, = 61, =6-75 GPa, (, = 2-7 GPa and tests were carried out for several a/h ratios in the
f = 2 100 kg/m . range 5-200. Results for the representative ratios

SI
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Table 3. Specimen data

Specimen SP(1) SP (11) SP (111) SPtIV! SPýV; SP VI,

Material Steel Aluminium Carbon-epoxv Carbon-epoxy Glass-epoxy (arbon-cpox,
Dimension x= a im) 0'2 0.193 0.260 0-175 0-209 10271o
Dimension v= b (m) 0-2 0-281 0.137 0.210 0.192 (- 70
Overall thickness m 0-02- 0-002 0-00194 0.00234 0-00237 0)100259 (Y110344
p,(kgim3) 8000 2688 1586 1564 212( 1513•
Number of plies of 1 1 16 16 16 I

equal thickness
Fiber orientation - - L01J] a) h'

a ,0, - 450, 40'. 550. 900. - 500, - 85', 85°1,
( blý;o' - 400. 40', 90'. 400, 00. 900. - 40-1,

Table 4. Natural frequencies (Hz)

SP Mode i 1 2 3 4 5 6 7 8 9 1(1

Referencevalue 1531.3 22813 2809-2 3844-5 3844-5 6675-8 6675.8 6712.4 731o.4 8102-
Opnimum 1531-3 22836 2806-2 3844-5 3844-7 66719 6674-5 6710-4 7 3.12-S J5-s
Error .% 01-0 0-10 -0I11 0-0 0-0 -0.06 -0-02 -0.03 + 01)03 - 0.07

ýaiWh= 10
Reference value 81-0 118-0 146-1 209.0 209-0 368-4 3684 382-3 4173 465._

Optimum 81-0 118-1 146-1 209-0 209-1 368-5 368-5 382-3 417.." 47-,5.
Error,',. 0-0 0-08 0(-03 0-01 ((-(1 001-)1 0-0)1 0.(0) (10-4 H).)

a-h= rh 100

Experimental'- 112-6 127-9 261-7 2860- 334-5 3921 493-S 560-I 7 0-7
11 Present,8 x 8, 112-6 127.5 263-4 284-4 334-3 391-8 497.7 5587 7 25-2

Error,'%, 0.0 - 0131 0(65 -(0-77 - 0-06 - 1-108 01-79 - _-25 0-62-

Experimental 136.7 312-4 329-1 419-7 431-8 70)8 877-)) 9101-6 963-4 1M15-1
111 Present 8 X 8 136-7 314-0 333-5 419-2 428-2 719-4 874-7 909-8 95(! (102.3

L rroir' 0-0 0-47 1-34 -(-13 -(-84 1-64 -0 (-20 - 0-09 -(-75 - 1-21

Experimental' 245-9 263-4 516-6 569-.) 680-7, 799-0 10)58-0) 1147.0 1416-I)
IV Present 18 X 8- 245-9 264-9 518-5 567-10 675.7 796.1 1054-1 1159-3 14101.4

Error U, 0-)0 01-58 0(37 - 01-36 -0-73 -11-36 -!!-37 1-47 -0-414

Experimental 172-5 250-2 300-6 437-9 443-6 760-3 766-2 797-4 872-6 9o3,4
V Present, 8 x 8 172-5 250-5 299-4 439-6 443-10 755-5 771.7 8104-3 878.- ,962.7

Error ((-10.0 ((-18 -10-43 01.57 -((-33 -0114 0-21 0-88 11-71 -0--09

Experimental 125-7 275-8 37-1-5 388-9 463-4 70)65 756'5 848-1 10515 I 156-8
VI Prcsent 1f I 7, 125-7 275-3 373-6 390-8 463-6 699-2 761.2 846-2 1068-o I131.1H

Error ,"',,w 0-0) -0-17 -0-(23 0-49 ((-04 - 1-)3 0(,-3 -- 0-23 1-63 -2-23

a/h= 10 and a/h= 100, are shown. The material From Table 4 it can be observed that the maxi-
identification was carried out using the following mum relative error for the natural frequency is
initial guess: E E = E, = 300 GPa. (;= G,= - 2"23%, corresponding to example VI, vibration
Gi, = 125 GPa and V= v12 = 0.2. The numerical mode 10, this frequency residua! is due to speci-
reference values were obtained using the follow- men imperfections. namely non-uniform thick-
ing mechanical properties: E-= 200 GPa, G= 76.9 ness.
GPa. v = 0.3. From Table 5, case I, it can be seen that for the

For specimens II-V the initial mechanical ratio a/h= 10 the agreement between the two sets
properties were: E, = E2 = 100 GPa, G,, = (13 = of results is excellent. For the ratio a/h= 100 the
50 GPa and v12= 0.3 and for example, VI, E, value of the shear modulus in the plane perpen-
=100 GPa, E 2 = 1 OGPa, G, 2 = G =5 GPa and dicular to the directions of the fibers, G23, is not

v12 =-0-2. correctly predicted. From examples HI-VI the
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Table 5. Mechanical properties

SP Method Model l L, 6I
(oa a)a G Pa (;Pa

Micro 200.2 2001)-I 76-9 70-8 0-3
a/h= 10

I Optimum Micro 200-2 200"2 76-9 102-0) 1(3
a!h= 100

Reference value Micro 2000 200-0) 76-9 76.9 0.1

11 Present (8 X 8 Micro 68-7 68.1 24-6 26-9 ()-34
Pedersen-. Micro 695 67-8 24-5 -0- (,34

III Present r8 X 8X Micro 126-3 10.5 6-1 6-5 024
Pedersen' Micro 127-0 10-6 6-06 - 0-29

Present ,X X XS Micro 57-2 21-4 11-3 11.8 (0-3
Pedersen" Micro 61-3 21-4 9-8 - 0_-2A

IV Present (8 x 8 Macro 36-9 34.0 14.1 J 1.5 0-26
Experimental' Macro 34-1 31F8 - - (0-29

Present X8 x 8) Micro 57-2 21-4 11-3 11$. 0130
Pedersen I Micro 61-3 21"4 9-8 - 0428

V Present ;8 x 8X Macro 36-9 34-0 14.1 1 1-5 0-26
Pedersen Macro 37-4 34.0 13-9 0- (28

Experimental3  Macro 34.1 31.8 - - (-29

VI Present ý X 8X Micro 98-3 7-7 3-8 6-1 0)23
Experimental.* Macro 99.1 7-67 - - .35

agreement between the alternative sets of results Table 6. Computational information

is very good, except for Poisson's ratio, which is Specimen No. of iterations (PU time

not very sensitive to a material design perturba- (spý ,min
tion in this variable. The shear modulus G, 3 is
noticed to be always slightly larger than the plane 1 19 24

shear modulus G1 , as expected. !II 38 51
The present macro model results were IV 9 21

obtained by considering the specimens to be v 15 24

made of a unique ply of overall thickness h and VI 11 47

0=1l/n S 0•,
7 CONCLUSIONS

All optimum solutions have been achieved The present discrete finite element model, based
through modified feasible direction methods, on the Mindlin plate theory when associated with
implemented in optimizer ADS."',I experimental cigenfrequency identification is able

Computational details regarding the optimiza- to predict the mechanical properties of composite
tion process are given in Table 6. The optimiza- plate specimens within acceptable limits of accu-
tion has been carried out in a VAX 9000 racy. The sensitivity analysis required for the opti-
computer. In the present paper only results deal- mization process can be used with the three
ing with specimens which are symmetric about the techniques although analytical or alternatively
middle surface and having equal mechanical semi-analytical sensitivities are recommended.
properties for the layers in the local referential, The identification of mechanical properties E,,
X1, X-, X, were shown. To overcome this limita- E=, G, 2 are always evaluated without major dis-
tion the present method of identification is being crepancies. Some discrepancies are found in the
extended to contemplate more than one material identification of major Poisson's ratio v, 2. The
and non-symmetric angle ply laminates, value of the shear modulus (;2, can only be pre-
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dicted with confidence in the range of 5• <a/h<_ 3, Pedersen. P.. In Optimization Method Applied to Identif-
1c0. The mechanical properties evaluated through ation of 11aterial Parameier., Discretization Methods

and Strictural Optimization P- rocedures and Applica-
this technique are valid on average for the entire tios. ed. 11. A. Eschenauer & (i. Thieraut. Springer-
specimen. Verlag, Berlin. 1989. pp. 277-83.

The present model can predict the major pro- 4. Wilde, W. P. & Sol. iI.. Anisotropic material identifica-
tion using measured resonant frequencies of rectangular

perties of thin and moderately thick plate speci- composite plates. In (omposite Structures 4. t'ol. 2. ed.
mens, being advantageous to models based on the 1. 14. Marshall. Elsevier Applied Science. London. 1987.
Kirchhoff theory which allow only thin test speci- .2317-24. of the complex moduli f comro-

Sol, H-.. Indentiticationoftecmlxodiofop-
mens. site materials by a mixed numerical/experimental

Since the model is very dependent on good method. In (ornposite:Mlaterials Design andAnay.Vi.ý, ed.
experimental eigenfrequencies, rectangular speci- W. P. Wilde & W. R. Blain. Springer-Verlag. Berlin.

mens i.fof dimesions a/lb =-2 are recommended to 1990. pp. 267-79,men ofdimnsins /b= 2arerecmmededto 6. Wilde. W. P.. Identification of the ripgiditics of composite
avoid very close eigenfrequencies which will make systems by mixed numerical experimental methods,. In
more difficult the identification process of the less Mechapzical Identification of'Composite,., ed. A. Vautrin
sensitive mechanical properties such as Poisson's & HI. Sol. Elsevier Applied Science. London, 1991. pp.

1-15.
ratio v_,. 7. Pedersen. P., On sensitivity analysis and optimal design

for laminates. In Mechanical Behaviour of Cornrposites.
ed. Green & Micunovic. Elsevier. Amsterdam. 1987.

8. Owen, D. R. J. & Hinton. F.. Ftiite tElements in Plasi-
city. Pineridge Press Ltd. Swansea. 1980, pp. 157-74.
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Effect of the free edgc finishing on the tensile
strength of carbon/epoxy laminates
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the free edge. severe Poisson ratio mismatches can be automatically cut and laid on the mold pro-
between adjacent plies can be avoided, reducing ducing high quality laminates. An additional gain
the interlaminar stresses. Chan3 demonstrated in productivity is obtained if the material is cut to
that the critical ply termination approach could the exact required size eliminating the need for
suppress delamination as well as increase fatigue trimming the laminate edges and machining in-
life. On the other hand, experimental results' ternal openings. In this work, this type of edge
indicate that the compressive strength of lami- finishing ",ill hc designated as molded edge to
nates with dropped plies may be signnificantly indicate that it is the condition of itic :Ud*p a,, di%:
reduced due to the presence of thickness discon- laminate is removed from the mold Z7.ilhout
tinuities. trimming.

Another technique to reduce the interlaminar The use of molded edges in composite parts
stresses is the use of adhesive layers at the critical reduces manufacturing costs. However. the effect
interfaces.'-" In this case, the mismatch of of this fabrication procedure on the strength of
mechanical properties between adjacent layers is composite laminates must be evaluated. It 'Aill be
buffered by a thin layer of tough but unreinforced experimentally demonstrated in this vork that if
resin causing a reduction of both normal and the laminate construction is not adequate the uc
shear interlaminar stresses. There is experimental of molded edges may lead to a significant reduc-
evidence-'" that this technique may actually tion in the laminate tensile strength.
improve the static strength and fatigue life of com- The effect of the molded cdge on the: tensile
positc laminates. strength is a consequence of the torination of resin

It has also been numerically demonstrated!" rich regions near the edges. This occurs because.
that a reduction in the free edge interlaminar before the cure of the material, resin and fibers,
stresses can be achieved by reducing the fiber move towards the molded edge under the action
volume fraction near the free cde. Even though of external pressure. As pointed out earlier, this
the theoretical results are very promising, this mav contribute to the reduction in the magnitude
technique is very difficult to implement in prac- of the intcrlaminar strcsc.. O)n the other hand.
tical applications, the interlaminar fracture toughness near the

Several other possibilities are available to the molded edge may also decrease and the laminatc
designer to improve the resistance of composite strength may actually decrease as ssas expert-
laminates to edge delamination. As mentioned mcntally ohserved. Theirefore. the resulting
earlier, fo•r all of them there is a trade-off betwecen arrangement of fiber, and resin at the Iree cdge is
effectiveness and costiweight of the structure. In of paramount importance for tile ,trength of the
this \\ork, a ilow cost fabrication pro''ess to pro- laminate.
duce carhon/cpoxy laminates with a molded edge The severity of the tree edge effect in laminates
is studied. The strength of this type of laminate is wk ith molded edges is assessed b\ c rmparismo \with
investigated and a design approach to minimize that ()I laminates with machined cdgILes. A lamilx\ Of
free edge effects is proposed. delaminatior. prone laminate,, is chosen and the

\lsoK the free edge effect for laminatcs with effect of stacking sequence is characierized tor
combined unidirectional tape and woven fabric laminates with molded edges and machined edges.
reinforcements is cxperimentally evaluated. It is The laminate \wi'h a machined edge %\a, taken as at
expected that the interlaminar stresses and lami- relcrence for conl.,irison purposes because this
nate strength should be aff,.ctcd hb the three type ofedge finishing has been extensivel\ inw,,ti-
diniensimnal nature , ,',, tabrics. Fxperi- gated in the literature. Moreover. it has al,,o been
mental data on the free cdge effect for this type of used as a reference to evaluate all the preoiou']\
lanminate are scarce in the open literature even discussd design concepts to suppress edge
Ihough \%to,,ven fabrics are often used along \ith delamination. thc severity Af the freec edge effect

iidtirhcti minal tape in practical applications, is correlated to the arranizem rnt of fibers and
risin in the molded edge and conm,,:rcd to i1:ri! of

IAMNAII ES WI! MOLDED EDGES lam1inatcs pr dLuceCd with machined cdics.

A number of operations can no\& be automated to FABRICATION OF THE SPECIMENS
improve pr ductivitý in the manufacturing (uI
Cenmp site structures. With the usit ot numciicall\ Fic different families it laminatc, \%,ere pro-
CmItrolled machines the pre-imp, egnaled material duced using unidirectional carbon/epoxy tape and



Free edge finishing on tensile strength of carbon /epoxv% lamtinates 2 X9

Table 1. Mlechanical properties of carbon/epoxy pre-impregnated material

Material Unidirect. tape V1&6%en fabrw

Longitudinal modulus. E, ýGl~a) 6066 1 30!1
Transversal modulus. E.LCa 66-6 20
Shear modulus. (;, tGia) 4,6 .
R~isson ratio, v,, 0.05;(1 127
Longitudinal tensile strength (MPa) 6,,; 1721
Transverse tensile strength (MPa) 678 4
Longitudinal compressive strength I.MPa 548 11'
Transverse compressive strength (MPa) 548 133-
In-plane shear strength, S,, jMPa) 122 Is
Interlaminar shear strength. S,3 IMPa) 69 84
Nominal thickness (mm) (1,35 0. 1S

etght harness satin weave carbon/epoxy fabric
from Hexcell. The mechanical properties of the
materials are given in Table 1. In order to mini- ---
mize data dispersion all specimens were fabri-
cated with material from the same batch.

The five families of laminates used in this work i~ 40
were Chosen such that they are approximately
equivalent in terms of in-plane mechanical pro-

nt2
pertes according to Classical Lamination Theory'.r~u

Since the nominal thickness of the fabric laver is
approximately twice that of the unidirectional00
tape, in terms of in-plane stiffness. one laver of so 160 240 320 4600
fabric is approximately equivalent to two ortho-
tzonal lavers of unidirectional tape. The families of
laminates produced are:.

and ZZi Z tiJ
(40 /i. 9-0ill Sims Epoxy Tab Cbn£rz

()ne group of specimens, was produced wsith TOP VIEW
mnachined] edge and another Awith molded edge for
each faimily of laminates. In order to produce the IH
,pec(imcns with machined] edge, live plates,. one
for each family, were manufactured. All plates, 200o 7
\,ere simultaneously cured at 1 N'C accord'ing tota
the cure cYcle depicted in Fig. 1. After cure. ('ive Fig, 2. (icomcmr 0' thce ~cmimcn
specimens were cut from each plate using at dia-
miond saw. E'ach of the specimens had their edgcs,
carefully polished in at grinding machine. 'fih material accomrmodation and thermal expansion.
finishcd spccitnenN had at nominal width of450 mmn After cure, uwing the same cure cycle as bcforc. all
andi nominal length of 350 mm as shown in F-ig. 2. the irregularities at the edge suirface were gently

T'he specimews with molded edge were mratim- removed \kith at line sand paper- A total of six
lactured using at specially developed mold. Five spec .imens with mnolded edge %verc produced for
specimens w ith the sanic nominal dimensions of each famil% of laminates.
thec specimens with machined edge could be The tabs u~sed for all specimensn vxcre produced
simultaneously curedl with the miold. The pre- with glass fiber rein1forCLcd eox'. and bonded to
impregnated la ,erse'r cut to at width slightly the specimens with structural adhesive cured at
"Mrallcr than the nominal value to account for roo nm lemtperature.
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All specimens with machined and molded the action of the external pressure in the auto-
edges were inspected by ultra sound before testing clave. As a consequence. a small resin rich region
to detect delaminations and other defects. reinforced only by longitudinal fibers is formed

near the molded edge. This region typically spans

TEST RESULTS

The importance of the free edge effect for each
type of edge finishing was characterized by evalu-
ating the effect of stacking sequence on the tensile
fracture stress of all laminates. The measurements
were made in an Instron 4206 testing machine.
All tests were conducted at laboratory room tem-
perature with a stroke rate of 11"0 mm/min. The
average strength measured for each group ot

specimens is depicted in Fig. 3. The lowest and
highest measured values within each group are
also included in the figure to characterize the data
dispersion.

At least two cross-sectional optical micro-
graphs were obtained for each specimen type to
study the arrancement of fibers and matrix near
the free edge. Figure 4 shows a typical micrograph
x 100 i of the free edge of a specimen with

machined edges. The specimen has a ply stackingIeequence 190/0/901,. The figure shows that
excellent finishing was obtained for the free edge

surface with the fabrication procedure adopted. Fig. 4. Micrograph x 100) of the free edge of a specimen

The same quality of edge finishing was obtained with machined edges andply stacking ,equencc '90 0i'I4,,
for all specimens with machined edges.

Figures 5-9 show a typical micrograph of each
type of specimen with molded edge. It is readily
apparent from the figures that lon itudinal fibers
at (1° can move laterally towards the edge under

MACHhNED EDGE ] .

MOLDED EDGE

190/90/01,

1 so/o/90 1_____

[oo/9o,,o.

[77.

0 100 200 300 400 500 600 700 600

FRCTURE STRESS (MPa) Fig. 5. Micrograph x 100; of the free edge of a specimen

Fig. :3. 1 ustflc tracturc ,Iress of the laminates,. %ith molded cdgek and ply stacking ,equence Ut)') 10 t)1
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Fig. 6. Micrograph fx 10W~ of the free edge of a specimen Fig. 8. Micerograph; x LOWl) of the free edge of a specimen

Nith molded edges and ply stacking sequence ig)I)9() 1'Oi. with mtolded edges and plY stacking sequence 90f, 0. 90

Fig. 7. Micrograph Ix 100 of~( the free edge of a specimen Fig. 9. Micrograph x 100~t of the free edge of a specimen

it h molded ed ges and ply st ac k ing sequen ce t)90/ 901 wit h molded ed ge andl ply st ack ing sequeicnce 0O. kA) i 1*9(

over a distance of about 0-3 mm from the edgc. It can be concluded from Figs 5 and 6 that for

D~epending on the stacking sequence, relatively laminates 19(1/90/OL and 190/0/901, the loflgi-
large pockets of pure resin are formed near the tudinal fibers move from the inner to the external

edge. layer forming a relatively homogeneous region of
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resin reinforced by 00 fibers. On the other hand, press delamination. Obviously, this approach can
Fig. 7 shows that for a [0/90/90]s laminate the not be used in most practical applications.
longitudinal fibers have a tendency to move from The data dispersion in fracture measurements
the external layer to the inner layer. However, this is of great importance because it indicates
movement is prevented by the flow of the excess whether the fabrication process is consistent or
of resin from the inner layers and a large pocket of not. Moreover, it has a critical role in defining the
pure resin is formed. design allowable for a part produced with such

Analysis of the micrographs of the laminates fabrication process. The experimental results
containing woven fabric plies leads to similar con- show that data dispersion is smaller for laminates
clusions. Figure 8 shows that for laminate [90#(0, with machined edges than for laminates v ith
90 1 the molded edge is typically formed by resin molded edges. Of course. data dispersion would
reinforced by 0' fibers and small areas of pure be larger if the specimens with machined edges
resin. The molded edge of laminate [(0, 90)/901,, were produced with production tools. But, even in
depicted in Fig. 9, clearly presents a large pocket this case, it is expected that the standard deviation
of pure resin, would be smaller for laminates Nkith machined

Comparing the micrographs of the laminates edges than for laminates with molded edges. If we
with molded edge to the measured tensile fracture consider that each specimen with a molded edge
stress, it can be concluded that there is a correla- was produced independently and most of them
tion between the existence of the pockets of resin had to be cured separately, it can be said that the
at the molded edge and the tensile strength of the data dispersion for laminates with molded edges is
laminate. The laminates with molded edge that still acceptable for composite manufacture.
did not present a pocket of pure resin had an A theoretical analvsis of the free edge problem
average strength varying from 643 to 656 MPa. involving woven fabrics is '.crv difficult because
Those laminates presenting pockets of pure resin quasi-three-dimensional finite element models arc
had average strength from 542 to 547 MPa. This not applicable. In this case. experimental analysis
indicates that the existence of pockets of resin at is the only source of data for desin. The analysis
the molded edge may reduce the laminate strength of the strength of laminates fabricated with uni-
by about 155%. directional tape combined with wvoven fabric lead

It must also be pointed out that the data disper- to some interesting conclusions. Unlike what v, as
sion of strength of the laminates with molded edge expected, this type of laminate is very sensitive to
is relatively low. If we consider that each specimen the stacking sequence effect even for careiully
was produced independently, this indicates that machined edges. Due to the three-dimensional
the fabrication process used has good repeat- nature of woven fabrics, it is expected that the
ability, mismatch between elastic properties across the

interface is not so severe and lower interlaminar
stresses should develop. As a consequence. a
higher resistance to edge delamination is

DISCUSSION AND CONCLUSIONS expected. But the experimental results show that
laminate [90/(0, 90)1, is on average 33% stronger

The tensile fracture stress measured for the lami- than laminate [(0, 90)/901, when machined edges
nates 190/90/01, and [0/90/901, with machined are used. When molded edges are considered, this
edges (677 and 726 MPa, respectively) were figure is reduced to 17%. Therefore, the stacking
almost identical to the results obtained by sequence effect for this type of laminate is more
Lagace." However, a large discrepancy was severe with machined edges than with molded
observed for laminate 190/0/901,. A fracture edges. Also, laminate [(0, 90)/901, is the only one
stress of 721 MPa was measured in this work and among the laminates tested that has lower
Ref. I I reports a strength of 561 MPa. Therefore, strength with machined edges than with molded
for laminates produced with unidirectional tape edges.
and machined edges, Lagace measured a pro- Severe Poisson mismatches across the inter-
nounced stacking sequence effect (up to 23%). faces must be avoided in the design of a laminate
Such an effect was not observed in this work produced with machined edges. In this case. a ten-
probably due to the excellent free edge finishing sile strength of the order of 720 MPa may be
obtained with the grinding machine. This in- achieved for the laminates tested in this work. For
dicates that a well polished free edge may sup- laminates with molded edge, Poisson mismatch
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Limit load carrying capacity for spherical
laminated shells under external pressure

A. Muc, J. Rys & W. Latas
In,•titioe o.jlechlanics wnd Machine LDesign, l'chnial University of (+rucow, u/. Wir-szuwxka 24,31-1.55 Krak/r. Iald

The aim of the present paper is to discuss possible failure modes encountered
in the analysis of multilayered laminated spherical shells having different
shallowness parameters and subjected to external pressure, Iwo various
approaches are proposed: the first based on the global buckling analysis and
local determination of FPF for each individual layer in a laminate and the
second postulating global investigations of both buckling as well as failure in
the sense of LPF) phenomena in laminated structures. The intersection of two
curves corresponding to bifurcation buckling and breaking of fibres forms the
limit load carrying capacity curve for the analysed shells. The first part of the
work is devoted to the analytical prediction of the LLCC curves. Next. the
theoretical results are compared with the numerical ones obtained with the use
of strict geometrically nonlinear formulation for composite shells. Various types
of materials are analysed herein. i.e. both unidirectional as well as woven roving
composite materials. The analysis includes also some remarks dealing with the
possibility of composite topology optimization in order to obtain the maximal
LI.CC.

1 INTRODUCTION adjoining areas, holes and small, rigid inclusions.
Each of them defines the individual LLCC for the

The design of structures, both isotropic or aniso- composite structure (at the level of the laminate.
tropic. is always directed to the prediction of whereas the lower bound of all individual failure
allowable loads which may be carried by plates loads (in the sense of the above criteria, can be
and shells. These loads, determined with the use used by a designer in order to identify th, safe
of various failure criteria, define the limit load car- region and to establish a procedure for geo-
rying capacity (LLCC) of the analysed structures. metrical dimension calculations of the structure.

For shell structures made of FRP one can and finally give the global LL(CC.
observe various types of possible failure modes The second level, narrower than the previous
which number is much higher than those for iso- one, is directly associated with the phenomena
tropic shells. It is obvious that this is mainly a appearing at the level of a single ply in the lami-
result of a complex structure of Composite nate. Utilizing this approach the failure modes of

shells. However, it is necessary to distinguish composite materials can be described as breaking
uniquely the levels of the analysis and the failure of fibres, cracking of the matrix, debonding or
modes connected with them. In the broader sense bifurcation of individual fibres in the matrix. Each
one may describe the phenomena appearing at the failure mode may lead to ply failure. However. the
level of the laminate. In this case as the types of consequence of the individual failure mode will be
failure modes most commonly encountered in of great importance in determining LPF Thus, at
practice one may list the following: (1) buckling the ply level, failure phenomena can be described
(global or local), (2) ply failure (in the sense of first by a variety of failure criteria connected directly
or last ply failure), (3) delamination (including with the type of failure mode - so called direct
delamination buckling), (4) material imperfections mode determining theories.
arising during production process (e.g. broken Since our analysis will be carried out at the
fibres, cracks in the matrix material, separation of level of the laminate it is necessary to emphasize

295I (lwsite .Stru ,mre% 0263-9223/93/SWt.00 C 1903 Elsevier Science Publishers Lid, -Ingland. Printed in (;reat Britain
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here that the FPF criteria used characterize only numerically with the use of a computer code pre-
one possible failure mode at the narrower level of sented, for example, in Ref. 5.
a ply, i.e. breaking of fibres. FPF analysis of composite structures is a corn-

The aim of the present paper is to determine pletely separate problem complicated, in addition.
and analyse the global LLCC taking into account by the composite topology. The basic difficulty
buckling (the stability criterion) and piy failure (in manifests itself in the formulation of the failure
the sense of the first ply failure) loads for doubly- criteria for each individual ply in the laminate.
curved laminated spherical shells of revolution, Therefore, it requires the correct determination
clamped at their edges and subjected to external and representation of failure envelopes in the
pressure. The shell wall is built of N layers having proper strain or stress spaces. In general, thin-
identical material properties and thicknesses but walled composite shell deformations are corn-
they may have different fibre orientations 0, with pletely described by the set S of M kinematical
respect to an arbitrary shell meridian (Oi=0° variables (their number depends on the type of
denotes the direction parallel to the shell meri- kinematical hypothesis taken into consideration.
dian). M = 3 in our case) determined in the global co-

In the first part of the work two different ordinate system (x, v. z) connected with the curvi-
approaches for the determination of LLCC curves linear structure surface. The failure criterion Is
are presented and discus-ed. Then, we demon- defined in the local coordinate system , ý . q, z ,-
strate the limits of possible FPF analysis for axi- connected with the ith layer in the laminate and is
symmetric laminated shell or plated structures represented via the quadratic criterion in the fol-
closed at the apex. based on the shallow shell lowing form:
equations. The last part of the paper deals mainly ( ", a'' + B, o'' - I = 0"
with numerical determination of the individual
LLCC in the sense of FPF with the use of geo- It forms a surface in the stress space a'. The terms
metrically nonlinear shell theory. Various quad- in the matrices A, and B, are evaluated experi-
ratic (polynomial) and linear (limit) FPF criteria mentally. The subscripts ; h over the symbols
are taken into consideration, such as the Tsai-Wu. denote values corresponding to the ith layer in the
the Hoffman. c,,,. a,, criteria, in order to obtain laminate, whereas ' means variables determined in
the lower bound of the FPF pressures and finally, the local coordinate system, The classical trans-
the lower bound is compared to pressures cor- formation law from the local to the global system
responding to bifurcation buckling, allows one to obtain the analogous WV surface in

In the literature shell failure analysis (in the the stress space o:
sense of FPF criteria) has been carried out from 0 o , Qu + B' I = 2
the point of view of laminated shell theory. In this
area different problems have been discussed in The relationships used to transform stress and
order to studý the behaviour of composite shells strain from one coordinate system to anothcr are
having various forms (torispheres and hemi- as follows:
spheres) and (or) loading and boundary condi-
tions ;see. for example. Refs [-3). The present
paper is an extension of considerations presented and
in Ref. 4.

where the transformation matrix T T is defined
2 VARIANTS OF PLY FAILURE ANALYSIS in the following way:
FOR THINWALLED STRUCTURES [ 2 1
Since buckling problems for doubly-curved lami- 1"i -1 ml 2man .= P oO{ ",I .C 5
nated shells are broadly discussed in many papers mn -mn mi - n" n = sin( 0,
(see, for example, Ref. 5) we do not intend to
repeat it again. Briefly speaking, we employ here The classical approach in the sense of FPF or
Sander's geometrically nonlinear relations (large LPF is based on the determination of all 11 kine-
deflections) based on the [.ove-Kirchhoff hypo- matical variables, with the aid of analytical or
thesis and using a global approach both in buckl- numerical procedures, then evaluation of the
ing and FPF analysis. The solutions are obtained strain tensor r ' in the ýx, v. z) coordinate system.

I
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the transformation of its components with the use gonality criterion is fully confirmed experi-
of relations (4) to the material system and finally mentally in plasticity only. Solving the linear
on the check whether the calculated stress field system of eqns (6 with respect to the stress field
a' ' belongs or not to the interior of the surface a•1. and then inserting the result in cqn, 2 one can

Il!. The analysis should be carried out independ- determine the unknown coefficient ?I. Finally. the
entlv for each individual ith ply in the laminate, stress field on the failure surface 4) can he
The sequence of procedures is drawn schematic- expressed by the following relation:
ally on the left side of Fig. 1. The disadvantage of
such an approach is obvious - the necessity of
location of FPF for each layer separately. After where F denotes a nonlinear algebraic function. It
FPF the configuration of the laminate is changed is known that for thinwalled structure-, the stres
by the elimination of the ith layer which failed, resultants. represented by the matrix: P1. are com-
LPF occurs after the structure is degraded to the monly used in the description of their hchaviour.
point where it is no longer capable of carrying Therefore. let us integrate eqn1 7, over the thick-
additional loads. In the LLCC analysis the pro- ness of the ith laver. then sum over the total
blem becomes much more complicated as the number of layers N and finally the re-ult can be
bifurcation buckling phenomenon is taken into written as:
account. The elimination of a single layer in the
laminate causes the structure to be thinner and it --

automatically accelerates the possibility of global "' - .
buckling. 

f

The other approach. demonstrated also in Fig.
1, is based directly on the relation (2 . Assuming e n th e sne of deer in the pol thethat the function associated with possiblethe sense of PF in th pac of the
tt tstress resultants ýPj for the laminate haxinc, the
failure modes may be treated in the identical way
to the potential in the theory of plasticity and prescribed composite topology. In addition. the

theory . proposed concept is based directly on the expert-usin,, Drucker's postulate. one can find the strains prpsdcneti ae iety• h cI-n r mental data. i.e. it is necessary to know values ofrelated to the stresses 1y means of the relations: i t
the strain field i•, corresp(,rindl to the failure of

the ith layer in the laminate. The aboxc method
U - -. t t61 allows us also to compare easil the individual

lI.'C curves corresponding to bifurcation buckl-
in,, or plI failure and it) determine tile j:obalIn the theory ot plasticity the above relation is in" o
I..CC in the space of the stress rcsultants or in

called the flow law associated with the yield con-
dition, In our case it implies that the strain vector
suitably laid off in stress space is orthogonal to the designer.
FPF surface for the ith layer. However. the ortho-

3 DEFORMATIONS OF L.AMINATED
Set of kinematical SPHERICAL SHELLS

variables - S

a(or c) Experimental data It is wNcll known that ,me can casily find a great-()0number of works dealing with lthe dformlation

0 'T10 a =To' analysis of orthotropic .spherical shells. We would
v

like to cite here as the reference the (,rigorenko et

(at" monograph giving a broad rcvie\w of the state
" of knowledge in this area. Of course, one can

P envelope simply adapt the results prcscntcd there to lami-
*'•(o) '0 Ply failure laminate natcd composite shells which in the case of svm-

N-1 layers or buckling
metric laminates are equivalent to orthotropic
shells having material constants varying with fibre

J LLCC orientations 0,. In general. such solutions are
expressed by a hypergeomtcric series or other

Fig. I. special functions (in the case of shallow spheres)
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and take almost identical form to those presented 0 = 0.235
by Flugge' for isotropic hemispheres. However, 4,2 .05
th~ere is one difference involving a lot of problems. - - >...450, 0 = 1 .0
It can be easily explained with the help of .1 o9 1S=la

Marguerre's shallow shell equations. In the case of 0.015 1-[Q0/ 4 5 0]sO = 0,523
axisymmctric deformations of shallow spherical :3
shells made of unidirectional fibre reinforced 41 0.010
plastics having mid-plane symmetry the first equa- 8 / 0
tion of equilibrium:0.5

d~''+V N=1) (9)jDO
dr o00

can be expressed in the following explicit form: -0005
0 5 10 15 20 25 30

11 Radial distance rnt
t'ii,, + it j- ~=I(V`r W,. rl I (10)

0.00

where the orthotropv parameter /3is defined as
follotsvs:

-0.05

\ A 1 E -010

it t denote axial and normal displacements. 000 410=0123
rsetvl.ris the distance from the axis of t .450 = 1.0

\-m mctrvi and f is a function. The components of 0 0190 0/0 flJ 4.25

the ,train fields are written in the classical form: -0.20 [0 C 90 01SP = 1.C0
_P/451sO= 0.523

du rdi Iý c~lit- -0..25--

(I t- dr +2 ýdr) I'1i0r1 5 2 5 3

One can niisovthhooeeu i'ec-)
tial eqn IW - Fig. 2. Dis.pjjjccmcntlj 01 shattovx . phmcal~i 'K-Il'

jir =dr~~hr 1 13 TMAI . (t UnIiidirect ionai ( -- RI' a A-\xial dkpi 'ckcn~cni u. 1
wr 13 j nrrnial dii 'pjtaCCm nt kt.

Since the displacements It finish at the apex of the
shell the constant 1) must be identically equal to
zero. Then, inserting the relation ( 13 into (I 12 with the use of numecrical procedures described in

necnfind that both components of the strain Ref, 5. As may he seen teprmtrJ hne
field tend (or not; to infinity at the apex o- =0) the value of derivative d u/dr from inifinity /3 K I
depending on the value oft the orthotropy para- to a positive number /13Ž 1 1. It is a~ssociatled with
meter J3. It is obvious that for laminated shells the growth of the normal displacements, wt. Ant
closed at the apex the analysis of FPF or LPF may identical result can be obtained for deep shells. In
be carried out for such a composite topology that case the solution for axial displacements it is
which satisfies the inequality: represented by a hypeirgecometric 'cries multiplied

/3 ŽI Id by the function cos/' O that finally leads to the
same conclusion as for shallow laminated shells.

In the opposite case the application of' any non- In general, for composite shells closed at the apt~x
iero load may lead to early failure. The inclusion and having mid-plane symmetric orientations the
of geometrical nionlinearities into the considera- condition ( 14) reduces significantly the field of
tions does not alter the above conclusion. Figure kiricmaticallv admissible laminate con~i%!urations.

2presents the distributions of' axial it (Fig. 2(a) This is very important from the vie\, , ,it of any
and normal displacemenrts tv (Fig. 2(b) obtained optimization problems in this are-, )ýi the other
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hand, one can state that this is mainly the result of fibre orientations ± 0 in each laver it leads auto-
the inconsistency encountered herein in the shell maticallv to FPF of the next layer for the same
theory. However, we do not intend to dwell on it value of the external load and in this wav it is
in this paper. equivalent to LPF. With the regard to buckling

analysis the appearance of FPF reduces the shell
resistance by the factor! N- I IiN.

4 NUMERICAL RESULTS All composite spherical shells analysed hereti
are described by the radius of curvature R. total

In order to illustrate the problems discussed thickness t and the shallowness parameter

above and explain the possible failure mech- expressed in thefollowing way:
anisms of composite spherical shells a series of
numerical examples have been solved. They have , I 2I I I",
dealt with both woven roving composite materials lt
and unidirectional ones. The mechanical pro- Moreover. the failure pressures / repcrted i the
perties of the materials discussed are given in following fig ure prestated In the
Table I1. following figures are stated in their fl( vrmalized

By the simple analysis of all terms of the stiff- form: they are related to the following \ ale:
ness matrix one may notice that for unidirectional 2. L, )
FRP their coefficients have no symmetry ;from , 10-
the definition) with respect to the agle 0 in the I - i:v 1

interval of its admissible variations. However, due
to the equality of ti1 and L', woven roving, This is done to remove the effects of varying

materials possess such a symmetry with respect to material constants and changing aspect ratios t

45°. As will be seen later it may affect significantly Buckling and FPF analysis of spherical shells
the possible type of failure mode. involves many geometric Iand material para-

The procedure for determinin,, the stren,,th or mtr.Teeoe eeaino eut hct' account for all elfeets requires extensive para-
buckling ,m s TCCh of the laminate involvrs an

incremental load analysis. For a given load, the metric studies. The results presented herein are

strains in each ply can he calculated with respect restrcted to specific numerical examples in order
to the material on axis coordinates ieqnst. 3 to illustrate the applicability of the present model.

are inserted into the and to assess the effect of FP[ and buckling on
These strains tor stresses) r netdit h the gobl shrclselrssaic
appropriate failure criterion to determine if first obal spherical shell resistance.
ply failure has occurred within a lamina. It is
checked independently on the top anti bottom 4 Woien rmingcompo~itematerials
surfaces oPf each layers in the laminatc. When
failure does not occur. the external load increase Since woven roving composite materials are

until buckling is reached. Once the mode of characterized identical values of Young'7

failure (LLCC) is known, the numerical procedure modulus in parallel and perpendicular directions

is terminated, though for shells which fail in the to the fibres and buckling pressures pZ7 for con-sense of FPF the loading process may be con- posite clamped hemispheres can be represented

tinued up to LPF or buckling failure. It 'P in the same wayas for isotropic shells:
occurs the structure is degraded and the total 21:
thickness of the shell wall is equal to (N- I iIN ;1,,=0-79 ....... I7
Fig. I For angle-ply laminates having identical 03(1-- I,-)

Table 1. Ply mechanical properties

Material t" L, ,, Y, Y

(;Pa) iM Pa

Unidirectional CFRP 203 I 1.2 84 0-32 3500 1541) 56 150) 18
UIndircclional (GFRP 3386 9.27 4.14 0.26 1062 610 31 118 72
Woven roving (iFRP 151 15.1 3-1 0.16 353 304 353 3104 35

. .



"where in terms of composite materials constantis W~, rcspectivcly). Thus. one can state that for hemn-
L' and P are defined in the following way: ispheres, made of woven roving composites, bifur-

cation buckling forms completely the LLC( 'curve

I> /i A. /t' 1  Ii co(46. A,,' up to i/I? (H)I. and for i/I?> (He. FP11 pre-
AI cedes bifurcation buckling for .jg -plY, lami-

nates FPF Is equivalent to [PF *. In this ease [FIT
t"1- U -, cos(4 0 alwvays occurs at the clamped edge i'dentically a~s

U, + U, cos4 0 for isotropic sheiks and is caused] by copesv
loads. Similar effects are observed for shalhmx

The dimensionless pressures !h for the clamped spherical shells. Howevecr, for shallowý shells, the
angle-ply axisymmetric hemispherical shells hav- value of the tI/ ratio has a much weaker influence
ingT various fib're orientations related to an arbi- on the appearance of' the first ply failure. and its

trary shell meridian are compared with analytical effect increases as the shallowNness parameter /

predictions given by eqns , 17 and (18 1 Fig. 3 increases.
The set of numerical results shows the distribu- For angfle-ph' laminates made of (FRPI "0\01

tios o: ifucatonpresues he avlenth rovingis imaterial 3 in Table I :. an arbitrary
number ni>0,, . pressures corresponding to axi- ratio and the shallowness, pairameter ~.the
symlmetric collapse (n = 0., and those correspond- maximal limit load L(Cis alwv\ays reached at
in,2 to [PU in the sense of Tsai-Wu's criterion i n 0= 0'. The same situation occurs, for multilayered
the surrounds of 0 =45'j being the lower bound shells having, various but symmetric wvith respe-)ct
of [PU pressures determined with the use of four to mid-plane orientations. It may tie Iiilpl\
criteria. As may be seen for the analysed ratio t1 obtained from ecqn 1 17 and the result,, presented
R = 0-0 1, bifurcation buckling loads are the global in Fig. 4. However, as thle material properties of

mvo bu-d fth potedcurves adin thscase wkoven roigcmpositesý \\ill chanc. the maxi-
correspond to thle [,I-CC. In addition. that curve mial limit load will be located in the Interval O"_

Ccan tbe well a pproxi mated Mx the analytical soILu- 2- ii.

0im)", HI)X\eccr. Jor 1,1R rati:os higher than 001.
1P P1 i a dom-inating, failure mnode for the srcue4.2 Unidirectionial composite nialterials

eonsIolered l ig. 4% It is caused by the fact that
huclii-,prssres are proportional to il'J?' 12a It i, well kni wn that unidirectional composites

straight line in the plot ý. whereas [IT pressures mlay Offer Much higher miaxinuil bucklinug and [IT
are proiportional to i/I? a hyperbola in fig,. 4. Tlhe resistance than struLctures made of w\oven roving

results are generated foi- the weakest and thle com)poslites dule to thle dfifferent value~s of Young\,
"st ro nt-It config(u rations of the -;hell wall ý45" and moduli L, and F. . Figure 5 shio\\-s thle effect of

fibre %variations on the LI .(V for angllc-ply ,phieri-

Analytical solution
1.0 -Axisymmnetric collapse 1.6

1 8-P / Bifurcation buckling-LLCC 1.
1.70 -FPF-the Tsai-Wu criterion0

~- 2 Bifurcation

1 0 I

Z1620 V.

t 1 0 _E_,1

E 100 R/t= 100

0 70 1
060 - - -- 0.0

0 10 20 30 40 50 60 70 80 90 000 0.02 0-04 0.06 0ý08 010

Fibre orientation Dimensionless thickness tin

I'~ 3. 1 )irihTdiiiw ofl I it I ittir prces~ut r t or anglce- ph, Fig. 4. tInll tine it Ilikhe R i ati on he typec of tatlute
tienwptlicremadeo %ol en roivng ( IFRIt, mode



lI t7 tit load carrtim' capucit or,\Inrefl\ under e.wtia rlIJr'~i( 34)ý I-

cal shells. As may' be noticed both material pro- .- Tsai-Wu
perties of unidirectional FRP as w~ell as the V'taILIC.7 - r max
of the shallo-svness parameters ). has Visually no -/ Hoffmann
effect on the character of the LLCC curves, irre- w1.2 Umax

spcie vnof the l?' ratio. In the interval -

shell5" the first ply failure always occurs at theo
Selapex: the values of the critical loads are very

low, It is in verv grood agreement with the theore- 0. PFa iAismn
. C_9 FP at Axisrnmeria

tical considerations presented in Section 1 of this C- 04 the apex collapse

paper. However. according to the results pre- 0.2-

sented there the pressure 1), should be identically
equal to zero in the analysed range of fibre orien- C) 10r 20 30 40 50 K0 708C9

tation variations. In the plots presented the maxi- Fibre ntair

Mu.11 IS alwýays reached for 0=45' and it .

Corresponds to the isotropic state tI ~=A_ 16 - .

1,=1),,!. In this case the deep spherical shells -- siW
Fihas 5 h. Sc!' fail by a bifurcation hick-limn, _T,'As

mode t;i > 04 , xv.hereas shallow, shells tp Fit T 1, mrax

b\ axisvfmlmetric collapse in =0i. For deep pheri- E0 ? /t 1
cZ1l shells as the vaIlue of the anizic 0 increases the 0.8

failure mode switches to an axisymimetric one and. o 0.6=1 )in addition a sharp drop in the limit load is ~FFa 4Aiymti

noticed], This drop continues until it reaches a 0 04 the apex. collapse
constar '11ue. However, one can observe also a 027

narrow report iowhere FPF precedes a~xi~synmmetric 0.0-8
c~ Ilapse. it is w\orth noting that for the analysedI 0 10- 20 30 40 50 60 70 ;30 W

a\.pect ratio R? ;i =10 to he cur-ve correspondinte to irGeQao

thc axisynmmeitric collapse almost coincides, with
that for FIT in the sense of the ISali-Wu criterion 18.........

and in this way is denoted in Fig. 5. In the 1.6 . P -Tsai .-Wu .-
exmirples analysed the iFsai-Wu FIT criterion 1 4, -6mx_-W

almost always gtivcs the lowest v alues of the fauilureI

pressures. In gicneral. the differences, in the va1lues 1.

ofFIT pressures determined wvith the use otftour 1
failure criteria arc almost negligible. It is obvious 08 R/t - 100

esecalyi Fg 5a eigthe most represenita-0 FPa
tive plot Muhch gives the possibility of distiniguish- 04 the apex R1/t 50
ing, the values, /, for various FPF criteria analysed 02

herein. -/R/t 9 -
0.

Simiflarly as for woven roviniz composite 0 10 20 30 40 50 60 w0 K9

materials for thicker- Shells ItR;?> (NC FlI Fibre orientationl

becomes the (lolminatini! failure mo de andl pre-I
cedes hifUrcathinl bucklingz. Howiever. fo r nim- Fig S. \ nlhow, it fnimi loioa carming 110c;14Oit\ 4.(

directional FRP a reductioin in the pressure p1, is tl 1Iinbr CFRichý u 1) 1C11phelrwtluil cap imi (if RR U~lCc

ru t proportional to the t/1 rati( A Fig. S ciý. heniikplierc -- unidirliw)ýO UnI' 'RR

["Or various fibre orientations 0 and the ratio
R /I 5() the type of fibres breaking is shown in
Fig. 6. At 0 450 the failure mode is typical for occurs at the shell apex and is caused bx). tensile
isotropic shells, occurs at the clamped edge and is loads transverse to the fibre. Then. the position of
causcoi by longitudinal compressive loads in the FPF on the shell meridian moves from the apex
fibre direction. As the value of fibre orientations, to the clamped edge ais the value of 0 increasesý to
increases the rapid (lroF, in the pressure p, is 'asso- 900ý It is worth remembering, again that for angle-
ciated with the alteration ot failure mode and <)fits ply laminates FPF is automatically equivalent to
localization on the shell meridian. For 0 t 50' FPF I .P[. 'Ihus. the FIT position on the shell nmeridian
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0.020 '' ~here
~a -45 0

0.015 . b-0 0, 11)O or I-~

S0.010 d- 7~00' The leasible re~lons oll inpai and nuti-oipl
e -.800 lanmination pIirametlcrsi arc. respectl,, 0%

0.005expressed aN fl~lti\s:
-Od / e ~0 (clamped edget & ) 1 I

tD 0.000 _iZ -'---- e <

Ca

an rthe n-plane lamiination parameters"
904 t. ' form parabolas. '\hcr-ca for 01.1-01-

-0.015 -0 00 m01 0 plane pa ramtieters .. ,.are rc:,trict,.d h.w the
-005 -01 005 00 05 0010 05 002values' oI A .. polint nit the parabola Z- -

Meridional strain e etirrespi nds to an a ngle-pl\ lamninate - ) tt
Fil4. 6. to'ntioit, of PI- (in tll. '11A111icridian kir. 11C111- example the point 0. (I. e rres"ptnds lo a 4" laniil-

\1111CTC\ 111AIL Of (J- RP'N-( '2 R nate an1d 10 tn a quasi-iotr0p Ti a minat,:

As is deonstrate~d b\ Niucl the altox e para-
mneters can be suLCCe1ssfulx used( InI the opItimiza;-

has, no appreciable effect onl the value of 1-PF limit tion problems, Of buLck11_ ln reistance li. lam1inated
loads determined w\ith the use Of four failure doubly-curved shells under external esu.
criteria. It seems that it is caused by,) thle localiza- Hoxee.such a procedure cannot be (fircetix

tion of thle -Fl- r, - ~,plane. The fa,,ilure' occur,, in1 recpeated ill thle anlyI,, of I- IT since in itial lailr
the rnei,-hh~ourhood of th~c line k, = r , or i-, = 0I of at single layer in the lamlinate decpend, ent irek
xxhere the limit va1lues, for four criteria ,linear or onl thle Stacking( seqLueCelCs and on the miaunitude:

quadklratic are almost identical F-ig ti edn fet.F rhmshrsmd fui
'Fl -nkisoaocp larmnates is treated as directional (T-RI1 and havingz the '1R raoeql

the startingz point tard the analysis of mnulti- to ()1111 the Idllainate 0.9W! K ztIl ls 11',bif-Ureatit i
layered Unidirectional laminates especially from buckl ing- for pý 4*'()S \I Pa. \\ likrc Is fr 90 .)
the point of viewý of optimization maximization) F PF occurs at the bottonm surfa ce in Ip. 55
of the pressures [p corresponding to LLCC. In the V[Pa. However, onl the plamne both lamni-

optinhi/atioin of the b.'cklingz resistance of lami- nates arc decscribed byth same point It. 1
nated structures the commonlyI used approach Therefore, one canl appI\ the Iaminan tion paa
baIsed tin the lamination parameters scheme has meter plane for the presentation of optimization
been introduced b\y NikP' and FUkunaiza and results onl]\ but not for looking for the optlimal
Vanderplaaltsi' For mild-planec symmetric lamii- composite topology. In addition. it is xx orth men-
nattes they- propose to Introduce four independent tioning here that the parabola i2 I is cut off by the
lamination parameters describingz entirely the restriction 14,. Figure 7 is a plot of the maximal
composite topologY. rhey are defined in the fol1- pressures corresponding to the I1,CC of four-
lnwin,- f~ashion: layered 10 , 1., hemispherical shells. As max be

- seen the maximal 11CC is reached for the qualsi-
cI~ ~ iz isotropic state i the point (0. 1. . L et us notice that

= n 2zz for angle-plyi shells the fibre orientation 45' cor-
responding to the maximal LI.XC represents also

C()S't,,tz~dzthe isotropic state.

(19) 5 CONCLUDING REMARKS
12>

f~ ~f Cos ) (t(Z) zdz, Two procedures are presented for the efficient
analysis of the limit load carrying capacity of

)z` dzanisotropic shells of revolution closed at the apex.
Cos 2 aFrom the point of view of FPF the limits of the

possible analysis for axisymmetric laminated



1 h)wever. it h&s been found that the H+ P1 i
niainlk assocleated \\th bireak ingi.f t i~res on arhl
tra ry points lving n)i the shell mneridian mih ()ll\
"at thle Clamped rd, as~ lm- r~olpie Nhell,, and vs
caused byý h eigtudinal e impre)TsN1io c liad, um ten -

site 1(1(15 transverse to the fibres.
T he matgnitude () 41 lmt ds I I (C (k s tri-cll\

Con nected \ý ith the e in1p i"itc 1111 flI imp. With
regard to the ptissihle inerease (it. ((
spherical shells the o)ptiflilatimn anal\v '.i'has

proved that qtusi-isotrop\ 1,, the best soultion h~r
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shells closed at the apex are strictly determined
by the value of the orthotropy p:r)~~

1=A-,I -AI tf 13 < I then FPF alx~aVS Occurs at REFERENCE.S
the apex even for infinitesimally- small Values Of
the external pressure, For the opposite case 1. Sadlaro t. VS. ci of N umericail f-dtin ~~ Ito
doubly-curved laminated shells can fail both b\ cormp tsjtc rlullit;1.\Crctl 'hcll, 11e, /hot ol i~~I

bifurcation as well a,, by brecaking, of' fibres iP 1`4 1lOil',hdA I O$O 4) w; In Rlm

parameter ai.lk For 1) ct J,1) bifurcatio bukln Ii RP ( om, , I 90

lower bound of posblfailure predcet essresin is "Im-a j.. tNmtfc (o i ~mpow ssxml w(K,

whremasil fonrole b/ the vau (1 FPF is a / doiating _hlStr of rc,1lution 191. m ulittai ueia
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Optimisation of laminated cylindrical pressure
vessels under strength criterion

S. Adali. E. B. Surnmers & V. E. 'Verijenkou
I l)q'w :iton o i i iiiJli!I.n . ' In.( trill 010"m, l ~n 4 ;(M/,~ i i

An appioacli tar ihc ptiniismkiion of mm111lctiicath laminiiated u
ples. llLI Nc c \CtN i Pre~ litcd, I - c uie k*u 3 IIN ' 1ý 1XISCt (in [Ilk mcm'TlI raiuc, I tii '

ýhcll, andtl hc optinim atin i i carricd 'ni "oii ICSi :: i pc 10 111C hI ht runai
aindtI hickiic.', dtti.ritiuuiiuii w gi ti l ii h Ia, k\lt taihiuci.. i
apprixch is~ cquatlv opplicahc ito hiIllncct and uiihalan~cct d nniiui
lamininatcd ,hellsi. No 2txarnltcN ar acllllxidcrcd ' \Nhici iil%()I c i tic dcs'.icn )
c i ud rieat shc 1k f niax iniurn burst IllrCx'11-11C Mnd mii u t.ci cii\1N umarica
ICSuhiIx arc sixcn for prcxnro: t~' i lliuccuia to icrual ptc ' 11kiil and iiý a
ciiniiiinatiin oit inicrunal prcxxurc and 114.11 0i 1ixnc 11 h i!ýC cat 1\131a Iadii
aiid ii iii inc Oii tic. dlcxinn1 1 ci xc

I INTRODUCTION' Ml-il itand ('h1OU for balancedsi ackiniL NC xequenccv
Karandikar ct a/i' considered a in titi -irbectvs v

A major advanl~~itae of fibre-retnforced cklilposiie approaich to thle design of ci mpoit picxxurfc
materials is the laree, number of design variables vessels b\ inClUdinei deflection. \\ il-hr1 and \ (011111
azailable to the designer. To) realise th~is potential inthe perlorniance ~ I e )ad 0

and to) inaximiso: the beniefits which composite's D~onnell's shell thecor\ 1,s used toinstattc
can offer. the design has to be tailored to the efc~te oft temperature and tuz/\ strength data.
specific requirenments of the problem. Optimnisa- respectively, onI thle optimial deis,]-n of' laminated
lion oif the decsign is an effective was' of achievinu, pressuire vesselsc[,.
this, ,oal. The present article addresses the prob- The present ;lud\ 1,, collocerned~ wilk~v optIl-
Lm of optimally designing symmetrically lanti- misation of' composite pressure vessecls subject ti1

nated composite pressure vessels using fibre thie Tsai-XWu failure criterion and Invok~ing, prob-
orientation and wall thickness as design variables. lemis ofimaximum internal pressure and minnimum01
The lamination can bec balanced or unbalanced. wih.In the first problem. thle fibre orientation is
The balanced case refers to a lamination in which determined for balanced and unbalanced laninai-
the layers, with the same positive and negative lions to maximlise *thle Internal pressure. 'I hie
fibre angles balance each other out, effects of axial and torsional forces, on the opti-

Previous studies involvingy the optimisation of mum design are discussed. It is sio~vn that the
laminated pressure vessels include Refs I - 10. In axial force affects the optimum fibre angle differ-
Ret. I. the minimum mass of' fibres is determined entlv for shells with single and multiple layers.
subject to a tensile strength condition assumning In the second problem, the design objective is
inextensible fibres. D~esigns in Rcf. 2 are based on the minimisation of thle weNight of at liquid-filled
Fliigge's theory of shells with the Tsai-Hill failure pressure vessel taking both the fibre orientation
criterion employed as the strength condition. and the wall thickness as design variables. Both
Optimal designs based on criteria other than a the constant and variable wall thickness cases are
failure one are given in Refs 3-5. Optimum discussed. Comparative numerical results are
shapes of filament-wound pressure vessels are presented for single and multiple layered vessels.
determined subJect to the Tsai-H-ill failure It is noted that methods used in both design

crieroninRef. 6. Optimal fibre orientations for prohlm., ba e casily impe ntdiprcca
cyl indrical pressuw *. .2. rfc ot tuined by Fuku- design situations.
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2 BASIC EQUATIONS obtained from the g-,omctric ,trcss vctor s k ia
the matrix tranlsorrnatio)n

The pressure vessel is modelled as a srnmnetri-
cally laminated cylindrical shell of thickness t/. 4

length L and radius R. where R refers to the wher . I denotes the tlr rnaiion
radius of the m iddle surface. Thc shell is con- matrix' 1o Oh la Ia ner. I ir ltawno3 nd 4 ii

matrix for the kill layer. F~rom ckin, 3 ýmd 4 it
structed of an even number of orthotropic layers Iollows that
of equal thickness. t. The fibre orientation t9 is
defined as the angle between the fibre direction / ,
and the longitudinal axis x. The fibre angles are
orientated symmetrically wNith respect to the The design against failure is determined h\.
middle surface such that 0= - 0 ! " for k_ ;n/2 employing a suitable failure criterion. In thi,
and Oý -'I tfor k Ž n~/ + I +where k = I. 2. study, the Tsai-Wu failure crilcriont is ued
n is the layer number and n is the total number of which stipulates that for n'n-failure the constiraint
layers. It is noted that n 2 corresponds to a I " / . ,
"single lamina of thickness IID2t and fibre orien-.
tation 0. The coordinate axes x. 0 and - refer to + P, 7 + Fa F I < t1
the longitudinal, circumferential and radial dircc-

Zin epciey ih h rgnligi h should be satisfied where the -strength parameterslions resp ectively, w ith the origin Iying in the11 / -t•+ F"-,/' .... F,.. : and tV , ar e (-i\ven h\
middle surface of the shell. - I a a

Due to the svmmetrv of the lamination, the I I
force resultants in the geometric coordinate axes l = = IL, .
are -,ien bhvA

A \! lrt I _ I ,= I - I

where A\ A V V

.x i= -\o . •t]= , ,. .-1.

where Y,. V . Y, and Y" are the tensile and com-
pressive strengths of the composite material in the
fibre and transverse directions, and S is the in-()2 plane shear strength.

\The problem formulation and the performance
index depend on the nature of the specific design

In eCLn 2 i. A, are the extensional stiffnesses given problem. The problem statement involves maxi-
by /. = IO,iQ f for i. j =. 2, and i ==6, mizing or minimizing a cost function subject to the
1.. ,=-•(,Q,..ft for unbalanced laminates and strength constraint given b% eqn ý6). The opti-

A,, =O0 for balanced laminates with i = 1. 2. Also misation procedure is applied to two design
in eqn ( 2 . F, r, and y,, denote the normal and problems.
shear strains. Here Q,/0) is the transformed
reduced stiffness component.

The stress-strain equations for the kth ortho- 3 DESIGN FOR MAXIMUM INTERNAL
tropic layer are given by PRESSURE

3 We consider a cylindrical pressure vessel kkith
where Fj= [A] '[NJ from eqn (I and closed ends and subject to an internal pressure p.

[A, A r A I axial force F and torque ' Tho first deign prob-
0 ' lem involves determining the fibre orientation 0

denotes the stress vector in the x0 coordinate so as to maximise the internal pressure p for a
system, given laminate thicknc,, II undcr the torces t-

rhe stress vector in the material coordinate and T such that the optimal design satisfies the
system, denoted by a Aj=[a'k, ra l ,. is strength criterion in eqn (6).

I,



)ptimisalion 0 lainjiwt d I( ilituitiI pre% it",•I rcs £c

3.1 Method of solution and the solution of the design pr 41cm dos nmit
exist as there is no feasiblc design Satis,,l\n2

The force resultants for this problem are given by eqn ,6?.

p RR V R,, 3.2 Optimal design problem

2 2 -7R 2'rR

The vector f N1 =I N, NO J/ can be expressed [he design ohbcctivc is the ntaxinlizatikn ( Wt the
as a sum of two components: one due to the inter- burst pressure p_ subjecl ito the failure criterionm
nal pressure p. and the other due to the external ccnii6 , The optinusation is carried o\ cr thc libre
forces t' and 1' namely orientation 0. The dc,,ign problem can hc statcd

as
p ...... I= m ax p , : f'" max main p I

where :', is the coefficient %ector of p. and !.\',II
incorporates the external forces. From eqns f8i -\here p, 0: 1. 1 is gixen h\ cqn 15. [ie
and 9. it follows that maximum burst pressure p1),, is ilct,1rmined hx

l solving the max-nn problem Of dn 16 %,,hich
0! also yields the optimal fibre orientation 4

I = NM,1 The optimisation procedure involves c the stagcs

0 ' of evaluating the burst pressure p, for a given t
and iteratively improving 0, tO MaxiMuie ..

Similarly. the strain vector ll may lie expressed its Thus. the computatinal solution consists of suc-
-- + I I cessive stages of anahsis and optimization until

convergence is obtained. The optimnisation ,taige
Shere l,=t hr and A,= A J. which emp!oyes the golden section method in deter-

follo\ws from eqns I l) and 9}. Now the stresses in mining 0,p,.
the material coordinates can be computed by
inserting. 1 from eqn i I I into eqn 15 which gives 3.3 Numerical results for problem I

The optimisation of the laminated pressure ess,,cl
where is illustrated hv considering a c\lindrical shell of

-= @ 6, mean radius R= I m and thickness It=(H) I m.
' =p ,13) The laminate is made of I 3t00 5 21))8 graphite;

1! epoxy the elastic constants of ,\hich are
We substitute the stresses from c(nl1 12) into eqn /I- = 142 (iPa. I, = Ik- (iPa. (I: = 5-49 ("Pa.
ý61 and obtain a quadratic failure criterion in and v'i = 03. The strength values are
terms of the internal pressure tp as given by A; = 1568 MPa. X 134 1 MPa. Y, = 57 MPa.

. ,+l + ±,,, Y 2=212 MPa. and S=8(0 MPa. The values for
Su + ( + the material properties are taken from Ref. 12.

+t-2F, 2to~ ;i, + 21.-( , We first investigate the effect of fibre orienta-
2/ �+A ~�A A tion on the burst pressure p,, for different values

+ 2 +- .h r 2 : 2f" ,U of the axial force. Figure 1 shows the curves of p
/+.o'J,,•) + ( t -, versus 0 for single-lavercd. four-laycred and six-

+f ~layered laminates with T= 0. I-= 0 and 5 MN. It is
+ +.. .. + 21.',, cy 2a noted that the results for the four-layered i bal-

+ IY, (i + I.-,or -,I = (0 1141 anccd) laminate are applicable to balanced lami-
nates with any number of lavers. ForSolving the quadratic cqn 14) for the kth layer single-layered construction. it is observed that

yields the burst pressure p,1 = p1 , t' T) corre- ,, 0 for ['= 0 and 90' for I"= 5 MN. p,, is
sponding to that layer. The burst pressure of the much higher for multilayered laminates with the
vessel is given by balanced case giving the highest burst pressure.

m, r . 1 f-.. ...... ... I(5) 1he effects o the ,axial foicc aid lorqu. o ,,
Srand p are investigated in Table I. For single-

If no positive real solution of eqn (14) exists, then layered laminates. 0,,, = 0 for low values of F and
the pressure vessel fails under external load only, jumps to 900 at a certain value of F>O which
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rabic 1. Optimal fibre atngles anrd maisimum prc.s~ure
(Problem It

I Sinalc laL' Iv Our lay crý Si\ laycr'
SIN l N 1 iintuancCil xI~amncctd unhaljnccd

JiM-1 it 1a -19 -l -~ 4 '19 5 hs

(M~~~.I II II-o 0 1

depend onthe a)moun of 4oi 3pplied.2-68

prssr are )( gi1e ing 3.g 2u c and n, moru pingle-t mind the 1hel hik.1s1
to14L andlvee lamiates repetvey aiur 2mlk~rd11,-r

indiates tha thire isr~-n af sharpu dropin d asIForehd fl~i~
uncrease.I)cred lam inats the fithrespect- toe sle thorquepobe iio oopiiimfl

wis h more longitu dial. axor th balnce lamincr ates whith "thefre. rslat o hs rbe r eie

four~ ~ ~ ~~~t layrs theui talr ufc sson nFg s~I3and [O hr a gepcylindrica Itan i,,ntdtha
rath rer ltw gura dualit decrese in ma11 .11 1 tit iblke ad aNlilttached to tanhe enidsofthe cindterm, o

pnreassure axe ialn forces and t3qe thos siorces are

Asoursaecond paroblem, weseconidery aFirculre 2
cyindricale shtheel of lentsharp fildro with a s liquiethd of so -lutiosn

spcficr waeig.ht fandur sundaer as given internal3 prs- in Ref 13 sand 14 o clnrcltntl

rahr111wt rd a eraei ih buked tahdt h id f h Idr
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~here P sthe pressure at the ccenter of' ( dw I --- ( imneam thit kiu'~ 1(111k
thle cylinder and x is the longitudinal axis with In this case I i0 and th1C k ciufht is ei"en Ill

rhý! origin located at the mid-point such that ~ ~~~ i02
-L"' • x• L12.

We note that 1 It.: , fi: 0, 0k vhere t,;, =I l'r i, Since till 4. %kight is I rop(orti-wa! tv the thcnsit
/I . -2 and i / 6. ,j,, 2 /ln f'or unbhalan)cedL is sUb bicient to 161Mm S i /i / H 10 t btani) th1V miii1

lamlinates and ?j_ 1 for bala nced lamninates, with mluml %C iu.ht design. .I 1, 01fo a1 -ilenl \Alk allh
i .2. We def ine a nItriX !a1 such that all -k is determinend from

al= 11 Al. Thus. a. =0, 0, fOr ij I I. 12 , 2 2 II0=ixI am I
and 66. and a.1-, 0 0 b'r i = 1. 2. From eqnl 214

I ,it l'ollows " hlat 11 Ni a where X is -I Q < x! 1.,/2, 0•o2 --
definled bw eqns 12 and 1 7! Substituting r into

eq 5. \e\\d he re I/, is determined fromn eqn 201

(. I 8 (tCam I/ -- I tia-hilt h'ihh Aui'x. iatt

lie re In this ease /I =II 0:ý x and the minnimum thick-
ness H"II" 0: -k at a point -\ 1,0r a -,I\ enl 0 ls definedi

(J'. I= 0.y 11i 9 I in eqin 21 Th'lerefore. I,0. xi I, deter-

W\e sub11stitute the stresses fromt eqnl 1 8 into the Mined as, thle maximumn ofit gien 1b\ ciin 21I
strength constraint of eqn ý6 and obtain a quad- atee'pon prdiuaxaiblv llhc-
ratic f'ailu-re criterion in termis of' the shell thick- ties.. Thus
11e1,s /1 asgie by XI, 111* a XI I) _ __ 2 5.

S jt + It
- lb I IIue to symmenitry, the thickness distributtions ai k

F: [ 4;Q Vo". 1- It 0 20, the samne for s- 1i )x• and () -N•xý 1. 2. [or t his

I-le solution of eqn ,201) gives f'or an\ x and pthle es.tc~egti ie cn2
minmum shel hicnes i/ coresonlngin both eases,, the decsion Problhem is to detcr-i

the faiilure of' the kth laver. From eqn ;20). it fol- mnine the optimal fibre orientation 0,ý as(Iý to

lows that the critical thickness 11, Ilý,, 0: x: at a mninimisew the x'icht of the shell. tiamel>
point x is given b\ It n... n ý il V 0 2

/I, m iax /C k = I., 2 u, 2 til" 0 :ý• 2,T With /II,, obtained f'romi eql ' 24 1inl ease I and
2,II from eqIn 2 5. in case 11. I n eqnj 26! It' 0 Is iell

It Is inotedl that the critical thickness 11, depends 11\ eqn i23 1 [Or the constant thickness case and hl,
onl the location x along thle cylindrical shell as well eqii 2 2 fIor thle variable thickness casc.
ais thle internal pressure p, and thle specific "'iht Ieteminimum wethipolemllnir tA ics I solved 1w
P; of the liquid. deemnnZh inmmti-ns "II sif

ing the constraint of eqIn ,20 tfrom eqn1 24 case
4.2 Optimal design problem I ,o 'fromn eqn 12 5 c lase 11 1. The wkeight is mini-

inised over the fibe orientation H h\ using, a one-
The designl obJective f'or t(lie cylindrical l iquid tank dimensional numecrical i oIptimis~li t- til schemne.
problenm is the mninimrisation of' the shell weight nmltegle eto ehd oiuain
with the thickness subject to the strength condi- arcotneuticovrznesatiedfr.

tio ofeqn6;.Theweiht f te sellis ive 1w 4.3 Numerical results for problem 2

ii' = z7R, II 0: dx221 Numerical results are given f'or sing'le- and four-
~ layered laminated cylinders made of' the same

where !), is, the specific weight of' the Wibre corn- graphite/epoxy material defined I1w section 3.3.
posite material used] in thle construction of' the The numerical values are ,iven for dimensionless
tank, quantities by introducing

TWO distinct eases depending ott whether the X/1It 1/-rR,
shell thickness is constant or variable over the X :/~ i1/ 2 7

length ---L/2 -- x!5 1./2 are considered. 1) If) /pR. wi W/2.TRL'P,
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I orl u eqls 22 and 27" it roll,,ws that obtakicd Iron coin 2 _ and Ih librl:c rimcnI.i '11

specified as 0.
-' "'h c tlcct of Incrcasin1 the i nicn;B prc,,xs p

(9 hI 0: X dIA* On 8 o the tyimnal dcsign is jli ctieacd ill l blc'. 2
-* •" and 3 for sIimgI-Ia.crcdI lsil ;t ilnd karIflihc

thickncss shells. rcspcctl\ci,. It is P,,v.r•.d that
\Ve note that for the constant thickncss. shell ýcase 0I" is (0' for hl \ values (1 p- and itutp,, Ih 'MI i',
I w ft-, t-=/v 0. 1,, increases. I he \cighi differencc bct'. n hen

In Tables 2-5. subacripts c and v' refer to the constant and xariablc thicknes shell,, dccrca.c-
Con/Mltant and variable thickness cacs, respcc- \with increasing /I,. I he ri6 ht hall 1 tihe table' is,

ti\ cl. In particular. t ( 1 rcl'crs to the weight 41 a provided to c(inparc the \\cight ratios A4 ,'hell-'

shell \\ith the thickness function t1,,,, : .0 wxith specified and optimal fibrc angle,,.

labhe 2. Optimal fibre anjle% and nlininmunl Aeight for a I-able 4. Optimal fibre anlhes and minininuimn "cit•ht f.r a
sinle-la.%cred eorintanl thickness pressure %e'sel four-laicred eonstant hih.kne.,, pressure ',ess•-l

(prblem 2) jPoblem 2)

SirngIc ta.Icr 49 it , , I nui ]a crs i I out

r - *. - I'-, 'k- ,, "-0 : . ... . . . . .. , it I

3 1 45 6t)1 AM1 J , .I I i M I

I II HM (m-44 l-(i) 1'36 1-3 - ' I n t 24- Ss 3-1-I 2-. 1 J190 -s s,64
0.0) 1 .14 I-00 1-24 1.-2 I-I I -1 7 2 4 -72 1 .n - 4 .1. 7s I 1

0 0l )i( 1 57 93 1 1'3 - 1 -2(1 -17 Inn 3 -1,4 3477 4.(1! 3 1 - ,i
90.0 1 oI 1-. 1.1) 1.3- 1-2.4 I- ! 1.0I- 4 5fl.5s 3 5 - 55 . 1

I 'Il IW' I 2 -35 12,9 1"2 I' I 5- 13 -2-2 11{, 3o(- 0 k 4- 6-1
M 00•'i~l 2n "n -36 1'39 1-31 1"1-1 I() 6 51"22 4.004 0 '1i 4"-4 1"' 4 4 1

S " (it -i6n,1 , 5[47 [67[ 1-15 1 t7 tHM 60t- ,1-
IW 90,nn 70 1 -1-1t I 51'S-39 t n 1n 1 .02 1 'S, 7-'91 6 4 W I .S I .. a
" 90 n• 0) ' 99 60 1 75 1 -( . 1 "-4 17 25 tn-) 2n, 52 "52 I ln-2 ' - 544 ` "1 , iS ' t )
3 90 .00) 716-70 1 S4 170 1 -51 1-27 1t-l) 3( 52-I 152'ns ,-ns 5"n 2 I I 4-
4-1i (M 1.11 923.77 1.,j,8L) 1-73 153 1'- Inn 401 53.3ti '7-n 5-53 5 2 14 1.'1 - .-I

5 0) In-n1 11 110.79 -92 175 1-54 1-2n in 5n 53-5I 243-n: s-n2 5N'4 2el !-69n (4-n,
1ll0) 4(1.Il 2 165.S7 1.99 1.7n 1.5 -7 1.31 Inn1- inn 53.94 472--1t -In 5-5 2I2 -,2 0.s
21(1 W)-_0 4236)-6 2-02 I.st 1 s 1 2 --,x nn 5.I- In 5K Is I- ' -n1 21.22 4 5It k4 I

labhc 3. Optimal fibre angles4 and minimum %eight for a lable 5. Optimal fibre angles and mininmumn -eiulhi for a
sinvhc-Ia~cred iariable Ihicknes% pressure wsesel four-laicred %ariable thickne%, preu.,,re %essel

(problem 2) (problem 2)

Singh.c layr kvvi 0 1 ,t-• r a.xcr, 0 - n

-.< Il1"- .. .. .-- 1il-

0 3) 45 - (1 ')I) 9i 31) 45 0n1 M(1

I i-fIl 84-7 i 1 -(1 1 1-22 1-27 1-2c - 1 - -01 642 211)3 4-.23 2_-_-1 1 -03 2-4n -[it)
2 0l-.0i 1 1-23 1.14 1.25 1-25 1i1- .-0ll(1 48.81 25- 05 5-on _-sS 1-20 223 -4-4-I
3 6-Illl 131-1 1,29 1 -34 131 1-22 1-(0 3 49.94 2 .-27 5-7, 1-40 1-31 2-13 -1 -s
4 90l-.0)0 1 iI--1 I--t 1-41 1-35 1-24 i-110 4 511.' - 33-35 -30 3-80 1-4.1) 2-S() 4-5

5 9.•11-'1 I 71-47 1-48 "I -1-f I -3S 1-25 i-0(0 5 5(1-98 37-46 6-80 4-11 I -il) 2-03 -45S
6 900(1- 191-93 1-55 1-5o 1-401 1"26 1-.)(1 6 SI-25 41 (1 7. I3 4-30 -16OS 1-91) 411I
8 901-.t00 233-05 1-64 1-56 1-44 1-27 1-ti 8 51 -601 50-31 7.((1 4-69 1-79 I -,2 4.-' 3

Ill 9(•-lt 27-1-32 .-70 1 -6(1 1-40 1-28 -00 Ili 5 1-95 59-22 7-9M 4-91 l.17 1-81 4.(,3
211 911-()O 481-18 1 S6 .711 1-52 1.30 1-01 20 53-18 1 (4-35 8-56 5-31 2-104 1-73 4.61
30 910-fli 688i .9 1-92 1-74 1-54 1-31 I1-)i 30 53-49 149.8.3 8-8 I 5-5'Q 2-I9 I.Os -1 5
40 90-00 895-201 1-95 1-76 1-55 1-31 .-(0 4(1 53-71 195-42 8--3 5-6') 2-14 V-104 4 5,,
511 90,0 1O 1102-22 1-97 1-78 1-56 1-31 1-00l 50 53-84 241-.O8 9-) (I 5-7-4 2- 11 6- -3 5

10() 9011-00 2 1.7-31 2-1) 1-81 1-58 1-32 1-l0l 100(1 54-11 460-62 9.16 58SO '-2 1 - 4..
2(1i) 901-01 42017-49 2- 13 1-82 1-59, 1-32 1.O(i 2011 54-25 9227.O00 o.23 5-92 2-22 1 - 1-5s1
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Tables 4 and ý giv e the samne inlornuition as, of the fi rst pr)IC1 wile 1as thitciteal prtcssu c

Tablet~ 2 and 3 for balanced fouir-layered shells. It increases,.
is observed that as I) increases,, the optimal fibre Numerical results aire gi' en tor unbalanced
angle approaches f,, of the first problem with sinclc-~ and six- layered and balance~d Lirmi nalcs
T T= 0 see Table I . This is to be L::ýected noting that in the balanced case the number (A
since 0!,: contribution of the liquid to reCsull1ant layerS does n10t alfecC thLe results. It isobcr' ed
forces becomes iess prkpIOunFced ats the internal that fibre angles align thcrmselx es x\i di the 4.di
pressu re increases I see eqn 1 17 t ýand problems I tudipal axis as the axial force increase". \'ariabet
and 2 converge. Comparison of' Tables 4 and 5 thickness shells are found to be aOutL1 20",1 m re
indicates that to~ Values differ by about 20(`,) for efficient than the constant thick-nessN *hell,,f) 1 & \r
constant and variable thickness shells for small vaIlues of' the internal pressure '.ý ith the dillecronce
values of p. This difference decreases ats p., decreasing ats this pressure 1inFcrases. Ft~r iN111-1'

InUCeases and drops to less than 2 "', for /),, > 20,. layNer pressure vessels. the optimal libre arille is

Fi(gUre 4 shows the optimial thickness distribu- found t.. be either 0' or 9W0 \\111h thesithu.e
tion of' the variable thickness shell wilth respect to pi int dI1cpnin1111 On theC mn)J!DtUdc the aII s\ial
the .x axis and for increasing internal pressure. force, torque or the' internal pressur-

5 C'ONCLUSIONSACNWEGM T

A solution method is presented [or the o)ptimial Research suppo rt from thle 1mitidxi 1 01 111
destznof ymmtriall laiintedcylndrcal Research IDevelopnment ofu S4 oh \ fricai under a

pressutre vessels w~ith balanced and unbalanced Core r&rnmc ( frant isý Lrraefull' aien& .'
stacking sequences. The optimisation is carried ILOC

out uhjet tothe sai-u falureedged.on

i T\No design problems are solved. In the first
problem. a cy lindrical pressure vessel Is optimised
tiaking the fhbre anglec as the design variable to REF ERENC ES
maý xin ise the burst pressure. The effects of the
axial for7ce and torque on the optimal designs are I PipKin. A C .' Ri'. n. R, N.\lnirv.uh

v' siated. In the second problem, at cylindrical cn \eslrnt.'e]xi iIfecli4Ch

vessel filled wNith at liquid and subj .ect to an internal I V'I I f'I .pj -30 1 (11., ; W3 5 p4f11,

(h- ' ( mo U.. ~Smi. C. 1. & Koh,ý I t 'Smnri-th
pressýure is studied. The welith o)f the shell is mini- fion 6f COindrical 110heit ,1 matcd cW1nlp.)s11L- 1
niised taking the fibre angle and the wall thickness (ui.tw,.9IQ'C 3

as, the dlesignI 'ariables. B~oth constant and variable 3, t fdrt4,,iI&LJý.aC\. K. 1'. .. 'Q1 I Otg ~ qWslethlntI

thickness shells arc invostiigated~. It is shnvnr that -a ,hll JQt copsl itru./u zi
lIhkhunAu, 13 7 _1 17 I _I

the results fbr the second problem approach those, 4. I uchell. I. R._ ( plimum design A ;I lkclobacilv :\Im4-

11 uunc.I. & I o Io emn 1a Mt. - Op t I II kI r des 'ign o! helmJ

Strut4 mure& I I ws. 1 3 I ),
Ii. cktid. 6. C. A Isim method tur 111,1111C111 '.kuu1d

(IR %i RI',esIs indl pipewuork. .. 'i' 16 1 1 .5

7. Iorkumnata. 11. .& ( houu I . WV., Sinmplit ict dcsregm iech-

stiffne-o, aind airenlgth C01oilsin im I ( myl %hael_ 22
s i 115 (19.

8- Karandikar. I I . Srovin asan Rt., Mi iý'.ree. , S, hikti..
5-....J.,(Compromise: an cfecticetis approach for the dei srn

ofl press ur meye c~sk usi n2 Co rp seaerjt.(i
puterv C&tmciweN'' . 33 6 0 1081) o 1415 -77.

0.Adal . S. & Yakau. K. O pt imal design ( it Iatilmatcd pres-
,Ure vessels under internat jpro:ss1rC anid ICmperatimi

tFig. 4. O ptm a at h s k ne ss(ist rihut ion \,01ih rIL to ci x am"s 'f /u II( /()(/ 1 'res %ifi I ( NO 4110 1 '1.1 1i ( ont.Wl Ch
and internait pressure for a tour I mxcred prc ssutre ,sescl P'VI-VoIV_ 21 7 ASMIK, \'e%% York. liSA. I QQ' I.p

prwhtcn 2 37-6 1
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Development of the anthropomorphic robot with
carbon fiber epoxy composite materials

Dai Gil Lee, Kwang Seop Jeong, Ki Soo Kim & Voon Keun K~iak
Ica ona! (if ''ni 151( 1 4ýoilccroipi &iii#)r'/iita,1 I. IJ i ll < iilli ii] Ill l110'it I/( M Ao i " n (M ' i n t c,

Iiili , L.borcau .46- 70/

1 he fiat erial for the roibi ot tructuLre 4h01.11d haw hi Th specitfic s ~e
stiffness ,densit,. to Jjcposhit io nal aeeu u c% anti I ast ma nen erahbilt I t tht:
robot. Also, the hi.!h material dam pi ngi I, hcrl( ficial beeau s. it Call dis'i pate 0hC
structural ýib ratiom induced in the robi. structu~re. F his, canno t be ichites e
th ri uh ci i Sen tional materials such as steel and alumtint nui bee auI eT he t'M

Material, have: almost the same spec itic Mtue se hieI arc not hInch emIi inel

Io r the n diit stt md irc_ Nb irci s r. ti el and al u hin tim has c Itmi material

Composites ss hich usua~lb cons.ist of ýcry high specific modulus libecrs and
high damping matrices have both hiuh specific sItifnesscs, and hii~h material
dampings. t-hcrefore, in this Aw _. the forearm of an anthropomorphic robi t
wýhlh has, 1 degrees of fre edo. 70t tNpav load and 0 1- fmnt posit ii nl ,,Lu rjc%
of the entd c ffct i r %%a.\ desjgricd and manu tactuLred s it h high mod ulus carbion
fiber ,'poms composite because the magnitudes of thc mass and moment iil
inertia of the fo rearm of an anthropomi irph ie riobot arc mist i mpiortant dU sict i
its, farthest posit io n fro m the robo t base.

Nsso pun er tr~lnsmniss,iti slaltsN sshich de1lis cr the posser of the motors
positioned at the rear ol the robot forearm to the Arist anti the end Lffeetior
vsere also sdesitined and manufactured with high modulus% carbon fiber epox\
comotsi teI toa redutce "seight andi roitati onla inertia. Ihe mass red netti in it the
mainufactured comupiosite firearm s' sI 5 1) ki- less han the st eI toirearml

The natural frequencies and damping capacity of the manulactured
composite arm vcre measured] by thc last Fourier transform method and
cimpared toi those for the steel arm. I-ri m te hc test it \,%as ilt rid that both the
fundamental natural frequecy and damping ratio iiithe composite trmn oft the
robot were mutch higher than thiise of the steel arm.

I INTRODUCTION Composite material has about 11) time,, the high
damping which is necessary to dissipate the X ibra-

The structure of a robot should have both high lion of structuresiý Therefore. the high dyniamic
specific stiffness (Ftp) and high damping in order performance and the hi~gh positional accurac\ ot
to increase positional accuracy and dynamic per- the robot can be accomplished if' the high niodu-
lormanice.' If the thickness and the size of the lus composite material is used in the robot %true-
robot stru..ture are increased to stiffen the struc- ture, in other words the composite robot structure
ture, the weight of the robot is also increased can have a higher payload wvith the same capacity
which requires larger motors to give the same motor with the same positional accuracy.
acceleration. Even if aluminum rather than steel Asada' developed a direct-drive robot arm

isusdth sifnes annot be increased without stutrewtitecron fiber epoxy Composite.

weight increase because the specific stiffness of He employed a hollow cylindrical shape for the
aluminum is almost the same as tnat of steel, robot arm structure. The cylindrical shape is tvOod

T[he specific modulus of the high modulus for torsional rigidity. but is not good for hcndiliw1
carbon fiber epoxy composite nmaterial can be rigidity compared to the box-t.pIC StrucILtur. The
increased to more than five times that of' steel or box-type structure is more suitable for bothl bend-
aflumninum if the stacking angle of fibers, from the ing and torsional rig.idities ind] hias been recoin-
axis, is less, than I15'. Also the carbon fiber epoxy mended fu(r the machine *ool sI ljvctures.'

e , jp)riti' 'Io r io, ' I 0 12 f ý ' 2311i) 11'Sf16 it;;I '12ý ii) I I - icr sciic IIck Pa Ilih II Ii l I III- LImI itt Nd Pi IntI IIt Io( irk"II ItI 11-11t)
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Lee et d.;1. designed and manufactured a four 2 ROBOT SPE -IFICATIONS
axis SCARA ýSelectively Compliant Assembly
Robot Armj type direct-drive robot for assembly Fignure I shows a photograph of the manuhactured
of the printed circuit board with a high modulus anthropomorphic robot. Its height and fo,rcarm
carbon fiber epoxy composite. The box-type Iln,,th are about 2- 1 m and 1-2 m. respectix cCl.
shape wkas employed for the arm structure. The and its total weight is about 2000 N. Ihc robot
positional accuracy and dynamic performance of has six degrees of freedom. 'he pitch and rI41
the composite SCARA robot arm were signifi- motions of the end effector and the roll ma tion ()I
cantl improved compared to those of the the wrist are driven by the three motors %'MO0dt
aluminum arm. mounted at the rear of the forearm. 'The up-doxk in

[he previous applications of composites to and forward-backward motions are driven bh the
robot structures have been usually restricted to two motors (MO66)00 mounted in the back of the
small direct-drive robots which have small robot body. The whole robot structure can be
payloads because the direct-drive robots do not rotated by the motor :M0600) mounted under
have any Lear trains for speed reduction. Whereas the base which is not shown in Fig. I. The .M()Yst
the conventional anthropomorphic robot uses motors have 150 W power and the MO60)
gear trains composed of several spur and bevel motors have 700 W power. All the six motor,, are
gears to reduce the motor speed as well as to DC servo motors manufactured by Mavilor
change the direction of motion. Because of gear Company.
trains, it has more complex arm structures. Also Figure 2 shows the assembled forearm confi,,u-
the power transmission shafts and bearings must ration. The forearm consists of the three motors.
be mounted inside or outside of the arm of the the gear box. the arm. the wrist. the end effector
anthropomorphic robot. Since the anthropomor- and three hollow, shafts hI-r power transmissiom.
phic robot has a larger payload and working From these components. the arm and the tkt,

envelope as well as flexibility with the same capac- outer power transmission shafts "ere manufac-
it\ motor due to the motor peed reduction. it is
wkidely accepted as an industrial robot for loading
and unloading, painting. welding and assembly
operations although it has complicated shapes. a
backlash of gears and difficulty in control because
(if large friction and nonlinearity from the gear
trains and other mechanisms." Motor M0801

In this w\ork. a six degree of freedom anthro-
pomorphic robot arm with 70 N payload was 1 r Ayr

designed and manufactui ed with high modulus 01
carbon fibre epoxy composite. The deflection at B i1 ,,
the end effector of the arm was calculated to ,
d1tc.rmine the size and the cross-section of the
arm using the simple moment-curvature re-
lationship of the beam which incorporates the "
composite properties. Also two power trans-
mission shafts for the motion of the end effector
"vsere manufactured with high modulus carbon
fiber epoxy composite. The composite arm and
the composite transmission shafts were adhesively
bonded 'o the gear box and the end eff, etor. "

The static performances of the composite fore-
arm were compared to those of the steel forearm
by measuring the weights and calculating the de-
flections of the cnd effector. The dynamic charac-
teristics of the composite forearm were compared
to those of the steel forearm .y measuring Fig. I. Photoigraph of the manufactured anthropomorphic

vibrational impulse responses. rbot.
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I able 1..Spet'ifications of (he ait~hrooppomutrphierobot 11cc.,aus,,e. thel.. ln |•iam Tm.u1) acc.'t.ct.rallon o, II) c ýýjid•.l

cfteclotr oIl the robo'ut ý.ka',d,, i c it•) he ." III
Nl+'c~h'tt~n vhich \\v,a, less, than the gravitatiollal aCCL:1L, atiloll

9-SI it s

Il~ha d 011 1) `ýInto the forearm',, \kciht-1 a.rid the sta.tic pay+S! load effect directl[- the positional aceura." t the

f,,rearm length S01! 1 111 robot, the deflecotion of the forearm duc To the
Sppcr arm lemngth 600111111l~l forcarrn', ()\it m~cghlý and the static pa~lhad \Na\

Icngtht~tthcdrp~c~hakt, ,,,r lItl m Calculated lsinu, thc simple IIO~niClIl-,I.ur\.aIur+c

Wrist roll (I'll... relations hip of the beam.' F~igurc 3, sht+\, the
R u n c ~ t t~ ;.tlt rl a n !I t , -,rc a rn l I lu n ip e d in a ~s s d is tr ib 'u tio n s f0 )- th e aim p le c a hl 'u L z-

t(ppi 2. ti of the duflectio• uof the forearm, in ,,thich 11,
. ........... .. hrepresents thencombined \roigh the combinu( \eight of the arm and

the three power transmision shafts,.n1: rpre,,cnt,,
hgmouucabniber epohthe combined wtighn oft lhc wrist and the end

m Tfuremn effector. ., represents the combined ccght of
Composite, able I shows thespecifications of the the motors and the gtar bo, and 11.

developed anthropomorphic robot. i =,111 4-.11, +M,1 , represents tht. total N, cight tit
the forearm. The points o .M.. B and E in Fig. 3
represent the center of mass. the prvot point

3 DEFLECTION OF TiE ROBOT ARM BY between the upper arm and the forearm.. an(d the
STAh'ict LOADIS pivot point between the yoke and the forearm.

respectivoly. Then I, the length between the
Trhe deflection of the end effector comes from the point B and the point f.M.. can bi calculated as
static weight ore the robot, the payload and the follows:
inertia force due teh the acceleration of the robot.
In this work, the inertia force was not taken into
consideratial in calculating the deflection tand



3 16 1). G. lee, K .S. leorn, K S. Kim, Ylk KK ak

End Hit,ý

F[" L4 L! , ! Lz =!L3.• •..

M3 L, L__ 15

y__

Fig. 3. Mass distribut ions of the forcarm.

From the moment equilibrium around the pivot
L- point B. the following relationship can be derived:

9~ f. cof ( C05s 0-}' t

cf----..y where i is the gravitational acceleration 9-S!

Eliminating F, from eqns i4 and 5 •. the force
.-.. which acts in the hall screw, can be derived in
terms of M, and .A1l

V x • V . i Cos y7 ..... x. .. 1"= . I +U L• c s -+ .6

Fig. 4. Mechanical model of the forcarTn.

The maximum deflcction docs not occur at
Figure 4 shows the free body diagram which 7 = 0' but around 00 because the deflection of the
depicts the force relatienship between the fore- ball screw affects slightly the deflection of the end
arm ;EF . the yoke J)E) and the lever (AD). F, effector. However. the maximum deflection was
and F, represent the forces from the ball screw calculated by assuming that it would occur when
and the forearm. respectively. R , and R, represent y,- 00 because the axial deformation of the ball
the forces from the pivot points A and B. respec- screw was designed to be small.
tively. y represents the angle between the horizon Figure 5(a) shows the kinematic mechanism of
and the forearm, whose range is - 5'0 - 500. 6 the forearm and its connected linkages. Figure
represent,, the angle between the vertical and the 5hb) shows the deflection model of the forearm
bail screw, w hose range is 0' - I Wl 0 represents the when 7 0°. d, and dp represent the deflections
angle between the vertical and the yoke. M1  of the end effector and the pivot point E. respec-
represents the equivalent mass of the payload. tiveh, and ti, represents the component of the

Applying the force equilibrium equation to the defk ýon of the ball screw perpendicular to the
point 1) in Fig. 4, the following relationships can forearm. which is caused by the compliance of the
be derived: ball screw.

I-, sin 0 - I-, sin 04+ R, cos y = 0 (2) The deflection d, was calculated by the
moment-curvature relationship of the beamn as

1, cos 0+-I 1 coso -R, sin y=0 ý3) follows:

F.liminating R, from eqns )2.) and (3), f, can be d-y "1
derived as follows: dx• t, I'

P, -- /P, cosf0( - Y)4 where. M. I:. and I represent the moment in the

0cost + 0) forearm, the longitudinal Young's modulus of the

co{+
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Fig. 5. Deflection model of the robot arm: a 1 whole model of the robot arm:, h model of the forearm \&hen =

carbon fiber epoxy composite and the sectional Cos. I
second moment of inertia of the forearm, respec- V - 1 + V - 1 1-V
tively. The moment M(x) can be represented 6tL- 1/
using the singularity function as follows:'

M = FI cos O(x)- RKx - L) + Mg(x - -+- L-, 1 -1+

(8)

where the symbol represents the singularity + d,
function and x represents the distance from the
point E. The force R, at the pivot point B can be The deflection (I at the point F can be expressed
calculated by the force equilibrium equation as in terms of the deflection of the ball screw bvfollows:intrsfthdelcinothbalsewy

assuming the yoke to be a rigid body. The deflec-
L) tion of the ball screw d, due to the axial force t[ is

R,= Fcos 1 + - +Mg 1- (9) expressed by the following equation:

Two boundary conditions for eqn (7) are as K... (12.
follows: KN

when x = L1, y= 0 (1Oa) where K, represents the axial spring constant of
the ball screw. Then, dh the component of d, per-when x = 0, y =dP (I Ob) pendicular to the forearm is expressed as follows:

Integrating eqn (7) with boundary conditions (10)
after substituting for both eqns (8) and (9) into (7), d = d, cos Cos (13)
the following deflection equation can be obtained: K,
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Since the lf!.-kge ABED was designed to be a The composite transmission shaft was manufac-
parallelogram, the deflection at the point E has tured by the filament winding method with the
the same deformation as at the point 1). There- winding angle ±+ a1,. The laminate engineering,
fore, the deflection d/, at x=0 is expressed as constants were calculated by the classical lami-
follows: nated plate theory" and Fig. 6 shows the varia-

tions of the longitudinal Young's modulus L I, and

f= l C 14i the shear modulus (;,,, ,ersus the stacking, angle
K,.

Substituting for eqn h14) into eqn (1 . the dc-
flection j(x can be obtained as follows: 5 DESIGN AND MANUFACTURE OF THE

COMPOSITE ARM

... l .)- l '-lThe design criterion of the static accurac, of thc
robot was that the deflection of the end effector
should bie less than 0-1 mm from the undeformed

+. - position when 70 N payload and gravity acted on
the robot. The deflection of the end effector d., in

}e )qn 1161 by the payload and the robot's own
i-l, ~-u I-- . 0 •1 5 i weight can be calculated if the sectional secondj 1 K, moment I and the longitudinal Youngts modulu,,

TEA, of the composite are known. The box-type
The deflection of the end effector e, can be section of the arm was chosen because of its high
olb.tained bysubstituting L, + L, for x as follows: bending and torsional rigidity. The outside

sectional size of the arm was chosen as 100 x 1(10
,-C os l- + i, i mm and the thickness of the arm was chosen as 5

3/, 1 mm. Then 1= 2"865 x 10.. mi. The value of h .I.
i.e. the stacking angle. wNas selected by taking into

.1l. ~'consideration the torsional rigiditv of the arm. If
l -7L, - 3' the stacking angle is chosen as W. the longitudinal

modulus becomes the maximum value. However.
in that case both the shear modulus and the trans-

+ cos (116) verse modulus become the minimum values. SinceK,5 Cs0L, the robot arm must withstand some torsional
loads, the stacking angle of the composite arm
must be larger than 00. If the stacking angle is

4 PROPERTIES OF THE CARBON FIBER increased more than 15', the longitudinal Young's
EPOXY COMPOSITE modulus drops quickly. Therefore the stacking

The high modulus carbon fiber epoxy composite 240

was chosen for both the arm and the power trans-
mission shaft material. The unidirectional 2o
properties of the composite are as follows: 180

E) =2 07GPa 1500

0 120EL = 131S GPa 0
90

= 5-9 GPa 60 _

V,- =0"28 30

where the subscripts I. and T represent the longi- 0 -
tudinal and the transverse directions, respectively. 0 10 20 30 40 50

The composite arm was manufactured by hand Fiber orientation(±e)
lay-up of prepregs with stacking sequence ± aIN, Fig. 6. Elastic moduli with respect to fiber orientation.
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sequence [_+ 15, was chosen for the prepreg lay- consideration the whirling of the shalt. Then the
up. Then the value of the longitudinal Young's shear modulus of the composite was 54 GPa.
moduius E,1 was 168 .jPa. Figure 7 shows the relationship between the

torque and the rotational speed of the motors
(M080) used tor the end effector (pitch motion)

6 DESIGN AND MANUFACTURE OF THE and the wrist (roll motionj. The motor torque at
COMPOSITE TRANSMISSION SHAFTS continuous 3000 rev/min use was 0-27 N m. This

torque was increased to 20-5 N m by the
The angular deformations of the power transmis- harmonic driver whose efficiency was 96%. Table
sion shafts affect the accuracies of tht wrist and 2 shows the dimensions of the composite shafts
the end effector. In this work, the maximum and angular displacements when 20-5 N m was
angular deformation of the shaft was limited to applied to the shafts. The calculated angular dis-
0"033° (0"58 x 10- ` rad). The relationship between placements satisfied the limitation of the angular
the angular deformation W and the applied torque deformation. The outside diameter of the compo-
T of the composite shaft is expressed by the site shafts were 2 mm smaller than that of the steel
following equation:' shafts because the composite shafts required the

tolerance for the fabrication of the double lap
L joints.t= T

G1 2J

where L is the length of the shaft and J is the polar 7 DESIGN AND MANUFACTURE OF THE
moment of the section. If the inner and outer JOINTS
diameters of the hollow shaft are d, and d,,
respectively, then Two different types of joints were designed and

manufactured. In order to join the composite arm
T(d•,,-d-) and the transmission shafts to the gear box and

32

Since the diameter of the shaft cannot be
increased beyond the size limit of the forearm, the r.p m. A
shear modulus G,2 of the composite must be t0

increased to reduce the angular deformation. The - ... .
80~0~ __shear modulus can be increased by increasing the

stacking or winding angle of the carbon fiber on 6000 V
condition that the fundamental natural frequen- 5000 __---..

cies of the shaft exceed the maximum rotational 4000 Safe operation range

speed of the motor. Even though the maximum 000 -_2000 • . . .L -.. -.. • .... . .

rotational speed of the motor was about 10 000 1000 .
rev/min (167 Hz). the rotational speeds of the -___-F
shafts were 2 Hz because the angular speed of the 0 0 o o z c3
motor was reduced 80 times by a harmonic driver. Torque (N m)
Therefore, the winding angle [± 45JN was chosen Fir. 7. -lorquc characteristics with respect to revr min of
for the filament winding angle without taking into MOSO( motor.

'Table 2. Dimensions and angular displacements of the steel and the composite hollow drive shafts

Effctive Outer Inner Shear Polar moment Angular
length diameter diameter modulus of section displacement
(mm) (mm) (mm) (1, (GPa) J(m') radian)

Pitch Steel 996 62 56 801 48,5 x 10 0-53×x 10
Composite 996 60t 501 54 65.8 x it) " 0-57 x 10

Wrist roll Stecl 976 76 71 80 78,0 x 10 • 0-32 x 10
Composite 976 74 66 54 108.1 x 10t 034 x 10
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the bearing housings, tubular adhesively bonded joint length for the transmission shafts and O10
double lap joints were designed and manufac- mm joint length for the forearm were chosen
tured. Also, the hybrid joint which uses both because the joining operation becomes difficult or
mechanical and adhesive joining was designed the joint becomes weak due to bending moment
and manufactured to join the composite arm to as the joint length becomes smaller. The
the upper arm and the yokes. aluminum adherends for the double lap joints of the

The adhesive used is HYSOL EA9309.2 NA forearm and the transmission shafts were manu-
whose properties are shown in Table 3. The factured by electro-discharge machining. Figure 9
adhesive is rubber-toughened and has a low shows the joint components of the arm and the
viscosity before cure. The torque capacity of the transmission shafts. Figure 10 shows the ad-
adhesive joint decreases when the adhesive thick- hesively bonded composite arm and the transmis-
ness is large because thermal residual stresses and sion shafts.
voids become dominant as the adhesive thickness
increases. Since Lee et al.1" suggested that the
adhesive thickness should be smaller than 0- 15
mm, an adhesive thickness of 0-)10 mm was
chosen in this work. In order to determine the
torque capacity of the adhesively bonded joint, the
torque capacity was calculated by the method of
Adams and Peppiatt, Figure 8 shows the torque
capacities of the joints versus joint lengths when (a)
HYSOL EA 9309.2 NA was used as the adhesive.
When the adhesive thickness was 0.1 mm, the
torque capacities saturated as the adhesive length
became larger than 20 mm as shown in Fig. 8.
Although 20 mm joint length was enough, 50 mm

Table 3. Properties of the HYSOL EA 9309.2 NA adhesive (b)

Mixing ratio by weight 100:22
Part A: Part B

Curing time 7 d at 25°C
1 h (at 75°C(

Mixed viscosity 1500 P
Service temperature 801C
Tensile modulus 12,0 GPa (at 25C)(C
Poisson's ratio 0-4
Shear modulus 0-98 GPa (at 25°C Fig. 9. Joint components of the composite arm and the
Shear strength 30-0 MPa at 25'(5' hollow drive shafts: (a) arm and box type metal adherends:
Lap shear strength 13.7 MPa at 25'(C) (b) drive shaft I and cylindrical metal adherends: ic drive

shaft 2 and cylindrical metal adherends.

4,000 2,000
Aluminum Adherend

3.500 .800
Aiuminum Adherend

3,000 E .0
z 1.400 \

2,500
Steel Adherend 1.200

2,000 a' , SteeI Adherend
0 01.000 /

1.500 800

!.000 600 - - - -- - -
0 20 40 60 80 too 0 20 40 60 PtO t0C

Bonding Length (mtn) ondilng I.,rugth (11m)
Figi. 8. Eiffects of bonding length r•n thlL ,.,a ii u 0 ••,t ic ;,r i:•:' m~lissi in capabfility . I,•,} •a drivec,•haft l;b ,Irive shaft 2.
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(a)

B ýFig. 11, Ilyhrit joint conltieurarihn of the com~pimit
forearm and the metal pi\ oat ,haltt

(b)

Fig. 10. Compo il. arm and hollow drive shafts aftcr
jinin : a. arm . b d dr a. h it I ie a..hafi 2.

The joint betwseen the composite forearm and P .
the yoke and the joint between the composite
forearm and the upper arm must sustain tensile
forces as well as shear forces. Since the adhesively Fig. 12.. ,Joit for pih conmpositehrc tar.'an ndihc metat
bonded joint is strong for shear forces but weak pi((t hat,.
for tensile forces, a hybrid type joint which uses
both mechanical and adhesive joining was
designed and manufactured. The adhesively
bonded part of the joint contributes in relieving
the stress concentration due to holes fabricated
for the mechanical joints. In this work the circular
cup shaped steel plate which Nilsson"2 suggested
to reduce the stress concentration of composite
materials, was chosen as the reinforcement of the
hybrid joint. Figure 1 I shows the hybrid joint
configuration and Fig. 12 shows the hybrid joint
after joining.

Fig. 13. Forcarnis of the anthropomorphic robot: a
8 COMPARISONS OF THE COMPOSITE compfxsitc forcarm:,bhstcc forearmn.

FOREARM AND THE STEEL FOREARM

Figure 13 shows a photograph of the composite steel forearm because the composite forearm
forearm and the steel forearm. The two forearms required the adhesive joining area. Table 4 shows
were designed to have the same size in order to the sizes and the second momrents of area of the
compare the static and dynamic performances of two forearms.
the two forearms. However, the size of the Table 5 shows the masses of the arms and the
composite forearm was a little different from the drive shafts. The mass of the composite arm was



322 1). G. Lee, KS. Jeong, K. S. Kim, Y K. Kwak

3"1 kg and the composite transmission shafts for These two values satisfied the 0.1 mm deflection
the wrist motion and the end effector pitch motion criterion.
were 2.1 kg and 2'0 kg, respectively. The mass of Figure 14 shows the impulse frequency
the steel arm was 13.8 kg and the steel transmis- responses of the composite arm and the steel arm.
sion shafts for the wrist roll motion and the end The two arms were suspended in the air by nylon
effector pitch motion were 4"8 kg and 4"5 kg, strings and the vibrational characteristics were
respectively. Therefore, the mass reduction of the obtained by fast Fourier transformation after
composite forearm compared to the steel forearm giving an impulse to the arms. The equipment
was 15"9 kg. used was a FFT Signal Analyzer !B&K 20321, an

Table 6 represents the mass distributions and impulse hammer (B&K 8202) and an accelero-
lengths for the lumped model of Fig. 3. The spring meter (B&K 4369). Figure 14(a) shows the vibra-
constant K. of the ball screw nut was 290 tional responses in the 1.6 kHz base band and Fig.
N/ipm. 3 The Young's modulus of the steel was 14(b) shows the vibrational responses in the 200
chosen as 207 GPa. Using these data and the Hz zoom band. The fundamental natural frequen-
equivalent mass of the payload M, = 7 kg, the de- cies of the steel arm and the composite arm were
flection d, of the end effector was calculated. 650 Hz and 1340 Hz. respectively and the
From the numerical values, it was found that the damping ratios of the composite arm and the steel
maximum deflection of the arm occurred when arm were about 0-007 and 0-001, respectively.
¢=8'. The calculated maximum deflection of the From the experimental results, it can be con-
end effector of the composite forearm (dc)mx and cluded that the fundamental natural frequency
the calculated maximum deflection of the end and the damping ratio of the composite arm of the
effector of the steel forearm (dQ,,).. were as anthropomorphic robot were increased 2 and 7
follows: times, respectively, compared to those of the steel

Si 0arm of the robot.
*d• *ic:,x = 0"074 mm
'dII .. 0"077 mm

9 CONCLUSIONS
Fable 4. Arm dimensions of the composite forearm and the

steel forearm A forearm of a six degrees of freedom anthro-

Composite Steel pomorphic robot which has 70 N payload and 0. 1
-.... -mm positional accuracy was designed and manu-

Arm Inner area 9(0X90mm 91 x 91 mm factured with high modulus carbon fiber epoxy
Outer area 1 0( x I 00 mm2  1 t()0 x 100 rm-m
ruhickness 5 mm 4 mm composite material to reduce the weight of the
2nd moment 287 x 10 "Im' 2-36 x P)1 "mi arm and to increase the dynamic performance of

of area the robot. Also. two power transmission shafts
which deliver the power of the motors positioned

at the rear of the forearm to the wrist and the end
Table 5. Masses of the arms and the drive shafts of the effector were also designed and manufactured

forearms with the high modulus carbon fiber epoxy compo-

Arm Drive shaft I Drive shaft 2 site material to reduce the rotational inertia. In
order to join the composite forearm and the

( ormpooit 3.1 kg 2.1 kg 2.0 kg power transmission shafts to the gear box and the
Stee1 13.8 kg 4-8 kg 4.5 kg bearing housing, adhesively bonded double lap

Table 6. Masses and dimensions of the composite forearm and the steel forearm

Composite forearm Steel forearm

*,1a- kg . = 7.27 Al, = 10.44 .11, 24-2 ,1, = 8-5
Ai 27.01 11, = 44.72 1I1 = 28.3 .,t =6 t1-0

l)imnension mm I., 2(1(N) L. = 1920 I., = 201MI 1-. = 192-0
1, 13-0 1., = 173.4 /., 13(1 1.l = 173-4
1. 800-0( 1, = 328() 1., 80040 1. = 328-0
I, - 1050.0 1, = 250.0 / . 15010 I_ = 250-0
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Fig. 14. Impulse frequency responses of the composite and steel arm: a,. represented in 1- kW,/ base band:, b represented in
200 ltz zoom hand.

joints and a hybrid joint which uses both mechani- 2. The fundamental natural frequencies of the
cal and adhesive joining were designed and manu- steel arm and the composite arm were 650) Hz and
factured. A simple robot deflection equation of 1340) Hz. respectively and the damping ratios of
the end effector was derived to assess the deflec- the composite arm and the steel arm were 0(007
tion of the forearm by its own weight and the pay- and 0-00 1. respectively.
load. The vibrational characteristics of the 3. The double lap joint and the hybrid joint
composite arm were tested by an impulse which use both mechanical and adhesive joining
response and compared to those of the same size were satisfactorily employed in joining the com-
of the steel arm. From the calculated and experi- posite arm and the composite power transmission
mental results, the following conclusions were shafts to the gear box and the bearing housing.
made:

1. The mass of the composite arm was 3-1 kg
and the composite transmission shafts for the REFERENCES
wrist roll motion and the end effector pitch
motion were 2-1 kg and 2-0 kg, respectively, I. Lee, D. Gi., Kim. K. S. & Kwak, Y. K.. Manufacturing of
whereas the mass of the steel arm was 1 3-8 kg and a SCARA type direct-drive robot with graphite fiber
the steel transmission shafts for the wrist roll epoxy composite materials. Rohotica, 9 1 1941, 2 l -29.
motion and the end effector pitch motion were 2. Reug. C. & iabermeir, IJ.. Composite propeller shafts

"design and optimization. In Advanced Composite4"8 kg and 4'5 kg, respectively. Therefore, the mass Materials, 3rd Int. (Conf on (omposite Materials, Vol 2.

reduction of the composite forearm was 15-9 kg. Pergamon Press, Oxford, 1980, pp. 1740-55.
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A two-dimensional analysis of multiple matrix
cracking in a laminated composite close to its

characteristic damage state

D. Gamby & J. L. Rebiere
Laboratoire de .1hc(lniqti" (. 'lth.ique des .tat~riau E-V.1IA. 2S 1 rue (Guillhau c I' , I •I )34 I'ttienr ( ct'', I nohi c

[he proposed approach incorporates all the stress components of interest in
each laver of a cracked cross-ply laminate- Its starting point is a cr\ general
distribution of the shearing stress in both types of layc,. represented b\ a scric,.
each term of 'Ahich is the product of a trigonon•ctric function in the axial e:()-
ordinate, a hyperbolic function in the thickness coordinate and an undeter-
mined coefficient a,: all the other stress components in each layer are deduced
from the above by using the equilibrium equations, interface continuit% condi-
tions and traction boundary conditions. Minimizing the conplementar\ enclu-N
of the whole laminate vields an algebraic system whose unkrnuns a, are the
aboxc coefficients. The validity of the proposed model is assessed by compar-
ing the stress "aluCs it eiscs vAith those estimated through other semi-analtical
models or a finite clement method. Moreover. the series consergence is all the
faster since the crack density is large. thus enabling careful inestioation of the
stress field vk hen transverse cracking attains its saturation spacing

I INTRODUCTION value beyond which the creation of new cracks
became almost impossible. This saturation point

In the aeronautical industry, the design of structu- of the transverse cracking phenomenon was called
ral parts often incorporates an estimation of the 'Characteristic Damage State' ('DS! by Reifs-
service life. Many aircraft development pro- nider.' However, the evolution of this degradation
grammes involve the use of laminated composite mechanism has to be carefully monitored, as its
materials made up of a polymer matrix and saturation often announces the occurrence of
carbon long fibres. When specimens of such mate- other more harmful damage modes, such as
rials are subjected to a fatigue loading, several delamination," longitudinal splitting- or fibre
damage modes may occur in turn: the sequence of breakages.
the various mechanisms, as well as their related The initiation, growth and multiplication of
growth rates. depend on many parameters: among matrix cracks in off-axis layers of composite lami-
other things, the elastic properties of each lami- nates have been extensively investigated: numcr-
nate ply. the stacking sequence, together with ous analytical or numerical models have been
,ome geometrical characteristics such as the proposed to describe the stress distribution in
thicknesses of the off-axis and longitudinal layers, cracked laminates: relationships between loading
play a special role. In the cross-ply laminates intensity on one hand, and crack density on the
investigated in Refs 1-3, the first observed other, have also been derived. However, most
damage mechanism is so-called transverse crack- studies are confined to cross-ply laminates and
ing, i.e. matrix cracking in off-axis plies. When the simple loading conditions; cracks are usually
constraint due to the longitudinal plies is suffi- assumed to span the whole specimen width: the
cient, transverse cracks do not significantly alter references we will quote do not constitute an
the mechanical properties of the laminate: their extensive bibliography. but we hope them to be
presence can be tolerated as long as their density illustrative of the various kinds of modelling
is not too large. As early as 1977, several which can be encountered. A completely different
authors" remarked that the crack density on a type of approach relies on a purely phenomeno-
specimen edge could not exceed some limiting logical description of a cracked layer thought of as

325
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made of an equivalent homogeneous material en- differential equation satisfied by the axial dis-
dowed with suitable internal or damage vari- placement considered as a function of both axial
ables. 5-I" The aim of 'self-consistent' models is to and thickness coordinates Ix and z respectively.
provide theoretical estimates for the equivalent thus yielding a stress distribution which qualita-
stiffnesses of cracked laminatcs. 11" tivelv resembles that given by finite element

As regards the modelling of the local stress analyses4 5 (see Fig. 1;.
field distribution between two adjacent cracks. In fact x and z now play similar roles, contrary
and at the level of a two-phase layer replaced by to what happens in the above-mentioncd one-
an equivalent homogeneous orthotropic elastic dimensional models. Another analysis which does
material, the available approaches can roughly be not favour the x-coordinate at the expense of the
classified according to their refinement degree: z-coordinate is that of Ref. 44.

- The 'simplest' analyses (some of them are in The approach we propose goes beyond Ohira'N
fact fairly sophisticated!) lead to a differential model, as it does not rely on the description of ,i
equation governing some function (such as the single displacement component: on the contrarý.
average over a layer thickness of some displace- it incorporates all the stress components of inter-
ment or stress component) of the 'longitudinal' est in each layer of a cracked cross-ply laminate.
coordinate fx, measured along an axis parallel to The model derivation is carried out in tV,(i
the loading direction, for a simple tensile loading, stages: in the first stage, a vcr, general distribution
and perpendicular to the crack faces in the trans- of the shearing stress is proposed. In the Second
verse laver of a cross-ply laminate:'' '• most of stage. all the other stress components in each
the "shear-lag" models come in this category'. More laver are deduced from the above bv using the
often than not.the normal stress a, is assumed to be equilibrium equations. interface continuity condi-
constant through the thickness of each layer. i.e. tions and traction boundary conditions. T'he so-
along the ýzý direction. Zhang, Fang and obtained staticallv admissible stress field then
Soutis"' attacked the difficult case of+ 0,,,190, depends on the still undetermined coefficient,, of
laminates, the shearing stress distribution in the damaged

- Another type of approach is thatof the would- layer. Minimizing the complementary energy of the

be 'variational'models which relyon the principleof whole laminate yields an algebraic system wvhose
stationary potential/complementary energy for a unknowns are the above coefficients.
kinematically/statically admissible displacement/ The validity of the proposed approach is then
stress field. One of the major difficulties is to con- assessed by comparing the stress values it gives
struct sufficiently general admissible fields. Such with those estimated through other semi-analv-
approaches usually lead to mathematical one- tical models. a finite clement method. and some
dimensional"-" or two-dimensional"4 models, experimental results already obtained by earlier

-- Two- or three-dimensional descriptions of authors.
the displacement or stress distributions can also
bc achieved through finite element methods." 2 SHEARING STRESS DISTRIBUTION
For various reasons, the results they provide are
not always as reliable or useful as might be 2.1 Problem position
expected: for instance, it may occur that the trac-
tion-free condition on the crack faces is not accu- The structure at hand is a symmetric three-layer
rately enforced.

-- Other studies related to specific aspects of laminate whose mid-plane contains the x and v
transverse cracking can be found in Refs 48-50. directions, whereas Y and - denote the width and

Most or the above models give a good predic- thickness directions respectively. In the central
Mostof he aovemodes gve agoo preic- transverse Layer. denoted by larnina 1, each matrix

tion of the stress field when the crack density is t l
not too large. Close to the CDS, i.e. when the crack occupies a rectangle defined by

crack spacing has the same order of magnitude as h h
the related layer thickness, it becomes important
to get a description of the stress field which is as
refined in the (z) direction as it is in the longitudi- - t, z<It
nal (x) direction. Among the two-dimensional x=(2p+ IV/
models, Ohira's approach,"-52 deserves special
attention, as it is the only one to lead to a partial p= 0.1,2...
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Fig. 1. Longitudinal norniat stress in 90'~ ply. along .x-axis. in a t ,90, ,lamninatc. 10r we' ra! lu \iIIC 01hickne'\ c rdimj& c

after Ref, 4.

where 2! is the constant spacing between two 7
ad.jacent cracks. h is the plate width, 2t, is the
transverse laver thickness, I,. denotes the thick-
ness of* each outer loniitudinal laver, ref'erred to O) /
as lamnina 2. and 2 1 = 2~ ,ýt + ti is the plate total/7-I ~thickness. IDue to the problem symmetries. atten-
tion is restricted to the unit cell Fig. 2) defined by
():!x!51 0!5 ():ý h, 0!),.!ýh. 1. denotes the plate total 90I

leng th.
-Iwo ratios will Play an important role in the -2 1

problem at hand: - I. - -

the constraint parameter ;. 
1 t j Fig. 2. ('ra~ced lmn~imtc ird unit t d).

-the crack density d=L~

uY~i will denote the stress components In lamina i ). In the basic variant of' the model. a plane strain
T he following boundary conditions have to be state with respect to the - -direction is assumed', in

enl'orced on the cell faces: another variant. a plane strcss state in the samec

* onthe lan c =(I: ~ =0, w 0. were direction will p~rev'ail,. the actual mechanical state
"w is the displaceent compnentoinwher is expected to be close to a generalized plante
d Iisrtein reslatemento comin nen itez strain state in the Y-direction: it should lie betweeni

"* On the plane x = 0: (y': =(0 and it 1). where thtwabvsipesae.
it is the axial displacement component 2.2 Temporary kinematic ass~umptions
along x Iin lamina (I fi = 1,2).

" '[he plane z=h = 1 + t,. is a f'ree houndai v (i In order to construct a suitable basis, for the shear-

laThenac 12) on whastoh: divided int (j ing stress expressions. .\e shall provisionallk use" ~~ ~ ~ ~ ~ ~~~~~~~sm Th aex=la ob ivddit \, 01cairly stringent assumptions concerning, the
parts: displacement field C,(A'x. 11 -, in each lanirna t K

- the rego 0' = o-, iý isac(ke)ufc Once the desired basis is obtained. these assump-

whe rego ( ,I 5 eog o ln f tions can safecly bec discarded. Fach displacement

tyme tregio w~ 'hen be log:oapaeo vector field U IVs assumed to be such that

It it,\Ahere itisa constant~and (,2 = 0. itI' +tfI%+t 'v+ tv Z
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Ný lie =- sinh R tyr, "I T .

o'- ~ ~ J NIIII.ký

2.3 Partial differential equation for a"' ,-= a,~ R p iz in q.rx I
sinh R q.rh ., I'

As it conseqUence. itn it, and (j\:, are
related by: The initcrfac-~shearing, stress 1is:

CI!ox 1ý z(, 1.1 =TA(,---- ;2 (1 , 1 . o; th (qrý.in T

AlthiougThceach of the abIove e:XpanTsions> and6
12: satislies an equation of te pe 4 . its form I",

expected to he sufluicientl% eea to represent the
to~eter ~actual ,hearing stress distribution in each lanitia

h the eqilibriumequationwith the desired aCCUracý. Tesqec n

o determined coefficient,, a,: 1 I. will bie
ax o-(7 3 seleeted ats the Sole u~nknlot\ n, of thle problem.

From tiox on. thle onk assumption regarding the

Hlere. C, denote the stif'fnesses in the orthotropie admissible stress held will bec the I'Iormi of thle dis-
lamin / A 1= .6.Elimnatig U nd rin each of the shearin sres o,'- x.: z .""ailen ain accun the a1er Iot e.pe..on 6.Eiiaigi5 and meet

f'ro m cqnN I - \hj a into i con h the deftinite partial differential equation 4, whose
co nditio n o o div resuilts in:

origin will now nintentionally be lorg-otten'. T he
0 3 derivatton of' (hira's mrodellI rests on at rartia!

k. R ox (I ) 4 differential equatiotn zinalo'1ous to OL11 4 whenCI
the shearino stress (1,4 is replaced b\ the axiati
displacement in tile transverse layer. Moreover. tn1

W'eeRhis aprach. bou111.nda rv condition bearingy on1
the samne shearing, stress is not cinl'Ored. The
model \\e proposc is mlore 2getieral: as a conse-

2.4 Shecaring sire%% expre%sitons quLence. once the itrcs- components have been
obtained, thle rea tedd k isplaceinints Can be

I he 1110st general shearing, stress distribution deduced h\ thle elas~ieal integ'urationl procedulre.
t ileh aise the above par-tial differentiaiCl eqa- but there is no0 reas~ m that thesec final displac-

tiiwn tt eether \wit the boundary Conditions bear- entcns still have to meet the restrictive assumip-
Il,- 11poni (v;. at x =0f. Z=(. f.1x=/ I. : canl he tions w~hich wecre used I( derive the patrtial
tak en in the for rnitof a FOU rier series in the va ri- dillef-ret jal eqluation 4 satisfied h\ (I,, notahlk

3 SL( ONI) ST.(,F: PROBLE~M So~U -I)N'

3.1 Staticall~i admissible stress field

'I he staticalk admissib-le stress field incorporating thle above shearing stress d~isribution is, unique: its
remaining comrpoinetnts are bfltained h1w initegrating thle eCquililbriutm equations taingint account tile still
tintised boundary conditions. Ihe plane strain condition 0 ' results In:.

lhe re K,` are functions of ( Nuch that

1 0, v '. (I V-7



F~rom thle cqi]Ilr libiuf Lciu.timii"' and ho uumdar% c inhrf irk:

0 1 1 Klc

ith

sh R qr--

and~

a

that k~

( I':( C, col, if.T

'I fie reprec~entaton of thle noirmial strcv, (1' -x- in tile 90' ) laer isl obtaIMICL I' i nteurm ing one ol tile
equilINII ibLU60P riun qatnmnC re thle in terx al W:) •x • I, taking into aceL unt thle tractio n-tree con)rdit ion onl thle
crack ,urfaýce. 0.1, 1-- I result~s in

WVhence

with

ch R?

__'~ sh I? q.CT~i~I

and(

ceh I? 12J,-I
sh R n, rI

The expre-ss)ion oft hec norial Ist ress a;x. Is a Is( ob tained byv integratuing wvit h respect to x the rela ted equ I-
librium equation: by taking imil o account the bounda ry cond itions at x = 0 and x =I. na mely u .'iI.z ,=u. if-
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:Oz = 0. - .togzetherNith the plane strin staite assumption. it can be sho~vn that v.: has an expres,,ion of

the form:

w\henlce

1) X

where

s h 1R q"

sh R qr I
'and S denote the compliances of lamnina k,. owing to the fact that

1.2 , -. , a

Jd-1

andi prox iding, that

(Y .•.t d.\=()

M hich is indeed the case. D)isplacement iu is the prohblem datum.

3.2 (nomplementarN energ,

l)uc t(o the fact that the uniform displacement it is prc,,cribed on a part of the cell boundary. the cxpres-
"noil for the complenentarv ener'v has the form:

k. - + u, aj 1. z dz

xhcre 1i is the cell strain energy, such that

ht i,-- v t . d.% (I d f ) W A dx• (2

in wkhich the strain energy density in the 00 layer i, expressed by:

00. + . .4 .+- -- ,,,J ',,, t o,:,I-. .' ' ,, ,,
IL\ Ir !U, (i\ IU,

where I F v\. L;\. I. vI, (G, respectively denote the axial Young's modulus. the associated axial

Poisson's ratio, the axial shear modulus, the associated transverse Poisson's ratio and the transverse sh..,r
mo )dulus. In order to take into account the plane strain state assumption. eqn f8) is substituted into cqn
9 : one then has an expression of the form:

2K- (( 0 r + (7a )'a L + (7~ o I " ' + a~ a7 aiF

I{
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where the coefficients c ,. depend on the stiflfness•s and co mpli,nces of laecr k
The strain energy density of the 90° laver is given by:

Miniizig th ciplement'ary energy xx'ith respect to the unknown eoefficients a amonlults to ,xv ntin•:

it is worth nhting that the last term in the csmplementary energyv.

.'|=~~~(Ji aI I'•" a. d:1/t• o : Iz,
.it, (71 d" _U (J, +1.a t

is Such that

a a -T q

If only Q terms are retained in each Fourier series expansion. the above conditions I I yield at lincear
system of Q equations for the (Q unknown coefficients a,;. This system has the form

Žl(' IJ,. ,a, =1),.

in which the matrix B,,, exhibits no special symmetry.
In order to estimate the number Q of terms to be kept in the series expansions of the strcss compo-

nents, we investigated the rate at which the sequence i aq) tends to zero in two extreme cases:

- Close to the saturation state of the transverse cracking. the length / Lhalf-spacing between two neigh-
bouring cracks) becomes very small: in practice, for a 10,,90,j, cross-ply laminate such that m + -- 8. made
of a T30(0/914 composite. the characteristic damage state is attained when 1= )02 mm. Figure 3 shows the
variation of al with q for this value of1.

It can be remarked that the first coefficients markedly prevail over the following ones, and that the
terms of the related sequence rapidly tend to zero. In this first case. a good accuracy of the stress compo-
nents can safely be expected. even when keeping a few terms of the Fourier series expansions.

- On the other hand. when the crack spacing is 'large' (for instance 1= 10 )mm). the terms of the
sequence ( a,d tend to zero very slowly: if the same accuracy is demanded, ten times more terms as when
I= 0l2 mm are needed (see Fig. 4)! In that case, it is more appropriate to resort to a model of the 'shear-
lag* family.

4 NUMERICAL RESULTS coordinates close to the saturation state of the
first damage mode, we present in Fig. 5 the dis-

4.1 Stress distribution tribution of the axial normal stress oa, in each
layer (k= I or 2) of a 10t,901, laminate made up of

In order to illustrate the marked dependence of T300/914 carbon/epoxy composite, for a crack
the stress components on both axial and thickness spacing such that /= 0-2 mm. The stress values are

I
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aq 4.2 Axial stiffness loss
0,020-"

When the constraint parameter ;. is large enough.
the decrease in the equivalent axial modulus IJ o

01005- . the laminate due to matrix cracking is a small
magnitude effect whose measurement requires

V .. great care: therefore, the prediction of axial stiff-
.0.00. ness loss according to the present model might be
-0,ol0 a good reflection of its refinement degrcc. Thc

.0.015 average o,, of the axial normal stress o\er the
-0.oo q.. plate cross-section is such that

- -2 6 8 lO1

Fig. 3. Variation of the Fourier series coefficients a, ",)ith q -r z Ir _" dz
for 1= 0.2 mm. hJ

Then the equivalent Young' modulus of the
a damaged laminate in the axial direction is defined__ _ _ _ _ __ _ _ _ _ __ _ _ _ _ __ _ _ _ _b y

0.10)O06

0.040004 - (l

A0.,A VV After performing the integrations with respect to
the thickness coordinate z in both types of layers.

-0.00,00 the resulting expression for f-I/ turns out to be

independent on the axial coordinate x. namely:

0 I) 20 .0 4)) 50 If(I&) ..... a - - . + 12(

Fig. 4. Variation of a,, wkith q when 1= It0 rnm. t q

By the way. eqn ( 1 2 is an example of the homo-
genization procedures that can be performed

normalized by their related magnitudes .,,' in the from the various 'local* stress component expres-
uncracked state. as obtained by the classical sions given by the proposed model. The expres-
laminate theory. As can be seen in Fig. 5. very sion of E(Il in terms of the sequence 'a, is
sharp peak values are reached in the transverse remarkably simple. Stiffnesses or compliances of
layer close to the interface, the homogeneous materials equivalent to the indi-

The starting point of our model is a given distri- vidual layers, damaged or not. can be expressed in
bution of shear stresses (j,'. Although the role of terms of the crack spacing. in much the same way.
this stress component is essential when transform- Figure 7 shows the plot of relative axial stiffness
ing the load from a damaged layer to the adjacent variation EiE,. where E, is the modulus in the
uncracked plies, in the vicinity of a transverse undamaged state, against crack density d= lb , 'I
crack, few comparison elements pertaining to this according to the proposed model. Lim and
stress component can be found in the literature. In Hong's shear-lag model-' and experimental
most two-dimensional approaches, this distribu- results.53 It is worth noting the good achievement
tion does not even satisfy all the problem boun- of Lim and Hong's model, in spite of the compa-
dary conditions. In Fig. 6. we superimposed both ratively simple assumptions it relies on. as far as
normalized distributions obtained by Ohira's the equivalent axial modulus is concerned.
model and ours: the latter can be spotted thanks The relative axial stiffness variation predicted
to the zero traction condition met on the crack by a special two-dimensional finite element
faces. Half the 90' layer alone is represented. The method 54 has also been compared in Fig. 8 with
I10.9012 , laminate is made of a T300/914 compo- that given by the present model for a carbon/
site with a transverse crack spacing such that epoxy laminate, the constraint parameter of which
1= 0-2 mm. is such that At = 7. For a comparatively low value

I
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(k)
0

N N

011, 1-

2,i

C 'i '

Z (ill

Fig. 5. Normalized normal stress u,,~ in the three lavers ofa 1300/914 carbon/cpoxy (),,90', laminate, for 1= 0-2 mm.

of the crack density, this particular finite element (8). In most situations, there is a very small differ-'
method, in which a periodical stacking sequence is ence in stress magnitudes between plane strain
assumed, underestimates the stiffness loss, and plane stress states (see Ref. 55 for a quantita-

tive comparison, at least in the case of the T300//
914 composite); the 'actual' state can rightly he

5 DISCUSSION AND CONCLUSION expected to lie between the above two extreme
states. As the convergence of the series Jaql has

A plane stress slate version of the model can been found to he all the faster since the crack
easily be constructed by putting K se:=0 in eqn density is large, the proposed model enables one
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Fig. 6. Normalized shear stress a 'j~in the 90' half-laver as obtained by Ohira's model peaked swrface and the present
model (smoother surface 1

El E E/Eo

Li m& Hong 0 NOE
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0,96
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Crack density (mm-I) CRACK DENSITY (mm-l)
Fig. 7. Relative axial stiffness loss after: the proposed model. Fig. S. Relative axial modulus oif a damaged laminate
Lim and [long's shear-lag model, and Groves' experimental versus crack density, for A = i/i, = 7. Comparison of model

resulIts, for a graphite/epoxy 1 O,,902 I, aminatc. with finite elements.
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Thermal and mechanical fatigue analysis of
CFRP laminates

C. M. Lawrence Wu
l)epartment ofl'hysics and Materials Sciewe. (On. Polyiechnic o f tong Kong, 83 lat (hee A vetme, hong Kong

['),!9(0'° and 1±45%!, CFRP laminated plates were analysed using a finite

element formulation for their fatigue behaviour. A fatigue criterion which is
based on the laminate interlaminar stresses and the basic lamina fatigue
parameters was used. Thermal effects were included in the formulation. In
particular. initial thermal stresses resulting from the curing of the laminate were
also included in the analysis. The results showed that both laminates had
predicted S-N behaviour similar to that from experiments of past investigators.
Also. the fatigue behaviour for the I+_ 450%, laminate between room temperature
and the curing temperature were found to be the same. However. in the case of
the 0'19i0%, laminate the fatigue strength at high temperatures was found to be
lower than that at low temperatures.

I INTRODUCTION fatigue behaviour of symmetric laminates carried
out using a finite element method that incorpo-

An important area of research on laminated rates a fatigue criterion for anisotropic materials
plates has been the investigation of interlaminar and thermal analysis of laminates. The results of
stresses, especially at the free edge region. It has the present analysis will be compared with those

been mentioned in previous publications that a from experiments.
Carbon Fibre Reinforced Plastic (CFRPI lami- A formulation for the fatigue analysis of aniso-
nate, when cured from the manufacturing tem- tropic materials will be described later in this
perature to room temperature, can result in initial paper. As a basis of the formulation, the fatigue
thermal stresses in the laminate.' These stresses data of a basic lamina along and transverse to the
can be large. especially at the free edge region. To fibre direction as well as for the inplane shear are
complicate the situation, when these initial taken either from the results of past investigators
thermal stresses arc coupled with the mechanical or by estimation. At any point in the laminate, the
stresses that result from an applied load, the free stresses resulting from a loading case can be pre-
edge stresses are lowered or increased, depending dicted by finite element analysis as described in
upon the ply orientations in the laminate, previous publications."' The fatigue behaviour

Under normal operating conditions a laminate under a tri-axial state of stresses is different from
can be subjected to cyclic loading and an under- that of a uni-directional case. A fatigue criterion.
standing of the fatigue behaviour of laminates is which is similar to a failure criterion, for a com-
therefore necessary. A number of past investi- bined state of stress will be used. The fatigue
gators have studied the fatigue behaviour of CFRP criterion will predict, under the combined stresses
laminates by experiments.-' In particular the at a point, the fatigue life in terms of the number
fatigue behaviour of uni-directional, io1/90°% and of cycles to failure. This means that the criterion
i± 45% laminates has been investigated. Results can predict failure locally. Conceptually each
have been presented in the form of S-N curves node in the finite element mesh will have their
similar to those of conventional materials. Experi- corresponding number of cycles to failure, N, at a
ments are usually time consuming and expensive certain applied load. Using the interlaminar
and it is desirable to have available a computa- stresses and the fatigue criterion to be defined
tional method which can predict the fatigue life of later. N can be worked out at each node in the
symmetric angle-ply laminates. This paper who!e laminate. The minimum value of N for all
describes an analysis for the investigation of the nodes can be obtained and can then be taken as

339



340 ( .1 . 1. Wiu

the number of cycles to failure, NV. for the lami- 2 DESCRIPTION OF TilE LAMINATE FREE
nate. EDGE PROBLEM

It was shown by previous investigators ý- that a
finite-width laminate exhibited very high inter- Consider the long, symmetric laminate ,ho%ýn in
laminar stresses at the free edge uinder uniform Fig. 1(a). It has four plies, each of thickness h and
axial strain loading. Fatigue failure was therefore width 2b, and is loaded with a uniforni axial sirain
expected to initiate at the free edge region. It was i, in the x-direction. Away froni the ends the dis-
also shown that initial thermal stresses were pre- placements u. v. w in the x. v. z. directions,.
sent in a laminate after the curing process.' In this respectively. in any x = constant plane can be
paper, [10/90'], and I ± 45°1, composite laminates assumed to be:
made up from Carbon Fibre Reinforced Plastic
iCFRP) laminae were used as examples. The "'" )= + U *v. z

initial thermal stresses resulting from the curing of c!. x, v. z j= z" v I
these laminated plates were included in the analy- = X. Z!
sis. The nonlinear stress-strain response, as well . =
as the resin layers between the plies in the lami- The displacement field of eqns I ,should
nate were also modelled in the analysis, as satisfy the equations of equilibrium and the stres•-
explained in Ref. 1. The nonlinear analysis on the free conditions on the edge,. Y ± 1). and the top
laminates was based on that in Ref. 6 using a and bottom surfaces. z 2h.
quasi-three-dimensional isoparametric finite ele-
ment and an initial stress iteration method to
tackle the problem of material nonlinearity. The 3 FORMULATION
initial thermal stresses of a laminate were first
obtained by noting that after curing the laminate The formulations of the quasi-three-dimensional
was cooled from its stress-free temperature to finite element and the initial stress iteration
room temperature. Various uniform axial strains method which are used in the present studN can be
were then applied to the laminate to obtain the found in Refs I and 6. The formulation to take
interlaminar stresses and finally the numbers of into account the thermal stresses has also been
cycles to failure. given in Ref. 1. The fatigue criteria of the coin-

[ _ _ -11 1IIT
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Fig. 1. Problem definition and finite element mesh.
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posite lamina were compared by various authors iteration procedure, the corresponding value of N,
and were summarised in Ref. 3. These criteria are at which fatigue failure occurs at that point in the
not based on all stress components present in the laminate can be obtained. For all nodal points in
laminate and a different approach is therefore the laminate, their corresponding values of ,\', are
adopted here. With this approach a new criterion iterated and the minimum value of .N, is then
is formulated by modifying the Tsai-Hill corn- obtained, and is taken to be the number of cycles
posite lamina yield criterion." In the present to failure for the laminate.
formulation, we use functions X. YK Z. Q, R and S, Fatigue data in the form of S-N curves ,crc
all are functions of AV,. so that X. Y and Z are the taken, or derived, from Refs 2 and 3. D)iscrete
lamina peak stresses in the x-. v- and --directions values along these S-N curves were found and
and Q. R and S are the lamina shear stresses with they are tabulated in Table I. In particular. the
respect to shear stress components 7,.. .o,, and . CFRP lamina longitudinal data were obtained
respectively, all at N, cycles of alternating applied from Ref. 2. and the laminar transverse and shear
stress. The relationship between X. Y, Z. Q. R, S data as well as the resin data were derived from
and NV, are shmon in Table 1, The fatigue criterion data in Ref. 3. The lamina ultimate values of
is therefore strains as well as the relationship between the

thermal expansion and temperature in a ('FRP
- lamina can be found in Ref. 1.F.. .. .. .G tH 0 , - 0 .i

(4- 0- - oi + !1 o - U, 4 RESULTS AND DISCUSSION

+ 2 l& + 2o . +2.Va,=: (2 Due to symmetry, it was only necessary to anal~se

where (Y,. Q,. o. or .L, and Y,,. are stresses in the the top right-hand corner of the laminate cross-
lamina and the anisotropic parameters are defined section shown in Fig. I ýi. The mesh shown in this
as figture was used for analysis of the present I()'9/90%

and I 450?, laminates. In the present arrangement
! ( lV ± - } 1--1 a resin rich layer was included between the 0 and
2 Y +Z.--- X10 90°-0 layers and also between the middle two

90'-0 layers. The reduction in modulus due to
I (I 1 1 I temperature change as well as due to the fatigue

(6=, I-+ -- ;-- -J . (3) effects in the present case was neglected.
2R- it was described earlier that under a specific

loading on the laminate the interlaminar stresses
I Icould be obtained from finite element analysis.

2 - z- 2Y- From these interlaminar stresses the number of
cycles to failure at all nodal points in the laminate

with the equivalent stress, 6, given by were obtained and the minimum of these values
was taken as the number of cycles to failure for

_ = 3 the laminate. In this investigation the number ofI 1 I cycles to failure for the laminates at various axial
'+applied strains were obtained. They are now pre-

Xa Ys Zw
sented in the following two sections. For each type

It is worth noting that in eqns (3), X, Y, Z, Q. R of laminate, thermal effects were also included to
and S all are functions of N,. So in eqn (2) 1f investigate for their behaviour at different tern-
depends on V,. From observation of the general peratures.
behaviour of S-N curves, it follows that as N,
increases from a small value, f increases. When Nt 4.1 The I-± 45'1, laminate
is increased to a sufficiently large value so that
f= d. fatigue failure occurs. In the present for- Two cases were considered for this laminate. In
mulation, an iteration procedure is carried out to the first case the laminate was considered to be
search for this value of N,. At any point in the stress-free at the curing temperature of I 320C. So
laminate, the stresses can be obtained from the at room temperature, interlaminar initial thermal
finite elemen, analysis. Using eqn (2) and the stresses were present in the laminate.' On top of
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these initial thermal stresses a uniform axial strain
f.g, was applied to the laminate. At various applied
strains the corresponding numbers ' cycles to
failure for the laminate were found as described
before and the results are shown in Fig. 2. Also
plotted on the same figure are the experimental

-, results from Ref. 2 for the 1 + 450% laminate. The
- present method predicted higher values of N, at

high and low levels of alternating stresses. For a
range between the high and low applied stresses.

, -the present model predicted lower values of ,.,
On the whole, the present results had a close

' correlation with the experimental ones in Ref. 2.
The present model has provided a good method
to estimate the fatigue failure in symmetrical lami-
nates. The combination of the nonlinear analysis
and the treatment of the free edge effects had
probably provided a more realistic modelling ol
the real situation. Also. the inclusion of the initial
thermal stresses due to the laminate curing pro-
ce-,s might have improved the con :ation betwcen
the numerical and experimental results. For all
applied strains, the minimum number o' cycles to
failure occurred at the free edge. close to the
-45°/resin interface 'see Fig. 1[c~i inside the

"450 laver.

S-• initial thermal stresses and the same method for

finding the number of cycles to failure at various
applied strains was carried out. The results

, -showed that the numbers of cycles to failure for
- this case %ere different to those in the last case for

the same applied strain at various locations in the
"laminate. However, the minimum number of

.-- -- - cycles to failure was the same for the two cases
and they occurred at the same position in the

laminate, as discussed above. So the results shown
, -.. 'S• in Fig. 2 represent the results for these two cases.

6- Fig. -''A
'-=
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Q. L .•log N (cycles)

Pree. R.slt Rol. 2

.. ,Fi.2. -N results of I 45% laminate.
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as far as the number of cycles to failure for the stress levels was lower than that in Ref. 2. Never-
laminate is concerned. theless, the present results are close to the experi-

It was mentioned that the minimum number of mental data in Ref. 2. This indicates again that the
cycles to failure occurred at a position near the initial thermal stresses are important in the
laminate free edge. It has been shown that the free prediction of laminate stress-strain behaviour.

edge stresses were very high under an applied For all applied strains, the minimum number of
strain in the x-direction.1-" The initial thermal cycles to failure occurred at the free edge. near the
stresses were small in magnitude in general but resin/90' interface (see Fig. lcu, inside the 9Wr
became large at the laminate free edge. However, layer.
they were still smaller in magnitude when com- In the second case the initial thermal stresses
pared with the mechanical stresses under the were not included and the S-N results in Fig. 3
applied strain. So the initial thermal stresses were indicate that the fatigue life is lower than that in
insignificant to the fatigue life of the laminate at the previous case. For example, at the same
the free edge. This explains why the number of applied stress the laminate without initial thermal
cycles to failure for the two cases were the same. stresses included has a much smalier number of

The second case can be considered as the situa- cycles to failure than the laminate with initial
tion when the laminate is subjected to the same thermal stresses included. The minimum number
temperature as the curing temperature. Although of cycles occurred at the sam,: position as in the
practically the laminate will not be used at such an previous case.
elevated temperature, the present case can be For the present laminate the initial thermal
used to illustrate the fatigue behaviour of the lami- stresses were significant in magnitude when con,-
nate at a high temperature. Since the number of pared with the mechanical stresses. They also had
cycles to failure for the above two cases were the the effect of increasing the overall stresses in the
same. it follows that between room temperature laminate. Consequently the 8-N rsults for theI and the curing temperature the fatigue behaviour case without the initial thermal stresses included
of this laminate is the same. were worse than those with initial thermal stresses

included. As indicated above, this case without
4.2 The I0°/90o, laminate initial thermal stresses included can be taken as

the case when the laminate is subjected to the
Similar to the ± + 4501, laminate, the two cases with same temperature when curing is taking place. It
and without thermal effects included were con- follows that the fatigue lift of the 100/9001, lami-
sidered for the 0V/90%k laminate. The results of nate at an elevated temperature is lower than that
the two cases are shown in Fig. 3. In the same at room temperature.
figure the experimental results given in Ref. 2 are
also plotted for comparison. For the first case. the
initial thermal stresses were taken into account 5 CONCLUSION
and the fatigue life at high stress levels was higher
than that in Ref. 2. However, the fatigue life it low A formulation for the fatigue analysis of aniso-

tropic symmetric laminates has been described.
Using this formulation the fatigue behaviour of

Normalised Peak Stress (%) 10°/9 0 k and I ± 45*1, laminates was studied, based
100 r A-•--.-ia -- 4 on the interlaminar stresses inside the laminate.

*A* A A The analysis took into account the initial thermal

"0 S• go stresses in the laminate resulting from the curing
0 L * •procedure. The present results were close to the
0 U a experimental data of past investigators. The

201 ± 45°[ laminate was found to have the same S-N
relationship at temperatures between the room

0- - -1 2 3 4 5 - temperature and the curing temperature. How-log N (cycles) ever, the 10°/90°)1 laminate was found to have aC log N (caese 2better fatigue life at room te.aperature than at anCas~e I Case 2 Rf

With Thermal Cooling Without Thermal Cooling Ref 2 elevated temperature.
0 0 A The present formulation provides a convenient

Fig.3..5-Nresuht;of 0/t(~j, laminate method of life evaluation of symmetric angle-ply
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Thermal buckling of bimodular sandwich beams

Tin Lan, Psang Dain Lin & Lien Wen Chen*
Department oq AMechanicul Engineering, National (Cheng Kung Universit. lhuinan, Taiwan, 70/0J

This paper presents a model that explores the thermal buckling of three-layer
sandwich beams possessing thick facings and moderately stiff cores. Bimodular
facings and core material are used. In contrast to conventional theory. the
effects of transverse shear deformation in the facings as well as the effect of the
stretching and bending action in the core on thermal buckling are considered.
The governing equations are derived using the principle of minimum total
potential energy and the fact that its second derivative is zero. The Finite-cle-
ment results are presented in order to investigate the effects of important para-
meters such as thickness, thermal expansion coefficients and moduli ratio on
critical buckling temperatures.

I INTRODUCTION the flexural stresses of such a material undergoing
pure bending. Tran and Bert," using the transfer

One of the most important and widely popular matrix method, studied the small bending deflec-
composite structures is that of the sandwich. As tion of homogeneous bimodular beams. Column
the core maintains a definite separation of two buckling of general bimodular materials was
facings, the bending resistance of a sandwich considered by Rigbi"7 and Rigbi and Idan," while
structure is larger than a single facing. Although the bifurcation buckling of a uniform, slender.
the volume of a sandwich structure is larger, it has cantilever column constructed of bimodular mate-
the benefits of light weight and high bending rial was studied by Bert and Ko.' Dynamic ana-
resistance which has made the sandwich structure lyses of bimodular beams known at present were
. important component in widespread applica- investigated by Khichatryan, 2' Galoyan and
tions. Khachatryan., Bert ad Tran22 and Rebello ei

The study of the sandwich structure was first a).23 All of these works involved either free or
addressed by Hoff and Mautner in 1945.' Many forced vibrations.
subsequent authors, such as March,- Hoff4• This paper studies the thermal buckling of
Libove and Batdorf,5 Hemp' and Eringer! suc- bimodular sandwich beams possessing thick
cessively investigated its bending problems. facings and moderately stiff cores under uniform
Gordaninejad and Bert developed a new model or tent-like temperature fields. The governing
for the sandwich beam,' and applied it in the equations are derived using the principle of mini-
study of vibration and bending problems." mum total potential energy. The finite-element

The thermal stress of the sandwich structure results are presented in order to study the effects
was investigated using the theory of elasticity by of a number of important parameters on the criti-
Bijlaard"` and Pogorzeiski2' who subjected sand- cal buckling temperature.
wich plates to thermal gradients. Ebcioglu' 2--"
using the principle of minimum total potential
energy, determined the stress induced on the 2 FINITE ELEMENT FORMULATION
sandwich structure by transverse loadings, boun-
dary forces and temperature gradients. Hussein et Consider a three-layer bimodular sandwich beanm
al. 4 considered the effects of inter-layer shear with total thickness h, and length 1. as shown in
stresses on thermal stresses. Fig. 1. h,,, is the thickness of the irth layer. x and z

The concept of a bimodular material was intro- are respectively the Cartesian position coordi-
duced by Timoshenko,' who in 1941 considered nates along the length of the beam and normal to

it, measured from the midplane of the beam.
t *lwhom correspondence should be addressed. Based on the Duhamel-Neumann form of
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Hooke's law. the stress-strain relations of the nithA
laver are:

top facing (layer 1)

S (;k , aAT

where c and ), represent the axial normal and
transverse shear strain respectively and a and r h

are their corresponding ,trcsses; a is the thcrmal h h2 Y
expansion coefficient, and A T is the temperature
rise. Note that the subscript k of Ek,,, and G,,,oe ayer 2

refers to the sign of strain (k =t for tension and
k = c for compression), while the subscript in bottom lacing (layer 3)

denotes the laver number (see Fig. 1 ). In order to
account for the transverse shear deformation z

effects, the Timoshenko displacement field is Fig. I. Three-laver sandich beam ýýith comp:litc tactng,,.

used:

t1i.z = 11,(XVI + (2a) where extensional stiffness A . Icxural-cxten-
S)=2b) sional coupling stiffness B. flexural stiffness 1).
z 1and transverse shear stiffness S per unit width,

u, and w, are associated midplane displacements for a laminate beam are defined as:
and W is the bending slope. The displacement. u.
is required in order to account for the lack of i4II)- E - E: dc
symmetry about the midplane. due to different kJ

facing thicknesses or bimodular material behav- 6
iour. With the assumptions that the material is not
extensible in the thickness direction and that The shear correction factor, K-. is obtained from
Wtx,z is independent of ..'. Consequently. the the equilibrium equation of elasticity in the x-:
strain-displacement equations of linear elasticity plane and the concept of equivalent strain
are: energy." and is expresscd as:

a ........ + a ,,+ Z( 3a) K.----- (7ý

(;k,,, dO< lAt- Ba' r dz

+= Otz - = ' +3b) where a and b are the extensional and flexural
ox az ax partial stiffnesses defined as

As usual. the normal stress, moment, and trans- F
verse-shear stress resultants, each per unit width, (zh)= (!,,*)L-,,, d*(8
defined respectively by: J,-"

[Ni i,,, [a The thermal stress resultant. N,. and the thermal

Vat f d:7 (4 moment resultant, M,, are defined as:
(N M, ka Trz dz: (49L J ii= 2 H-i

can be obtained by integration of stresses over the (N1 Mr)= EkaA T(l z) dz (9
thickness h with eqn (1):

The integration of eqns (6)-(9) were carried out in
a piecewise fashion from one layer to the next.

[NB 0]with account taken of the tension or compression

M)(5 within appropriate portions.

-Mt 5) The problem was solved by a number of qua-
S 0 0 S 0 dratic Lagrangian elements with three nodes and

ii)
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nine degrees of freedom elements. The displace- I , .

ment components were approximated by the pro- = -, .
duct of the shape function matrix. IN]. and the
nodal displacement vector, ql = tv,,, w,1 •,. i.e. 1 J [ .( d

dxdz,= iq

The superscript "e' indicates that these variables
are defined on the element and are to be deter-
mined. The shape functions are given by: with element structural stiffness matrix

2 F',V, =- .•(-l }l ac !K1=l l?/],',,tB/•+i/•,l' 8j,,i

X.~= 1 - I•:1 lb) +'[t~j1l)i B,,l+iB,XI tA Iý J;, de:: . 18i

1 •,+ 1) I1ic) element geometric stiffness matrix2 1'
The midplane strains and curvatures on the ele- IB,[ ' A 1 1
ment. e. can be rewritten ats: '

=• __ [ pqelement thermal load vectorIe, = B,,l qý, (121

B 1 1N, +; B, J1 dý 20W

where J,11 is the determinant of the Jacobian

"transformation matrrix.
" " , , [,,]q', 14) For the displacement field of prebuckling, mini-

mization of r, with respect to the generalized
a15 displacement vector Iq[ gives the following set of

_-7 equations:

The strain matrices of !B ,,. j , J,I BB,Jand IB,J are [K\.jq] =[1]2

given by: For the critical buckling state corresponding to
the neutral ý.quilibrium condition. the second

B c=N/dx 0 01 16a) variation of total potential energy, -r, must be set
[B1,,I=[0 0 aN/axI (16b) to zero which gives the following standard cigen-
[B,,]=[0 a'',/lx N, 16c1 value problem:

Bn,,j=10 a•j/ax 0 16d) I+AK+ ;l( =22)
The product of A and the initial guessed value A T

The total potential energy, ;r, is the sum of the is the critical buckling temperature, 7',.
strain energy, r,, and the work done by the The different properties of the tension and
applied distributed normal loading. :r2,i.e. compression of bimodular materials cause the

ýr= :, + •. (17) neutral surface position to shift away from its

where geometric midplane. In the calculations, as the
actual neutral surface positions were not known.
an iterative technique was employed in order to

; I INe,+ Qy dx dz compute their locations. The iteration procedure
2, began with an assumed value of the neutral sur-

face position. Dummy stiffness and thermal load
= q K -q}[F were then computed from eqns (6) and (9) using

e .... ,these assumed values. After the eigenvalues and
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eigenvectors were obtained, the new neutral 10
surface locations were given by:

Zn= - E,,*iK*= -(e,,-aAT)/K (23) 8-E, E, 1000

Using these new values, the stiffnesses for the next
iteration are computed. This procedure is
repeated until the differences between any two
consecutive values of the neutral surface at all 4-
nodal points are smaller than one tenth of the E, E, -00
thickness.

2E, E, 10

3 NUMERICAL RESULTS AND 0.
DISCUSSION 1/ 15 20

(A) a / a.

In this section, two sets of boundary conditions Fig. 2. Effect of transverse expansion ratio (I on

for beams subjected to either a uniform or tent- thermal buckling load 7T, for various himodulus ratios
(E,>E,) for H-H beam under uniform temperature field

like temperature field are studied. For thesakeof )E,=E, =lx X. E,=IxIt)-,, a.,=. a,=l× Ix .
simplicity, the thermal expansion coefficient of the (,IE, =0.5. L= 600. h = 3,.
core is assumed to be zero since its value is in
general. very small.

3.1 A beam hinged at both ends (denoted as 0.5

H-H)
0.4

In this case. the midplane displacements. u,, and
i,,, at both ends (i.e. x= ± 1/2) are zero. 0.3

3. 1.1 A 11-11 beam under a unifbrm temperature 0,2 E, E, = 0.2
field E, E, 0.5
The neutral surface of the core is located exactly 0.1
at the midplane of the beam since strain E,, is zero.
Moreover, the strain of the facing having the E, E, 0.75

smaller thermal coefficient is always negative. 0.0 0 5 1 o 1
Consequently, the stiffness of the beam depends (A) a,
only upon the neutral surface of the other facing
possessing the higher thermal coefficient. Fig. 3. Effect of a,/a, on T•, for various bimcodulus ratios

The influence of the bimodular elastic moduli (E,> E,) for H-Hi beam under uniform temperature field

ratio ( E,/E) of the facing and the thermal expan- G, l x I O l l x = 0- 5.=0 a 6=lxlI 3
sion coefficient ratio, a I/a3, on the critical buck-
ling temperature, T,,, is shown in Figs 2 and 3.
Note that by increasing a1 /a3 , the beam deflec- an influence on a decrease in thermal stress than
tion also increases, and the section bending on a decrease in stiffness, a lower E,/E, value
moment, the neutral position location, and the corresponds to a higher critical buckling tempera-
beam stiffness all change simultaneously. Note in ture.
Fig. 2 where E, > E, the increase in the thermal The influence of the core's rigidity on the criti-
expansion coefficient ratio and the shift in the cal buckling temperature is presented in Fig. 4.
neutral position, sharply changes the stiffness and Higher core rigidity is accompanied by a higher
the buckling temperature. The effect of a Ila 3 on buckling temperature and a larger change in the
the critical buckling temperature for the case of neutral position.
E, > E, is illustrated in Fig. 3. Note that a decrease The influence of the upper and lower facings'
in stiffness corresponds to a shift in the neutral modulus ratio (E3/E,) and the thermal expansion
position of the upper facing. Since E, has more of ratio on the critical buckling temperature is dis-
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4-

Edi E,~ 4-
3-

E, / El 2

2-. E, E, 0 .5 3-

0 , 0 '1• ' 2 ' l S 2 0 2 -
(A) a, 1 a

Fig. 4. Effect of a1Ia, and core moduli on 7', for H-H
beam under uniform temperature field (E, E, = I x 10'.
EI=Ed =lx 106. a,=0. a,= lx l0X 13 /E, =0"5.

L=600, Ih=3). 1T1 T 3T, / To 5

3.0

10 20 30

2.0 E, 1E, - 0.5 Fig. 6. Effect of aaa, and 1 ;-, on 71, for H-1l beam
under tent-like temperature field f/E,, = E,, = I x 1 0."-- E,, = E,,=5xl10'. E,---I xl10-. a =, a, 0l1xl10

Ej 1E, I ~(;,,ILE, = 05, L =600. h, 3.
1.0

E3 1E,- 2 more of an effect on the critical buckling tempera-
___ _ _ T_ _ I Iture.1,0 20 0 40 50

(A) a, a/3 3.1.2 A H-H beam under a tent-like temperature
field

Fig. S. Effect of a,!a, and facing moduli on 7", for H-H The tent-like temperature field is given by:
beam under uniform temperature field ,I= I x 104.

I= O. a,=0. a,= I x 10 �. (,1,lt =05. 1=600.
h,=3=. 3T(X)= T,,+ T (0 - 2x/l)

T, + T,(1 + 2xll)

played in Fig. 5 where E, > E,. Note that a higher where T,, and T, are the uniform and gradient
value of E;/E1 is accompanied by a lower buck- temperatures, respectively.
ling temperature. This phenomenon can be The influence of temperature distribution (T,/
explained in terms of the lower facing's stiffness, T,,) and the thermal expansion ratio on the buck-
an increase of which affects the location of the ling behaviour of the bimodular sandwich beam
upper facings' neutral position, reducing the under a nonuniform temperature is shown in Fig.
upper facing stiffness and that of the entire beam 6. Note that a steep temperature gradient corre-
as well. Although the thermal stress is also sponds to a large change in the deflection and in
reduced, it only decreases linearly with a change the location of the neutral position. Likewise, a
in the neutral position whereas the stiffness steep buckling temperature gradient corresponds
decreases by a power of three. A comparison of to a large change in the stiffness.
the effects of a change in the thermal stress and The effect of the H-H beam thickness on the
that of the stiffness reveals that the stiffness has critical buckling temperature gradient is shown in
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Fig. 7. In comparison with a homogeneous beam perature distribution on the unimodular beam*,,
of the same facing material, the sandwich beam critical buckling temperature gradient 1 1 is
possesses lower stiffness and a highly buckling shown in Fig. 8, while the influence of tempera-
temperature gradient due to the low thermal lure distribution and the thermal expansion co-
expansion coefficient of its core. Note that in
general, increasing the thickness of the core is an 4.0 -

effective way of increasing the buckling tempera-
ture gradient.

3.2 A beam clamped at both ends (denoted as 3.5 - a,

C-C)

Note that the displacements. i, wi,,, and the bend-
ing slope AV are zero at both boundary ends. Also 3.0
note that, in a uniform temperature field, the C-C
beam will not deflect before buckling. Its curva-
ture is zero and the whole beam is subjected to
compression. Consequently, the extension modu- 2.5 /
lus. Er, has no influence on its stiffness before
buckling.

The critical buckling temperature of a C-C
beam subjected to a nonuniform temperature field 2.0
is illustrated in Figs 8-10. The influence of tem-

__.1.5

1.0 ' a ',

0. A 1. 110
0.5• T, /To

Fig. 8. Effect of a ia, and 1,i 1, on I,, for unimodular

h 9 C-C beam under teni-like temperature field E I x I W,
a-I x 10 , GIL/ 0.5. 1,=0.00, h=9,

0.6

h 6-

0.4
4. T T,- 2

0.2 2- 1h-3 2'

o~T, T, ,0.0-1
0.0 - I0*

10 1 16 20

T1 /To (A) a, a,
Fig. 7. Effect of thickness and T, /T', on T,, for H- H beam Fig. 9. Effect of a, a/ and T, / 1', on 7',,, for C-C beam
tinder tent-like temperature field (ECI = EC,= I x I10, under tent-like temperature field (L,= I 104. E, -2 × lO0.
E'---E,=5x1O', E 2 -=Ix , --, a=Ix -', u,,=O, a( lx10-'.a,2=0, a,--lxl) 1, (;k/Ek,,=0,5. L=600.

I X 1O()-4 (;,,/E,,=O.5, L=600, h--3). h =3).

Ifi+
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to differences in the thermal expansion
coefficients of the facings. When this differ-
ence is large, the effects on stiffness, critical

SEbuckling temperature. and buckling tcm-
2 1 E . -/ - 7.5 perature gradient are more pronounced.

3- E, E- 2 (2) In a uniform temperature field, a H-H
/4I ,, E, , - 0.05 bimodular beam facing possessing a lower

-E, E, 0.13 thermal expansion coefficient always

undergoes compression. whereas the facing
of a C-C bimodular beam is subject,,d to
axial compressive strain and its stiffness

Y 2- remains unchanged until buckling.

(31) In a nonuniform temperature field, strain of
a C-C beam varies in the axial direction.
The thermal strain is nonsymmetric in the
direction of thickness if the thermal expan-

( sion coefficients of the layers differ.
1 . ) (4) Provided the core's thermal expansion

coefficient is low. the best method for
increasing sandwich stiffness and the criti-

() • cal buckling temperature gradient is to
Sincrease the core thickness.

0 1 12 ' 6 20
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Buckling and vibration of thin laminated
composite, prismatic shell structures

S. Mohd
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D. J. Dawe
Nhool of( Cirl Engineering, ihe University of Birtningham, Edghaston, Birmingham. UK. B1I5 217

A description is given of the multi-term, finite strip analysis of the free vibration
and buckling. under a system of applied biaxial direct and shear stresses. of
thin, prismatic shell structures. The walls of the structure may be composite
laminates with a general lay-up. The analysis is based on the use of Koiter-
Sanders thin shell theory. Combinations of diaphragm. clamped and free condi-
tions at the two ends of a structure are incorporated. The displacement field ofi
a transcrselv-curved finite strip utilises Bernoulli-Eulcr beam functions in the
longitudinal direclion and quintic polynomial representations in the circumler-
ential direction. The superstrip concept is used in conjunction with the modi-
fied Sturm sequence-bisection approach to provide an efficient analysis
capability. Several applications involving flat plates. curved plates and complete
cylinders arc detailed.

I INTRODUCTION literature.3 "' In these studies the development of
strip properties is on the basis of thin shell theory.

Prismatic plate and shell structures are important in which through-thickness shear effects are
load-bearing structural components in various neglected, and the analyses all have one or
branches of engineering. Such prismatic struc- another major restriction on their range of
tures may be made of metal or - in aerospace and application.
marine engineering particularly - may be made The current development represents a major
of fibre reinforced composite laminated material, enhancement of earlier work by Dawe5." and
As part of the design process for such structures it Morris and Dawe 7

. wherein high-order curved
is necessary to be able to predict accurately the finite strips were developed and used successfully
vibrational and buckling behaviour. For such a in linear static. buckling (under biaxial direct
prediction the finite strip method (FSM) offers an stress) and vibration studies. In the earlier
attractive blend of accuracy, economy and ease of studies'-' dealing with buckling and vibration the
modelling, shell material is isotropic, the ends of the shell are

In recent years the FSM has been developed to diaphragm supported and the analyses are of the
a very considerable extent for analysis of the single-term type, i.e. displacements vary purely
buckling and free vibration of prismatic plate sinusoidally along the structure length with nodal
structures whose component plates are flat. lines straight and parallel to the ends in any mode
Reviews of this subject area are contained in of buckling or vibration.
recent publications', 2 and analyses have been In the present work the developed FSM buck-
done on the basis of the use both of classical (thin) ling and vibration capability is still based on the
plate theory and of first-order shear-deformation use of thin shell theory (that of Koiter' and
plate theory. The FSM analysis of prismatic shell Sanders' 2) and hence is strictly applicable only to
structures. i.e. circular cylindrical shells, assem- thin-walled structures. Now, though, the walls of
blies of component plates some of which are the structure may be fibre-reinforced composite
transversely curved. etc., has received much less laminates of arbitrary lay-up, the system of
attention, though some studies are available in the applied stresses may include shear stress as well as
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biaxial direct stresses, and the conditions at the be present, but this is not pursued further here).
two ends of the structure may be any combination The applied stress system comprises uniform
of diaphragm, clamped and free conditions. To circumferential stress ou,', uniform shear stress r',.
accommodate these enhancements the displace- and axial stress a', whose intensity around the
ments are of the multi-term type and Bernoulli- strip may vary as a quintic polynomial distribu-
Euler beam functions are used in the longitudinal tion.
direction. The solution procedure now incorpor- The displacements u, v,, w shown in Fig. I (a)
ates the powerful superstrip concept in conjunc- are axial, circumferential and normal displace-
tion with the modified Sturm sequence-bisection ments at a point on the middle surface of the shell
approach, in the manner described in earlier work strip. These displacements are in fact perturbation
concerning plate structures.- displacements, i.e. they represent changes that

The present study is part of a more general occur at the instant of buckling following the
investigation into the use of the FSM to solve application of the given inplane stress system at its
problems of buckling and vibration of shell struc- critical level, or represent changes that occur
tures. A related report' 3 describes the develop- during vibration about a datum position. In what
ment of a FSM capability based on the use of follows, other quantities such as stresses and
shear deformation shell theory. strains are to be understood. in a similar way. to

he perturbation quantities (except. of course. for
the prescribed stress components which are iden-

2 FINITE STRIP ANALYSIS tified by the superscript 0).

2.1 General remarks 2.2 Shell equations

A curved-plate finite strip which is assumed to The development of strip stiffness properties is
form part of a prismatic shell structure is shown in based upon the use of the strain-displacement
Fig. I (ai. The strip has a uniform radius of curva- equations of Koiter-Sanders thin shell theory.' "'
ture R, thickness h. curved breadth b and length The linear expressions for the three significant in-
A. The local axes xvz are surface ones, i.e. axial surface strain components are, at a general point.
ior longitudinal), circumferential and normal
ones. The strip has four reference lines, numbered = /
in Fig. I(a). at which the degrees of freedom arelocated = vr/) + w/R + z( -c3-"wiay- +( I/R)i•t,/Oy)

The finite strip may be subjected to the applied a= du/dy + tr/lx + zý - 2a'w/!xZy
membrane stress system shown in Fig. l(b). lead- + 130i'/dx- -u/Oy]/2R)
ing to buckling, or it may be undergoing harmonic
motion whilst vibrating in a natural mode with In general the finite strip is assumed to be a
circular frequency p (or both these influences may laminate which is composed of a number of lavers

y

''X

/ -_- a, T'Y

Ila) (b)

Fig. I. A curved finite strip: (a) geometry and displacements:;( applied stress system.

I?
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of unidirectional fibre-reinforced composite The strain energy. U. of the curved strip is

material. Making the usual assumptions, thef v
stress-strain relationships at a general point for U=1 a'e d e'Qe d .
the /th layer are . 2

"CA Q1. ei where V denotes the volume of the strip. With the

Q - definitions given in eqns i 1)-(4 U can also be

, I,> Q ._ Q ( or a= Qe expressed as

(2) U= _1 i eILe dx dY i6

where Q, are plane-stress reduced stiffness coeffi-
cients. The constitutive relationships for the This strain energy expression will not be

laminate are obtained through use of eqns (1) and presented in full here but clearly it includes the

2 and appropriate integration through the thick- effects of in-surface stretching and shearing

ness. and are action, of out-of-surface bending and twisting
action and of coupling between in-surface and

N,a, out-of-surface actions.
6', If applied stress a',', a,' and r7', are present, their

V, V , z_ d,• potential energy arises from the action of the>j, J applied stresses on the corresponding second-
order strains r' , and y", . These strains are
defined as

NI du. 1 owai

A 1, A_ Symmetric E " I - + +--

A 1. A,,, AN 2 ax ax ax

B11 B22 B"~11 D1 . e D" du ~ UW-±O
B16 B,',, 1) ]h1) , 1 2 _av a i R (3v

611/ax[d all all /t at. 1v a VA" (a tvdra/Ox + w/R +,, +--- +-- - -

ZI/O), + O,'/ax lax a, ax \o,. R ax dv R -

(I-IR)aly- a2tw/x" and the potential energy, V, of the applied

[ + ( 1 /2 R)(3 atlx - Oa/Oy) stresses is
or F Lei'= h LI ,U, + oQF,+ ,,,, )dI d

F= Le (3) h" f )dx dv
(8)

Here N,. N, and N•,, arc the membrane direct and
shearing forces per unit length, and M, M, and If free vibration is taking place it is assumed
M, are the bending and twisting moments per that the displacements move with simple
unit length. The laminate stiffness coefficients are harmonic motion having a natural circular
defined as frequency p. In dealing with this problem it is con-

Sh1i2 venient if we now regard the displacements as

(A,1 . B,, I )DO Q,( 1,z.z) dz ij= 1,2,6 amplitudes of the motion and U as the maximum

J f,,2 strain energy occurring during a cycle of the
(4) vibration. The maximum kinetic energy during the

The form of the above constitutive equations is cycle is

very general, allowing for full material coupling T=I fh2 fr/

between in-surface and out-of-surface behaviours p p (u + v, + w2 ) dx dy (9)

and for general anisotropy. 2 hi,
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2.3 The strip displacement field In eqn I i the O( vý occurring in a vY are each
row matrices defined as

"Tfhc state of perturbation displacement in the
buckled or vibrating finite strip, i.e. the strip y

displacement field, is defined by the variations This indicates that it. v and w arc each repro-
over the middle surface of the strip of it. v and w. sented in the circumferential direction by (Juintic
Each of these displacements is represented spa- polynomial functions. lThe merits of high-order
tiallv as a summation of products of longitudinal displacement representation for analysing thin.
,.V-direction> series terms and circumferential v- deep shells have been established and discussed in
direction; polynomial functions. (In the dynamic Refs 5 and 6.) The column matrix A, is the list of
problem i, v and i are rded as amplitudes.1 gencralised displacement coefficients correspond-
The specific sp'atial displacement field used here ing to the ith term of the longitudinal series. For
is each series term the generalised coefficients arc

It related to appropriate,' polynonmial degrees of free-
[d11,. 1idx 0 (dom d, by an equation of the type

{ [=I;.xt /0, .v 0
A,() F J A 12

where A is a square matrix of order IS. The

[*;Y 0 0 ,column matrix of degrees of freedom for serieý
0 4v vi 0 Al1: term i is defined as

0 0 0 i' (Y/ d;=ýu l,, VV , 1, 1.,, ll:.'3, 1/1i.y-: ovi~oY,1

" A . JI t. , I ., w,, , • ( o l / o Y 1,• a /o l ,ify , I, t '- Q, :
or 1

di ='K•s.,.-,a : v! . ,I0• where

O=R
The I ix,ý longitudinal functions in s,:xi in cqn (%

1I() arc the Bcrnot:,ýi-uler beam functions is the rotation about1 the longitudinal axis. Ini eqn
which have been used frequently in the past in (I. ' the subscripts 1 .2....A relate to the strip refer-
obtaining solutions to plate and shell problems by once lines 1......4 shown i Flig. Ii a }
ener,,Yv methods isee the monograph by [,eissa"• Finally. on combminin eqns i, t()i and 1"2, the

for sell studies;< including by the finite strip strip (lisp laciemen t field can be cxprcysed as
m ethod ."• A beam function l-,(,Y is an expression s x a ) dfor the deflection ý k) ofla beam w,\hen vibrating in 6-fs(i{y(d 15
a particular mode i. The beam has end conditions
w~hich correspond to a combination of simply O ore nefc h rdc ¢v( samti
supported. clamped and free ends, as is deemed of shape functions.
appropriate to the conditions that prevail at the s'hel srcnditions combnationse ofr dap he ends of
ends of the shell structure under consideration. hl trcueaecobntosofdaham
Thus it appears logical to represent iv in the x- supported ýor simply supported), clamped an,

dir~i~ fir te fnit sripby he eris o/-;xl free edges. At an end these conditions are defined

functions. and then, to maintain compatibility at "Sflos
longitudinal junctions in branched shells, it is Diaphragm end:
necessary to represent v' in the same fashion. The v=t ,=M 0I
selection of the series of dF",(x)/dx functions to
represent n longitudinally is somewhat more C'lamped end:
arbitrary, but has been used frequently in the 14= I?= W =owI/& = 0 (17)
past."•- It is particularly appropriate for the case ofFre nddiaphragm supports at both ends.Freed

The summation on i in cqn (10) wouldA1 (M a t
ordinarily be consecutively from I to r but can be N, N,, + 3 M22"= --- , +2 M, 0

more selective, according to the nature of the2R x oY
problem being considered. (8
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The Bernoulli-Euler beam functions used in the structuriig is first employed at the level of the
strip displacement field satisfy explicitly the individual finite strip to eliminate the degrees of
necessary kinematic conditions at the ends. On freedom at the two internal reference lines and
the other hand, the natural boundary conditions hence produce a strip which effectively has free-
arc not satisfied explicitly, except in particular doms only at its outside edges. T'hen repetitive
cases. c.. for structures with diaphragm ends and substructuring is used to create an assembly of 2
made of orthotropic material. Of course explicit strips (where c-=, .1 ... 2 which is a superstrip
satisfaction of natural boundary conditions is not of order c, or simply a superstrip C. Typically we
a requirement of the present approach and it is may take = 5. with Superstrip 5 being an
onlv necessary that such conditions be allowed to assembly of 32 finite strips but it is possible to use
be satisfied as a result of the variational pro- up to c'= 10. or 1024 strips, before beginning to
cedurc. It is noted, however, that such allowance meet numerical difficulties. Whatever the value of
is not always possible using the beam functions c. a superstrip ultimately has effective degrees of
and that then the displacement field is not strictly freedom located only at its outside edges and
admissible. This occurs. for instance, for aniso- there are Sr such freedoms. There is no loss of
tropic structures with diaphragm ends.' The effect accuracy whatsoever involved in substructuring
is to introduce some degree of over-constraint at out the very many internal freedoms associated
the ends but not to an excessive extent. with a Superstrip C. i.e, the performance of at

At the exterior longitudinal edges ot a structure Superstrip 5. say. is prceiscl, that of an assemblx
there is no difficulty in applying any specified of 32 individual strips and hence is a very accur-
kinematic conditions, in the usual finite element ate model. Moreover. superstrips can be created
fashion, and there is n,- conflict in allowing any with very little penalty as regards computation
required natural conditions to arise, time.

To assemble a model branched prismatic shell
2.4 Strip matrices, superstrips and solution structure from superstrips will require the trans-"procedure formation of superstrip properties from the local

to a global configuration. In fact. two types .
The displacement field defined in eqn (15 can be transformation are catered for in the analysis. i.e.
used in conjunction with eqns i6). 18 and (9) to the basic rotation transformation arising from the
establish expressions for the strain energy, poten- fact that local axes will generally not coincide in
tial encrgy of applied stresses, and kinetic cnergy direction with a chosen set of global axes, and an

of a strip in their familiar quadratic forms as eccentricity transformation. Details of these trans-
dkd It) formations will not be given here but are of similar

type to those considered earlier.-
d Id k,,d i201 Once the properties oft' all the supcrstrips

and forming a structure are established in a global
configuration it is possible to assemble the strue-

1= pid'md f.21 ture stiffness, geometric stiffness and mass

Here k. k, ant m are the local stiffness, geometric matrices. Boundary conditions are applied along
stiffnereks and consistente a matrifnces. geoetric longitudinal lines, as appropriate to the problemstiffness antd consistent may, matrices. respac- under consideration. Then. symbolically, the finaltively, and d is the column matrix of all local strip set feutosfrhetucreasnefth

degrees of freedom. The detailed development of of eluations for the structure has one of the
folloigtofrsthese matrices will not be given here but is avail-

able in the work (If Mohd.I' The strip has ISr (K-p-'M)D=0 122i
degrees of freedom if it is assumed that r series
terms arc used. A -fK,)D = 0 (23)

Multilevel substructuring techniques are used
to create so-called supcrstrips using the approach I lere eqn (22) relates to the free vibration prob-
developed earlier for the analysis of prismatic lem whilst eqn (23) correspond-, to the buckling
plate structures)- A superstrip is an assembly of a problem. K. Kg and M are the stiffness, geometric
number of finite strips and one superstrip may stiffness and consistent mass matrices of the struc-
model a whole component curved plate or part of ture, respectively. D is the column matrix of struc-
a circular cylinder, subtending a large angle. Sub- ture degrees of freedom, p is a natural circular



frequency of' vibration and f is a load factor These tsk o kinds of' nio de have beeni anaiL sed
governng bucIII12.scparatclN, using, either- only odd set Ics term'I or1

Because ol the uise of substructuring. the cigen- only ecNcr series termis. as appri~priatc, in thec
value problem. of' eqn ,) 21 or eqin i 213% is non- longitudinal direction. A single S upe rs:rip 5 ha,
linear. Trhe practical solution of' the set of, been used across the curved plate.
equations to vedt natural frequencies or criti- The exhibited manner of convergeceii ()I the
cal. stresses proceeds in the manner described in 1-SM results in Table I is vcr\ .,ttisk~tctor% and the
detail in Ref. 2. and involves the use of ant comparison betm~en the present results and tl 'S
extended Sturm sequence-bisection approach," of Ref. I 1 and I () is good. It is noted thlat thec, IIIm-
This iterative approach IS particulark- Well Suited paratise resultIs of 01lson and 1,1i0d1C1-2 areC
ito the present analysis procedure and has the obtained u1S i ng high-order trianguldar finite
great merit that eigenvaluesN are determined auto- elements, with properties based on shall~ Jit,-Hel
inatieallv and w\ith complete certainty. Once at par- theory. Mi ilst the comparative result'- of PeTs Mre
ticular cigenivalue is found the corresponding obtained from wAhat is deCscribed as ani extended
eteenveetor D. representing the mode ofivibration Ray lcigh -Ritz method, on the lhasis, of [lue-ge'
or buckling. is determined through the use of' a Shell theory.
random force vector.

3.2 Vibration of t~so-layered. sim pl, supported.
curved plates

3 APPLICATIONS
The shallo\\ Curved plates considered here hax e

3.1 Vibration of isotropic, clamped curved plates Simple supports on all edgeIs. The plates, are
laminates of' tx\o-laver cross-ply cosrcIoan

The vibration of a shallow, thin curved plate \,\ith thus are orthotropic but unbalanced, wýith the H',
allso egsfly clamped has been considered by and B.. coupling stiffnessN ceficientls present.

Osnand I.Andberg'' and by Petvt.) D~etails of the D)etails of the curved p~lates arc recorded in -lable
gyeometry, and material properties kif the plate are 2. Tsso cursed plates aye considlered, correspond-
recorded In Trable 1: B is the curved width of' the ingL to RI/ifvalues of3 312.5 and 156.2'5.
plate. This table presents results obtained using Soldatos" has presented result,, tor the first
the present FSNI in the form of at convergence four modes of' these two laminates, %k hien in Turn
study, with the number of' series terms used, for including or excluding- the B,, and B_. coeffi-
frequencies corresponding to the first fo0ur cients. These results, like the present analysis. are
symmetric and the first four antisymmetric modles. based on the use oif' Koiter-Sanders, thin shell

theory. Results obtained using the present 1-SN

I able i. ( onvergence of natural frequencies of a clamped, are presented. along with those of Solilatos. tn
isotropi curved plate with number of series terms
A= 76 2 mm, B= 10V-6 mm. R=762 mm. h=0-33 mim.

F~-6-89 x t01'INm2 . v=0-33.p= 2660 kg-rn'
Table 2. I'requenci factors of tsio-Ia ' cred. sinipl.%

I,'n~ijudinat 1requencN -It supported. curied plates

S\ nirfletric ni des
1889.5 965- ~ 1 789-3 ( eornetr Mode ftrequenes1C fictor S2

1.3 S79-7 96H t - 1781t 2 desIgnationi
3.3 876v 95ý9-8 1 2879 1771)2 Bfls/g It/ - Wilhoinl B \kill) B

1'3,.,. 874-1 t ST -7 1 286-9 t1776-9 n
1.3.5,7,9 873 3 958ý4 1286-7 1 776 5 Presena Rd. 20' Present Rd. _'f

Ref. 18 869-6 957-h 1287-6 1779-6 1-SM frSM\
Ref. 19 8S70 908 1288 I179S

Antisx-mmetric modes I2 1- 065 2-5 t40
I 1376ý8 I- - 5A-66 34-00 ~4
2.4 1374-9 1446-1 1759-8 2 1 56 4 3 5ti43 '

2A46 1 374-I 1444-5 1 /58A4 299(1f, 2 2 76 7-2 79

2,4.0,8 1373 7 1443,6 17576 2289-5 5( 1 i0,25 1 t 24-.37 24-37 19- 16 t1 Q I
2A46, 9 .10 1372.8 1442-4 1756-3 2288ý3 1 2 54-87 S4-87 _12-87 -

Ref. IS 1363 2 1440-3 1755-0 2 2195-3 2 1 6 1-6 1 6 1-6 1 1,3,3 5
Ref- 19 1364 14401 1753 23010 2 2 78-s24 78-24 410,S8
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Table 2 and excellent comparison is exhibited. (In Ref. 21 are based on a Rayleigh-Ritz approach in
this table the quantities mn and n are the numbers which exact sinusoidal fu.-ictions are used circum-
of half-waves in the x- and %.-directions, respec- ferentially and one clamped-free and one
tively.) The FSM results are based on the use of clamped-simple beam functions are used longi-
one Superstrip 5 across the whole plate and on tudinally. Comparison between the two sets of
the use of two series terms longitudinally. (For this results is quite good and for all modes the present
orthotropic curved plate two series terms give an results are lower than those of Ref. 2 1.
exact longitudinal representation for modes with
one or two longitudinal half-waves.) It is clear 3.4 Buckling of isotropic, flat. square plates
from Table 2 that the B,, coupling coefficients
have a major influence on frequency prediction Here two cases of the buckling of isotropic, flat,
for the two-layer panel, square plates are considered. Case A concerns a

plate with simply supported edges subjected to in-
3.3 Vibration of isotropic, cantilever cylinders plane shear stress r', whilst Case B concerns a

plate with clamped edges subjected to biaxial
Sharma' has presented solutions, in the context direct stresses -j" = a,'. Each plate is modelled
of the use of Flugge's thin shell theory, for with one Superstrip 5. Table 5 gives details of the
clamped-free circular cylinders. The details of convergence of the calculated FSM results with
one particular shell are recorded in Table 3. This increase in the number of longitudinal series
table shows the manner of convergence of the terms used. (For Case B only the odd terms in the
present FSM results, for the fundamental series are used since the bucklii mode is
frequency. with the number of series terms used symmetric along the plate length.i Good conver-
up to r =6. Four identical Superstrips 5 are used gence characteristics are indicated, to values
to model the full cylinder, which agree closely with comparative results.---"I The natural frequency values for various
modes of vibration are quoted in Table 4. from 3.5 Shear buckling of anisotropic, simply
both the present FSM approach and that of Ref. supported, curved plates
2 1. The FSM results are based on r = 6 and, for a
mode with n circumferential half-waves, on Pallazoto and Straw24 have conducted an analysis
modelling a portion of the cylinder of curved of the buckling under shear loading of anisotropic
width .rR/n with one Superstrip 5. The results of curved plates using a finite element approach in

the context of modified Sanders' shell theory and
incorporating a pre-buckling displacement

[able 3. (oniergence of the fundamental frequency f(Hz), function. For these curved plates A = B and A/
for an isotropic cantilever cylinder h= 300 The material properties are such that E, /

A -502 mm, R =63-5 mm, h- 1-63 mm, E= 2.1 x 10"
NiM2. , 0-28, p = 7800 kgim. E i G, I 1E, = 0"5, and v, 0-2 5. Two sets of

- ----.. . . . . . . . 12-ply lay-up have been considered:- one is a
I 2 3 4 5 6 symmetric lay-up! + 45/-4531, with D)(,, and DL,,

S3 781 3!7'13 31674...................coefficients present, and the other is an unsvm-
11-/---. ................. .. metric lay-up I ý-45 /-45,, with B _,, and B,

[ able 4. Natural frequencies of an isotropic cantilever
cylinder Table 5. Buckling of isotropic flat plates

K ......... KA(),hA2/xD. K, = (r)n,,)hAz141D, D = Eh-/
Frequency i ttz (I - v 2 ), v= 03

nt ;z = lm-n2 mf '3 (ase A (Cawc B

Present Ref 21 1'rcscnt Ret. 21 Present Ref. 21 r Kr r K.
I-"SM FSM FSM 2--.................... .............. ... .

... . . ..... 2 10388 1 5'340

"2 316,3 31tS 1 947-6 10064 23372 2356-5 3 9-37 3
3 76094 769'7 917'1 927.7 1465-1 1504"2 4 9,366 5 5"305
. 14612') 14655 152017 1523.3 1715'7 1726-1 5 9'334 7 5304
S 2365,9 236606 2414'4 2406"4 25066 2519"1 6 9332 9 5303
6 3468.7 3469-7 351)26 3505'0 3579-8 3580.7 Ref. 22 Q.332 Ret. 23 53U(}
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coefficients pfesent. In their finite element appro- the axial direction. The isotropic pear-shaped
ach Pallazoto and Straw model the curved plates cylinder has also been analysed by D)awe" in an
with flat, square elements each of which has 32 earlier finite strip approach.
degrees of freedom, and they use a mesh of A convergence study has been conducted for
18 X 18 elements. In the present FSM approach a this problem using the present FSM approach.
single Superstrip 5 is used to represent the whole The FSM modellings used are detailed in Table 6
plate in the crosswise sense, and in the axial direc- and involve the use of superstrips of various
tion five series terms are used. orders, up to the use of one Superstrip 5 in each

Results are presented in graphical form in Ref. of parts 1 -4 of the cylinder. In the longitudinal
24 and hence graphical presentation is also made direction, corresponding to one half-wave. a
here. Figures 2(a) and 2(b) show the comparison single-term approach is suitable for this applica-
between the FSM and FEM results for symmetric tion. Details of the calculated FSM values of the
and unsymmetric lay-ups, respectively, in the form first two buckling stresses are recorded in Table 7
of plots of buckling stress versus h/R. There is together with the comparative solutions of
good general agreement between the FSM and Bushnell. It is seen that the FSM results convcrge
FEM results. although for deeper, symmetrically- rapidly to values which are very close to those of
laminated curved plates the predicted FSM buckl- Ref. 25.
ing stresses for negative shear are quite The scope of this application is now extended
significantly lower than are the FEM predictions. by changing the nature of the material from
A particular feature of the shear buckling of isotropic to composite laminate, whilst keeping all
anisotropic curved (or flat) plates is that positive other details the same. The walls of the pear-
and negative shear can yield markedly different shaped cylinder are now cross-ply laminates with
values of buckling stress. a variable but even number. nt. of equal-thickness

layers: they are thus unbalanced laminates with
3.6 Buckling under axial loading of pear-shaped bending-stretching material coupling present
cylinders with diaphragm ends through the B, and B_ stiffness coefficients. It is

assumed that prior to buckling there is no out-of-
The buckling under uniform axial stress of the surface displacement and that a uniform axial
pear-shaped cylinder shown in Fig. 3 has been stress is present at buckling. Two different types of
studied by Bushnell' using an analysis based on material are considered, for both of which the
the finite difference method used in conjunction value of E, is the same. The material properties
with energy minimisation. The cylinder has are then defined as E, /E7= 10. (;II/t'T= 033.
diaphragm ends and is made of isotropic material, vI I = 0(3 for Material I and E, /E I = 39.s. G, /
It has been found 2 that the lowest two buckling E, =0.49, v,1 =0.25 for Material 2. For each of
modes correspond, in turn, to buckling of the flat these materials Fig. 4 shows the variation of the
plate regions I and 3, with a single half-wave in lowest buckling stress with the number of layers in

FEM ishear
* FSM

" ----.. FEW i-shear 200
o FSM,

400 - 0

K 1o 50-

3W" K

100 "

200 '

51
0 0

1 3 5 0 1 2 3 4 5

Sa) h/lR x1OO0 i b h/R xlOOO

Fig,. 2. Shear huckling of simply supported, laminated curved plate: (a) symmetric laminationw t;h unsymmetric lamination

11 '' I/ lih)
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1 1.414 10 0

RA 0.80 .
R = 1.00

v= 0.3
E = 1.0 x 107 6

45'® K

N 4

Fig. 3. Cross-section of pear-shaped cylinder. 2

0
Table 6. FSM modellings for pear-shaped cylinder 0 10 20 30 40 5o

-nl
Cylinder Number of finite strips

part Fig. 4. Buckling of cross-plN laminated pear-,,hapcd
Model Model Model Model Model Model cylinders of tsiso materials K = 10" ou,: l; .

A B C D E F

1 2 4 S 8 16 32
4 8 16 16 32 the structure may be composite laminates with2 S 8 16 32

4 4 8 16 16 32 arbitrary lay-up. The conditions at the two ends of
_- __the structure may be any combination of clamped.

simply supported and free conditions. The super-

strip concept has been incorporated into the
Table 7. Buckling stresses of isotropic pear-shaped cylinder development to provide a powerful and efficient

solution capability.
Finite strip Values of I( W .<,//L A small range of applications, in which com-

model --- -__

First mode Second mode parison is often made with existing solutions,
_..........has demonstrated the general validity of the

A 24-207 35.119 developed procedures. It has been noted, though,
B 24-033 34.784

24-025 34-771 that the use of beam functions to represent longi-
1) 24.025 34-771 tudinal variations of displacements is not always
1% 24-02 ' 34-771 strictly correct and can lead to a degree of over
F 24-025 34771 constraint in some circumstances. notably when

Rcf. 25 2402 3474
anisotropy is present,

The present finite strip approach is based on
the context of the use of thin shell theory and this

the laminated wall. The horizontal lines shown in restricts its use to the analysis of thin structures.
the figure represent the buckling stress when For thicker structures, particularly those made of
bending-stretching coupling is neglected, i.e. composite laminate material, through-thickness
B,, =. The results shown in Fig. 4 correspond to shear deformation effects become significant. The
the use of model F in the FSM. Figure 4 reveals development of a finite strip approach in the con-
that the effect of bending-stretching coupling on text of shear deformation shell theory is described
buckling stress is very significant when the elsewhere.".-`
number of layers is small but dies out quite
rapidly as the number increases, as expected.
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Influence of the prebuckling stress-field on the
critical loads of inhomogeneous composite

laminates

M. D. Pandey & A. N. Sherbourne
Department of( 'ivil Eigineering, University o1 Waterloo. Waterloo, (Canada

The paper studies the uniaxial buckling behavior of composite laminates in
which preselected variations of fiber spacing in the constituent laminae are
adopted. Such laminates are referred to as inhomogeneous laminates because
of the variable elastic stiffness along the coordinate axes. A non-uniform pre-
buckling stress state observed even under constant uniaxial compression has a
pronounced influence on the buckling behaviour of an inhomogencous
laminate. A procedure is summarized for computing the critical load of a lami-
nate using the Ritz method which exploits an analogy between the bending and
stretching formulations and utilizes Gram-Schmidt orthogonal polynomials.
The paper illustrates that the variation in fiber spacing is an innovative way of
increasing the critical load for a prescribed amount of fiber and highlight% its
remarkable sensitivity to the nature of fiber spacing. in-plane and out-of-planv
boundarv conditions, fiber type and the aspect ratio of the laminate.I

I INTRODUCTION now no longer valid. For a fixed quantity of fibers.
a laminate design with variable fiber spacing

The concept of designing materials to desired reportedly offers considerable improvement over
forms of anisotropy and inhomogeneity by mani- its homogeneous counterpart with uniform fiber
pulating the micro-structural composition has spacing. Non-uniformity of the prebuckling stress-
inspired the development and applications of field, an important feature of an inhomogeneous
composite material laminates in engineering laminate design, has a distinct influence on its
structures. The traditional approach to designing critical load. It is easy to understand that the spac-
such laminates focusses on optimizing the orienta- ing of fibers is a major factor governing the dis-
tion of fibers and the thickness of constituent tribution of stresses in the prebuckling state: this is
laminae. Also. in the plane of a lamina. fibers are further accentuated by other structural paramc-
more or less uniformly distributed such that the ters such as boundary conditions. aspect ratio and
assumption of a homogeneous, orthotropic mate- elastic constants of the fiber. The paper critically
rial can be justifiably invoked, at least on a macro- examines uniaxial buckling behavior of unidirec-
scopic scale. The possibility of introducing tional inhomogeneous laminates (Fig. I with the
variations in the spacing of reinforcing fibers in purpose of highlighting its sensitivity to the
constituent laminae for improving buckling resist- prebuckling stress-field and other intended
ance has been recently discussed in the litera- parameters.
ture.' 2 Because of variable fiber spacing, the Six unidirectional laminate designs on the basis
elastic stiffness is also variable along the coordi- of six different fiber spacings along the v-axis !Fig.
nate axes; such laminates, therefore, are referred I), as proposed by Leissa and Martin,t are ana-
to as inhomogeneous laminates in this paper. lysed using a more general approach which

The non-uniform spatial distribution of fibers exploits the classical analogy between the bending
causing inhomogeneity requires an explicit deriva- and stretching formulation 3 within the framework
tion of the prebuckling stress-field and its sub- of the Ritz method.2 The critical loads are corn-
sequent inclusion in the buckling analysis since puted not only on the basis of the actual prebuck-
the assumption of a uniform uniaxial stress, ling stress-fields but also on the assumption of a
commonly adopted for homogeneous materials, is uniform stress-field as valid for homogeneous
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designs. Naturally. the latter case does not require plate length and width, respectively. X= x/a and
a formal computation of the prebuckling stress Y= y/b are normalized coordinates.
state. The advantages of variable fiber spacing and The incremental potential energy under the
the discrepancies in the critical loads due to ignor- plane-stress condition is given bvy
ing the non-uniformity of the stress state are illu-
strated for various cases.

2 ANALYSIS dXd Y 3:

The analytical treatment of the buckling problem where C> Y ) are compliance coefficients defined

consists of two steps. viz. the derivation of the pre- as

buckling stress-field and the subsequent computa- C;,( Y ) = Qt7 I( y ). i ..... 3
tion of the buckling load using the in-plane
stress-field derived earlier. Within the framework being functions of the Y coordinate due to non-
of the Ritz method, a stress function formulation uniform fiber distribution in that direction. QY ,

for plane-stress and a displacement formulation are the usual orthotropic elastic constants given

for buckling analysis are employed.- by

2.1 Prebuckling stress analysis C, I E,,

d d d
The prebuckting stress state in an inhomogeneous Q =ýI vv
laminate subjected to uniaxial compression. a,,, Q3,
;Fig. 11. may be described by a stress function of where E, E, are, respectively, the major and
the following form minor elastic modulus, v,. vI, are major and

% N minor Poisson's ratio and G,, is the shear modu-
F('X. Y F, + A A,(X)l'( Y) (1) lus. All the elastic constants, being a function of

. ,fiber volume fraction V1t, are now variable along

where Fp is the particular solution due to the the Y-coordinate. Now, substituting from eqn 21

applied stresses and 0,,(X), p,,( Y ), are orthogonal into eqn (3) and minimizing the potential function.

polynomials generated by the Gram-Schmidt U., with respect to the coefficients A ,,.. leads to
method" to satisfy the prescribed stress boundary the following system of linear simultaneous equa-

conditions. The in-plane stress-field can be tions

expressed in terms of the stress functions using
the relations • v [tt,,,A,,= o,•,bZ(P,,ij= 1.

fF. , and a F-F. (2) m...I ?= 4

where the subscripts preceded by a comma The solution of the system of eqns (4) allows one to
denote partial differentiation with respect to the determine the prebuckling stress-field from eqn 21.
corresponding coordinates. Note that a and b are The in-plane stiffness [H] and the load matrix t'

are given by Pandey and Sherbourne.' In compu-
tation N= 10. i.e. 100 terms are included in the
stress function series ( 1).

2.1.1 In-plane boundary conditions
A sequence of Gram-Schmidt orthogonal poly-

,_______ b nomials can be constructed to satisfy the required
end conditions using the following recurrence
formulae4

O.5a 0.- 01 2(X)=(X-B 2)01(X)

Fig. 1. Uniaxially loaded laminate. Ok(X) = (X- Bk)ik_ I(X)- CkA ý-(X)(k 3.. ..N)

{I
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where in which A is a load factor. Explicit expressions for
elements of the stiffness matrix. E,,,. and the

Bk = Al (- dX ' = - -- geometric matrix, G,,,,,.. may be found elsewhere.'
f() 0,(X) dX ', 2ý_,(X) dX Buckling loads are computed using M= 7. i.e. 49

(5) terms in the displacement function (9).
(1) Free (F) edges A free edge defined by a, =,,, 2.2.1 Boundary conditions

and a,.= 0 at X= 0. 1 can be idealized by choos- Two types of out-of-plane boundary conditions
ing coordinate functions that satisfy ,,(x) = .,,. are considered.
(x) = 0 at X= 0. 1. The first member of the ortho-
gonal polynomial sequences in (5) would be (1) Simple (S) supports The conditions of zero

(X) a,(X2 - 2X-3 + X) (6) displacement and moment at boundarie', are satis-fied by

(2) Laterally restrained (R) edges A laterally ' ,

restrained edge is defined as o, = a(, a, = 0 and W=Z 7" 7 sin mrX sin nvr Y (11
a,, 0 at X= 0. 1, for which, conditions ,,,i 1,1

0r x ( x ) 0 at X= 0. 1, should be satisfied. (2) Clamped (C) supports A clamped support is
H g specified by the conditions W= W' 0 say, at

S a(X , aJ(X-2X3+ X-) (7) X=-0.1) which can be satisfied by the following
set of orthogonal polynomials

2.2 Buckling analysis

The potential energy of a uniaxially compressed ,, .
orthotropic laminate at incipient buckling is givenby Using the duality of the bending and stretching

formulations.3 it can be shown- that the in-plane

2 free boundary conditions and out-of-plane
2b . . D, W , clamped conditions are simultaneously satisfied

by an orthogonal polynomical sequence generated

i from eqns (5). (6) and (12). This feature, in
+D~.W7, ,-+D W.4dXdY+bt essence, unifies the in-plane stress analysis andW D.,. the buckling load calculation.

W + U, W.`1+ W Xd (8) 3 RESULTS AND DISCUSSION

where W is the out-of-plane displacement and Numerical results are obtained for two laminate
1,= Q,r'/12 (i.j= 1,...,3) is the laminate bending aspect ratios. a/b= 1. 2 and three fiber types as
stiffness derived on the basis of Kirchhoff's plate listed in Table 1. Six fiber spacings (Table 2) as
theory.' Using displacement functions of the suggested by Leissa and Martin' are used. The
following form boundary conditions are denoted by the letter S

for simple. C for clamped. F for free and R for

W(X. Y) = B" (9) restrained in the following order: x=O. x=a

and subsequently minimizing UH with respect to Table 1. Material properties

coefficients B,,,, results in a generalized eigen- Maicrial Elastic RPisson'\
value problem modulus ratio i v!

(GPa)
Mf Al

B -G,,,,(iB,,. Glass 73.09 (012Zm 2, I f•- i{m} -) Graphite 275-8 02
Boron 413-7 020

Epoxy 3-44 0.35
(ij= I __M)
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(loaded edges), y- 0, v= b (unloaded edges) such butions are displayed in Figs 3 and 4 for free
that support conditions denoted by say SSCC (FFFF) and laterally restrained tRRRR) in-plane
means loaded edges, x= 0 and a are simply sup- BCs, respectively. In Figs 3 and 4, uniaxial stress
ported and unloaded edges, )=O and b are distributions along a central section c-c. at x= a /2
clamped. Normalized buckling coefficients (see Fig. I) are presented for square and rectan-
f.V,= 12u,,,•-iEt2)t for simple (SSSS) and gular graphite-epoxy laminates. It is clearly seen
clamped CCCCO laminates with free (FFFF) in- that the variable fiber spacing introduces a vary-
plane edge conditions are reported in Tables 3 ing degree of non-uniformity in the stress-field
and 4. respectively. Note that E, is the fiber elastic depending upon the spacing function. Fiber spac-
modulus. Buckling coefficients are tabulated for ing of type 3 results in remarkably high stress
the following three cases, (1) N[: uniform fiber concentrations, -1 ,•u. which may have serious
spacing. (2) N,: variable fiber spacing and (3) N,, implications in actual performance. It is interest-
inhomogeneous laminate under uniform pre- ing that. in rectangular laminates, the stress dis-
buckling stress state. In all the three cases, the tribution tends to be more uniform with less
total fiber volume remains constant. pronounced peaks. However, it is noteworthy that

Fiber spacing functions of type 1, 3 and 6 are the variation of V, from 0 to I. e.g. types 1-3 in
plotted in Fig. 2 and corresponding stress distri- Table 2, is not a practical case. For a benign fiber

distribution, e.g. type 6, the stress variation is
fairly uniform with a, - a,,,. As shown in Fig. 4.

Table 2. Fiber distribution functions for laminates with in-plane restrained ,RRRR
edges, the nature of the stress distributions is

No- Fibernactiong I t ' - n.- significantly changed and stress concentrations
I.- y are i',ss severe.

4U 67 ) too 3.1 Efficiency ofinhomogeneous laminates

2 16U: 53 01 100
3 64U 40 1) 100
4 0-5 + U 67 50 75 The efficiency of an inhomogeneous laminate can
5 0-5± + 4U 63 50 75 be estimated by comparing its buckling load Nf
6 0"5 + 16U 60. 50 75 against that of an equal volume homogeneous

Note: L= YI I - Y ,' = fibervolume counterpart ( N,). Thus.

Table 3. Critical loads for simply supported (SSSS) laminates

Composite Fiber .\P N. Efficiency .\E. rror ¾
m a t e r i a l s p a c i n g .. .. .. .....- -

ah= I ahb=2 a/h= I aih=2 alh= 1 a/b=2 aibl I a:,=2 a h= I a ,=2
type

Glas•s-epoxy 1 10-77 9-54 12-76 12'12 18-4 27 13.7 13-7 7-4 131
2 8.41 7-13 9-83 8-62 1618 20,9 11-03 11-03 12-2 27-9
3 6.63 5-7 8-44 6-86 27-3 20-3 9-72 9-2 15"2 34-2
4 1().77 9-54 11-13 9-83 3-4 3 11-25 10-26 1 J-3
5 10.02 8-71 10-59 9-14 5.6 5 10.72 9.61I 1-2 5-I
6 9.51 8,17 10-26 8.77 8 7 '3 1014 9-22 . 12 5.

Graphite-epoxy 1 7-77 3-86 9-37 5-61 20-7 45-6 9-71 6-23 3.6 11
2 6-1)9 2.89 7-41 3-71 21-6 28-5 8-01 4-43 8.I 19-2
3 4-66 2.25 6-28 2-95 34-5 31 7-04 3.71 12.1 26
4 7-77 3-86 8-19 4-1)8 5-5 5-8 8-22 4-16 0-3 11
5 7-26 3-53 7-86 3-83 8-I 8-5 7-89 3"92 0-4 2'2
6 69 3-32 7-64 3.69 111-6 I1 7-66 3-77 0(-4 _-2

Boron-epoxy I 7-39 3-13 8-9 4.5 20,4 43'7 9-14 4-89 2-7 8.7
2 5-81 2-37 7-03 3-1)6 21-1 29-4 7-55 3-56 7-4 16-2
3 4-43 1-83 5-87 2-45 32-6 34 6-.Sp 3-10 12-3 23
4 7-39 3-13 7-82 3-33 5-8 6-3 7.84 3-38 0-2 1-4
5 6-92 2-88 7-51 3-14 8-5 9 7-53 3-19 0-3 1-6
6 6-58 2-71 7-3 3-02 II 1'F6 7-32 3-08 0(2 1-6

t I
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Table 4. Critical loads for clamped (CCCC) laminates

Composite Fiber N, N, Efficiency N_) Error ,%s
material spacing

alb= I a/b= 2 u/b= 1 a/b= 2 a/b= I a/b= 2 alb I a/h= 2 a//1j I a/b= 2
type

Glass-epox_ 1 35-6 22-6 40.98 23-84 15-1 5"5 45.07 285 1(0 19.4
2 28-12 17-61 33 18-42 17"3 4'6 38-7 24-03 17-3 30,4
3 22-03 13-87 28-35 15-67 28.7 13 34-74 21-61 22'5 37'9

4 35-6 22-6 36-83 22-41 3-4 -0-8 37.38 23-34 1-5 4.2
5 33-31 21-02 35-45 21'31 6-4 [4 36-15 22-46 2 5-4
6 31-69 19-93 34-6 20-71 9-2 4 35-33 21-92 2,1 518

Graphite-epoxy 1 29 12-95 35-15 14-95 21-2 15-4 36-42 17-02 3-6 13-8
2 22-87 9.8 27-55 I1 20.4 12-2 29-68 13-76 7.8 25-1
3 17-46 7-58 19-75 9-01 13-1 18-8 23-71 12-02 20-1 33-4
4 29 12-95 30-88 12-82 6-5 - 1-1 31-02 13,17 0-4 2-8
5 27-2 11-92 29-89 12-22 9.9 25 30-07 12-65 0-6 3-5
6 25-9 11-23 29-18 I 1-9 12-7 6 29-36 12-34 0-6 3-7

Boron-epoxy 1 28-16 10-93 34-1 13 21-1 18-8 34-37 14-02 0.8 7.9
2 22-3 8-32 24-11 9-76 8-2 17-2 24-21 10-37 0.4 6-3
3 16-91 6-41 16-69 8-02 - 1-3 25-2 14-86 6-6 - 11 - 17-8
4 28-16 101-93 30-12 11-03 6-9 0-9 30-21 11-24 0-3 25 26-43 10-1 29-15 10-56 1(%-3 4-6 29-27 10-82 0.4
6 25-16 9-52 28-43 10-29 13 8-1 28-54 10-57 0.4 2-7

Vf Fiber Spacing 1.5- -ab=1 I

1 /- Type3 1.25.•_-- Type3 ---. -- i~

'e0.75 0.75-I,-_ ---. - Type 6 0.75
E -' , 0.5-
E*, 0.-5

0.5- 0.25-
C 0 ,-a

L .25 - o0 025 0.5 0.75
/ Y,/b

/

0- " 1.5-
0 0.25 0-5 0.75 1 1.25- /

y/b

Fig. 2. Fiber spacing functions. 0 - I0.75- /I

0,5-

Efficiency - N( 0.25- M

0 0.25 0.5 0.75 1
Y/b

This efficiency is dictated by the chosen fiber

spacing. For simply suplported laminates, a cubic 1.5

fiber distribution (type 3) increases the buckling 1.25-
load as much as 34% while a parabolic distribu- 1,.
lion seems to be optimal for rectangular laminates 0.75-
resulting in an increase of almost 45% in the case 0
of graphite-epoxy composites. Clamped lami- 0.25-
nates follow a similar trend and display a pro- 0.as-
nounced dependence of efficiency on fiber type, 0 o.25 0.5 0.75 1

i.e. material orthotropy, as well as aspect ratio. For V/b
example, the buckling load of a square Fig. 3. Prebuckling stress-field: free (FFFF in-plane BCs
boron-epoxy laminate is decreased by 2% for iai fiber spacing I: bh) fiber spacing 3: it) fiber spacing 6.
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1.5 - of a uniform stress field, a,= a .. throughout the
1.25-

1- / --- aib=2 entire plate. The effect of prebuckling stress is
J • quantified by comparing the actual buckling load

0.75- /S /. N, against NAf and expressing it by an error para-
a .5 - meter

0,25-,

0-

-0.25 (a) Error x 100 (14)
0 0-25 0.5 0.75 1 N

Y/b
1.5. The magnitude of the error term reflects. in some

1.25- way, the sensitivity of the non-uniformity of the
1- -stress-field to the buckling load. In comparing

0.75-/ square laminates, the error is much higher than
0.5 for rectangular laminates, as high as 38% for a

0.25- clamped glass-epoxy composite with type 3 fiber
0 spacing. In cases of benign fiber distributtions

-0.25 (bW (types 4-6). the error is fairly small, not exceeding
0 0.25 0.5 0s 1 5%. It is interesting to note that the assumption of

V/b a uniform prebuckling stress state consistently

1.5 provides an upper bound (non-conservative 1 solu-
1.25- tion with the exception of clamped boron-epoxy

1 laminates with type 3 spacing of fibers ý Table 4).
0.75-/ The fiber distributions which result in significant

- ~si / increases of the critical loads also admit consider-
0.25s/ able error upon imposing the assumption of a

0- uniform stress-field; this highlights the importance
-0.25 1 of the formal computation of the prebuckling state

0 0.25 0.5 0.75 1 for inhomogeneous laminates.
Y/b

Fig. 4. Prebuckling stress-field: restrained ýRRRW in-plane
BCs, a fiber spacing I b ! fiber spacing 3:, c ý fiber spacing 6. 3.3 Effects of in-plane edge conditions

In Table 5. critical loads of simply supported
fiber spacing of type 3; an increase of 25% is (SSSS). graphite-epoxy laminates are presented
noted for rectangular laminates, for various combinations of free (F) and re-

strained (R) in-plane boundary conditions (BCs).
3.2 Effects of prebuckling stress-field Variations of in-plane BCs do not have a notice-

able influence on the critical loads of square lami-
Buckling loads (N,,) for inhomogeneous lami- nates despite significant changes in the
nates are also computed ignoring the actual pre- stress-distribution in comparison to that corre-
buckling stress field and imposing the assumption sponding to free edges as shown by Figs 3 and 4.

Tible 5. Critical loads for SSSS laminates with various in-plane BCs

l- iber Buckling coefft. N, Ratio of buckling coefficients N, /i't
spacing In-plane boundary conditions

type .. .. . .. ... . .........
FFFF RRRR FFRR RRFF

alh= I n/h= 2 a/h= I alh= 2 a/h= I a/h =2 a/h= I a/h=2

1 9-37 3'85 1H03 1-64 103 1-63 0-98 1-44

2 7-4 2"89 1"08 !54 1018 1-54 0t98 1'26
3 6'27 2"25 1"13 1'66 113 1-66 0-98 1,29
4 8"19 3-85 1-01 I-15 1'01 1-13 0.99 1,05
5 7'85 3-53 1 "01 117 I'01 115 0-99 1-08
6 7'63 3"32 -1)I I .2 1I0 1"18 0-99 II
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However, rectangular laminates exhibit a remark- The paper emphasizes the accurate computa-
able increase in buckling loads, as high as 66% for tion of the prebuckling stress-field since the
type 3 fiber spacing. It should be noted that the assumption of a uniform stress state is likely to
restraining of the unloaded edges (FFRR case) is admit gross errors in the buckling analysis for
more effective than restraining the loaded edges highly inhomogeneous laminates. However, for
(RRFF case) in terms of increasing the critical benign fiber distributions, the non-uniformity of
load. the stress-field is of such a mild degree that its

formal computation is not justified on the grounds
of attaining marginal accuracy at dispropor-
tionately high computational effort.

4 CONCLUSIONS
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Dynamic behavior of cross-ply laminated beams
with piezoelectric layers

H. Abramovich
Faculty ofAerospace Engineering, Technion-ITI 320'K(X0 lhaifý. Israel

&
A. Livshits

The Israel Electric Corp. Ltd, IEC. flaifla, Israel

The dynamic behavior of cross-ply non-symmetric composite beams, having
uniform piezoelectric layers is analysed. A first-order Timo~henko type analy-
sis is applied to obtain the equations of motion, which include shear deforma-
tion, rotary inertia. bending-stretching coupling terms and induced axial strains
caused by the piezoelectric material. Using the principle of virn:vi work. the
coupled equations of motion and the relevant boundary codmlioins arc
obtained. For a laminated beam having uniform piezoelectric laers the
induced strains appear only in the boundary conditions yielding time depend-
ent ones. Therefore. a special procedure involving orthogonality of the coupled
Timoshenko type natural vibrational modes of the beam is applied to help
understanding of the dynamic behavior of the non-symmetric laminated beam
and to investigate the influence of the induced strains ýby the piezoelectric
layers' on the dvnamic behavior while keeping an 'open-loop" control. Typical
types of laminates and piezoelectric materials are used to calculate natural fre-
quencies and mode shapes Numerical resufts for various parameters of lami-
nated beams are presented to stress the better applicability and suitabili V of the
present approach to the analysis of dynamic behavior of laminated composite
beams with piezoelectric layers.

INTRODUCTION Bonding or embedding" segments or layers of
these materials in a laminated structure would

In recent years. a considerable amount of allow the application of strains through \which the
research'ý has been done on intelligent struc- deformation of the structir- can be controlled
tures. These are structures which are integrated and/or damped.'
with sensors and actuators to obtain active con- To date, models of induced strain actuator/sub-
trol. With the ability to control the response of a strate system are very limited because most the
structure movement, the intelligent stucture will researchers have concentrated their efforts on the
have three major applications, namely vii-ration implementation of control algorithms.",''
control, shape control and damage deflection. Most of the models in the literature are based on

One of the primary materials considered for the classical lamination theories suAh as Kirch-
these intelligent structures is often laminated hoff's hypothesis for plates or the equivalent
composites.' , The advantages of using laminated theory for beams, the Bernoulli-Euler theory,"
composite materials include the ability to design both neglecting transverse she- r deformations
the stiffness and streaigth of the laminate so as to and rotary inertia. However, shear effects are
keep the ratio of strength to weight maximum. significant for anisotropic beams because the ratio

Piezoelectric materials, which eyh'ibit mechani- between the transverse shear modulus and the
cal deformation when an electric field is applied extensional modulus is between 1/20 and 1/50) for
and/or produce voltage under strain, bec ime modern composites and between 1/2.5 and 1/3
increasingly important as sensors and actua- for isotropic materials.'"-'" Use of reT"ned shear-
tirs..4� 1( deformable theories incLh cing piezoelectric layers
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are confined to plates" 'l-H only. for static cases beam is applied to help understand the dynamic

and very limited dynamic cases. behavior of non-symmetric laminated beams with

In the present work, the dynamic behavior of piezoelectric layers.
cross-ply non-symmetric (with symmetrical layup
being only a simplified case) laminated composite FORMULATION OF PROBLEM
beams. having uniform piezoelectric layers, isA, Iis-re imsek' Figure I shows a laminated composite beam
analysed. Ipe referred to a system of ('artesian coordinates with

ysis is applied to obtain the equations of the origin on the midplanc of the beam and the x-
motion, which include shear deformation. rotarý axis being coincident with the beam axis. Iwo of
inertia. bending-stretching coupling terms and

axia ngcoupingthe cross-ply layers are piezoelectric layers. We
induced axial strains caused by the presence of the assume that the piezoelectric laer. thickness d. is
piezoelectric layers. negligible in comparisci with the beam thickness.

Using the principle of virtual work, the coupled h, d/h K• i. The electro-mechanical behavior of

equations of motion and the relevant boundary the piezoelectric layer is described in Rcfs 1. 3. 4
conditions are obtained. For a laminated beam and 12.
having uniform piezoelectric layers the induced The displacements of the beam can be shown
strains appear only in the boundary conditions. to be given by the following relations
yielding time dependent ones. Therefore a special

procedure involving orthogonalitv of the Timo- U1+ Z+

shenko type natural vibrational modes of the IV= i

A

* x•__ _Hi}i .

A7

'I

Z"•" 4 t1 i .,/2(d)

I- /

Fiig. I. A :r ,,,-ply laminate c -mpomitc heam %Aith picezclcctric layers a i symmetric case. longitudinal vibrations: hi symmmctric
c isc tran %,cr ,I vib *ior; ! non-c! n v i-' n m cirric ctse, c' ()tplcd T an,, vcrsc -Iongi tdi im I ihv t hi s: Io d cross-wcCion.



wvhere wxi and kv X,, are thle axial and latc ral tM'~e cqtiat ins:
displacncmcnts of a point onl the midplanc and
qy x. 1,s, thce rotation of tile normal to thle mild-- By 1I
plane. 11, B, it ~-l~, 0

For the symmetric case having the picioeclectric(
layers at equal distance from miidplanc. -, - /

and the special electric schemce see Hi_,. la.b where
the long1itudinal and transverse vibration," of thle
beamn are not coupled and may be described .BJ ) .: d2
separatels.

The classical strains, without external electric
field arc given 1w1 k 1

wkhere 'denoteN, partial derivation with respect to
the span coordinate. x. The stress-,,train relation anld (Is thc bearm width.
for the piezoelectric material is similar to that of The virtual xvork ofl the pieun cc prblem i,,

thermioeastic materials, wvith the thcrnial strain
term being1 replaced b\ the piezoelectric induccd o.r 6 6,t ~ o2 I t

,strain. [he actulationl ,train v, due to the external
electric field Is given by ,I 1 6i1

di ( where

k here d, is the appropriate static piezoefectrie
constant. 1'itr is the applied voltage arnd h7, the Iý./. .1 c uI .Z.2 d:k
control coefficient for the ith piezoelectric layer
n urn bet.o -tiems estoftl cmmtraan

The stress -strain relations lor composite lami- I (is lthe mNIlass dens'i' ty~ ofthe beam ~ mteria c and
INAC Irc ý,jN C) llýUsing eqIns S and carrying out the \ arious \ aria-

U, !~ ~tional operation,, yield~s the gox eringt C(uaII-\110I

= of motion for uiniform cross-ply falainated Corn-

"hereQH ad 0po site beams wNith uniform spatial dist ribu tion (it
'.shee j1 nd(]. are thle transformed miaterial piezc.(electric layers

constants. depending on tire material constants- a<,.i
andl on the ani-fle 0 between thle fiber direction and
the longitudinal axis of the beamn. For cross-ply /t'. i'Iit (
larni rae the value of the angle 0 is either 0~' or 90').
[.or this ease the tranverse and torsional deforma- Ha '- ) A I ~/4
tions can bie shown-r to be uncoupled.' "' and thle boundarN conditions are:

The internal forces and moments acting oil the I , =0o

cross,-section of the beamn are given) by1wV41,, )'i

Q, kA1 (I /A (5) sOIJ ToN'OF EQT ýAUIONS OF MOT[ION
.hJ FOR A CANTILEVER BEAM

where k 5/0 is a shear correction factor.'7 Irotm Introducing the nion dimenisional spar, of thle
relations (2)-l 51 we- can obtain the beam constiwi- beam., ý, 'Ind t he nion-dimlensional time.C 'r.defined
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by a,

- T=(",,t (12 0 a,, 20,
L b h-

where L is the length of the beam and a,, is the
fixed angular frequency, we obtain the non-
dimensional generalized displacements

I L �.1L� 213 )

V is nominal voltage amplitude, t' r Ti = is
yielding the equations of motion in a matri ( form: non-dimensional voltagc-time function.

For a fixed non-movable end the tb)undarv+ CB =00 Conditions- are = and for a free end"a theywhere Al!I is mass matrix and [(C is matrix differ- are )n- 0. Therefore, for a cantilever beam theential operator. defined as boundary conditions are given by:

0 -/= 1 0n=0

l 1 0 " which can be rewritten as
•rb () r~bj RjitOil )ll I'

q [ q 0 r1-i i

, / a> where IRI is a 6 x 6 matrix

0 a ![sI

at a, 1LE] is a unit 3 x 3 matrix and 1V is the piezo-electric time-dependent vector
are non-dimensional differential operators and t' . 1.7,, • '
the non-dimensional parameters are defined by

(l l 1 , D= 1. o.l le , ,
S.. To obtain the solution of the beam vibrationsDI 1Aproblem having time-dependent boundary condi-

tions, a special method of separation of
I.. l.I !variables"s "' is adopted. We assume that the solu-I, 1. /), i, lltion form is

Defining the non-dimensional internal forces as: ItI = -L } + IF1 /-( ! 26
where [Fi is a 3 x 6 matrix, to be determined later.

N. i7 , (18) and defined by

/ r.....( (27)
yields the non-dimensional internal force vector Using the boundary conditions given by eqn (23)
ini,, -- n, in a matrix form -ldyields

n =JS}Ij q + ,F 112V(T (19) ~ ~()1=I FT
[RI WO I I I EI,, KFO)where IS'I is a matrix differential operator defined ( Es IF ll)Ij 2

I
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Assuming that the right-hand side of eqn (28) is f,
zero. i.e. dX 7 = -1q,, i1 dI d`1

(Pl r](9+ ' 'qr" d ) 341
The matrix system given by eqn (29) may be re-

written as "aking into account the egenmode behavior

Ii C('{qI'I = q, (M, "IIq,"I '4 "and the orthogonality conditions
)th 10 i 1 ..... 6 30)

1: 10 "q , }I U

6, is the Kronecker symbol. Solving an ordinary
differential equation system like (30). yields the q,, ') q,, ,' . d=p,,,d p5
following form of the matrix [F]

-, 31-¢
:0 ( 1 01

Now the boundary conditions (2W, for the general where , is the generalized mass of the nth eien-
solution for }cj in eqn (14i are homogeneous and mode defined as
the equation for (q} may be rewritten as

{MI(40 ±+1c1(4 = - ((MilEJ{ F(+ (ilJlr (32) p,,= J q,M' X q,:',d 36,

Now the spatial and time variables can be sepa- and 6,.., the Kronecker symbol, yields the equa-
rated --sing an cigenmode series. Let tns for the tepne nt fyton. yd ttions for the time-dependent function, P r.11

= + q'1,'7 (33) + Q, ,()+ (;*(rU r37)

where
where (,)( is the nth eigenform of the ,
coupled vibration of the laminated composite (;,,=
beam with the respective eigenfrequency (j,, (or p) a
non-dimensional frequency p,,. and T,(r) is the
time-dependent function. W, (*, .T

Substitution of eqn (33) into eqn (32) and using
Boubnov-Galerkin techniques (multiplication by
the function (q,;.fl 1 and integration along the A-. F (I
length of the beam) yields

" ( q t ( [M•iq,, d; m q2 I , I!
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Solution of eqns (37) with the initial conditions cross-section. The AS/3501-6 graphite-epoxy
and eqns (26). (31) and (33) yields the full solution material properties used in the numerical results
of the problem of vibrations of non-symmetrical are: 1.14

cro~s-ply lamination composite beams with piezo-elcti Eles•I' = 14-5 x 10"•' N/m' E, 0-9}.6 x I!()I'' N/ m:'
electric layers.

v, =0"3

LAMINATED COMPOSITE BEAM WITH (;: = = (0-41 x 0' NI m

PIEZOELECTRIC LAYERS AS AN OPEN- (,. -34 x 101" Nlira'
LOOP CONTROL SYSTEM

The shear correction factor k is 5/6 as commonly
Based on eqns (26), (31), (33), (37) and (38) we used in the literature.;7

can get the structural scheme of the composite Two types of laminates were considered: a sym-
beam with piezoelectrical layers as an open-loop metrical one 1070l01 and a non-symmetrical one
control system. The scheme is shown in Fig. 2. In 190°/00]. In the symmetrical case the longitudinal
Fie. 2, s is the Laplace variable and e,, is the and transverse vibrations are not coupled. The
damping coefficient for the nth cigenmode of relative thickness of the beam was hi L = 1 1(0. A
vibration, and usually c, < Q,. Using the structu- comparison of the non-dimensional frequencies
ral scheme. we can get the transfer function and. of the free vibrations for a cantilever beam with
respectively, the amplitude-frequency and phase- immovable ends is presented in Table I. The first
frequency characteristics of the electro-elastic two mode shapes with a predominance of trans-
system for all the displacements of any point on verse vibrations (modes number I and 2' and the

the beam. two first mode shapes with a predominance of
For a cantilever beam. the free end is more longitudinal vibrations modes 5 and 10. marked

interesting. Using a normalized system of eigen- i*,` in Table 1 are shown in Figs 3 a)-1d 1.
modes (with normalization condition ii• " = I The influence of the non-dimensional radius of
for each n . yields the standard open-loop control gyration r on the first three non-dimensional

system. Then. the classical methods of control frequencies p/p, of transverse vibrations for a
theory may be used to lay out an active control symmetrical I0/iO cross-ply beam is shown in

loop. Fig. 4(a). p,, is the calculated frequency using the
classical Bernoulli-Euler theory r= h= 01.

The graphs of the dcpendencies of non-dirnen-
NUMERICAL RESULTS sional frequencies (p/p,,) for a non-symmetrical

190°/(0°] laminated beam on the non-dimensional
The study presents numerical results for cross-ply radius of gyration r are shown in Fig. 4(b 1. p,, was

laminated composite beams having rectangular calculated usine the classical laminate Bernoulli

Gjs2 ý- G'

I

"" )2 ..___ q

Fi•. 2. Structural schemne of' Ihe open-loop control clectroela',,oc system.
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Table I. Non-dimensional frequencies p for a cantilever -Euler) theory, for a non-symmetric cross-ply
beam (L/h= 10) for various types of laminates laminated beam."

Mode Symmetrical Non-symmetrical The shear deformation and rotary inertia lower
number case case the frequencies with increase in r with a major

101/011° 1 190°/°0 influence on the high modes of vibration. This

32313 2-,201 influence is greater in region (I-r<(.)3 for
2 14-650 12-696 modes having a predominance of longitudinal
3 31.648 30.484 vibrations (curve n= 5 in Fig. 4(b)).
4 48-799 50-326
5 54-4141 54.479" The open-loop control system is influenced by
6 65-999 72-724 the longitudinal/lateral stiffness ratio of the beam
7 82.801 94-812 and the properties of the piezoelectric layers. A8 99-479 116-47 careful choice of this ratio and properties will
9 115-894 137-75

10 132-250 144-28" enable the transfer of energy from the lateral
11 148-32(0 161-68 vibrations to the longitudinal ones, vielding

n nth mode of lonvitudinal vibrations, improved damping characteristics in the flexural".mode with predominance of the longitudinal vibrations. direction. A parametric study to tune the coupled

Laminated Composite Beam 190/01 Laminated Composite Beam [90/01
Ciamped-Free Unmovebie Ends Clamped-R.es Unmovable EndsMode 0 1 with Non-dinienvionej Frequency p - 2.32 MOd * 2 with Non-din41nsional FeQuewncy p 12 89
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-------------------------------------------.-----....

.. .. .. .. ..
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... . .... ..... ....L. .0.. .
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Fig. 3. Modt.h ,hape,, ot coupled transverse-longitudinal vibrat•lons o a 9(!C'O/ cross-ply cantilever beam 1It I1) : aI .,I

mode: i bh 2nd modc: c 5th mode lc; ( 10th mode.

I~
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Laminated Composite Beam [0/01 Laminated Composite Beam 190/01
Claornpd-hes Ends Ciamped-F,.. Urnioabi Ends

LEGEN \D~'*-

..... .. .. .. .. .. .. .. .. .. .. .. .. ..

E n-2

............................................... ...

000 002 00 00 00D8 1000 0`0'2 0044 009 00
Radius of gyration r Radius of gyrationr

(a) (b)

Fig~4. Non-dirtO~i insioia Ircq~icricN j, j),, Necrwls n it-dinmcnsional radil-s1 of i-\IN~itiofl i fr a c irilp sit (cCr1155-p (1 am inaicil.t

properties of' the laminated composite beamn with 4 flagod, .W. &Cra%%Ic%. I 1>F I -.. xpi itral-set

thc piZi1CAklavers to ob6tain the minimum lion otpaiscnhnmnt$dminorpa tr-

settling, time of' the flexural vibrations was 199cs J. -. io~ 1 on100-9o..I4(~N' -IX
initiated, with the results to be presented in the 5. [Ehlers. S. M- &, Wci-sshaar. 1. A.. I-lcci of apiidkpjc
futurc. poctc nsai ircatccnrl \A\)- b

AndcN. .,.. 25 4 April C. A.1 &- hile.C.RVirto

Mid laoid. NF(1.lc W.OIý1 ank, son [l . ~npici~oteNciir;1ii1
CONCLUSIONration adpiN ithrio~ picic atrick) marl and, passic 26c-

1992a ncwrk03-10 /I i. 16219 43-S
lheminatedoeas are presented ton-striessthe better 7. (V (hoss,. 'I . & Rgcraxc. C. .. Lacmi nate pkis iorN a foran

tiated composite beams waith ui'On piezoel-ti la/ers0..'25-4 -April 199rs 4 ' . Ii i' niaiii iia cn

lirntor' pithfii irindnc srain gaictut.r ALaAscd01 on a

RnfluenceS (P'lniuinllcua C~l ,i Paper. 191 1,2 pp,3- 59-943.
imetigte fo anopn-lopconrolsceme 2. 1 ilcs'. N. W ubad. & .Non Jrto.A. )iistipmwedo plci ctcttri

Num ric l rsuls lo arius ara etes o-p uiner at1io s \% ithr a ic on int ric materal and i sks cr khcam
lam inated beam ar&c presnted. to streo s pitohri bettera 10 (hddaiiu 8V 1 ep. (& ( ta" `N1 J., StIVNt -IMIN.so t

((1 rsis clit and sut abi ity of' nth ptmiiresent Iapp I 1. 5 3 A rmo in h tt in k lam adu tot ip it io %ad u iarS incD Iai
ach to~( t 37 anaysi of*ct dynmi beavo of' tlami-st.htli ~~~ i i.2

I~~ i.c Lin. N.. W. & hnnwr'. C. At, & voniiato lokow A.. Mn I( -3

REEENE (T Rp. No. 1i992 pp. 896-o9A11p14. tlcicric.Ic
I rc1nian.aIt . & SiinipcI. .tibctisc dampF ' _Jr.arccsin --- tlit Itpniezoelectrrc-

I 1 a~ w lm 'A 21: - - &o (it, rt w sin p pi ezeetic acct nc Scnsr irs and ! Sept.a-Oct. 1. 9S avch 4; W). & )h. - 1. iinlnarItcio

tWa cnat~rsl, AIAA) I*-1(e 1)1 lltwf P irapcr. I Jkl 99 W pp.IITCcos-l laminatd pct cc i co platcsc AlrrN A -n2-24 7-

o52 4.4 Paper. 11992, pp. 5777- 1,i.



Cross~-plY lamitiated beams with piezoeh'ctri, hive•rs 37t)

16. Stemple. A. D. & Lee, S. D., A finite element model for beam. J. Sotld Fib-.. 154 2, '1992 pp, 374- vr

composite beams with arbitrary cross-sectional warping. 18. Mindlin, R. 1). & Goodman, .L-., Beam vibrations %kith

AIAA-83-0773-CP Paper, 19 07. pp. 304-13. time-dependent boundary condifiofl,. . A,1)p. Ah h..

17. Rossi, R. E.. Laura, P. A. A. & Maurizi. M. J., Numerical Than,. ASNiE, 17 1950 377-W0.

experiments on the effect of the value of the shear coeffi- I 1. Hermann. 0., l•orccd motions of limnswhenko beams., J.

cient upon the natural frequencies of a Timoshenko AplI.M ech., Trans. ASIJL. 77 1955 53--6.



Composite Structures 25 (1993) 381-386

Smart structures - vibration of composites with
piezoelectric materials

S. M. Yang & J. W. Chiu
Institute of Aeronautics and Astronautics, National Cheng Kung Universil,. Taiwan

A manufacturing technique is developed for embedding piezoelectric material
in composite laminates while maintaining the structure strength and piezo-
electric effectiveness. An ultrasonic C-scan test is applied to screen out the
specimen with possible delamination along the interface of the piezoelectric
material and glass fiber layer. It is shown that the problem of electrical
insulation and piezoelectric material cracking can be prevented. In addition,
tensile and static tests are conducted to validate the manufacturing technique.
An analytical model is also presented to predict the natural frequencies and
mode shapes of a composite structure with embedded piezoelectric materials.
and the predictions are verified by modal testing.

I INTRODUCTION into mechanical motion, (2) response time less
than I ms, (3) high resolution in mechanical posi-

The stringent requirements of aerospace systems tioning, and (4) large force output, as much as
have created a need for smart structures, struc- 1000 N. For these reasons, applications of piezo-
tures with built-in sensor/actuator and intelli- electric material to structure vibration and control
gence that can actively change its physical have received considerable attention recently.
geometry and property. Application in aerospace Crawley and deLuis 2 and Crawley and Anderson'
systems includes: structure vibration suppression, presented a mechanics model for th.. interaction
structural shape control, attitude control, and of piezoelectricity with a one dimensional
acoustic noise suppression. In particular, a smart Euler-Bernoulli beam model. Two dimensional
structure's adaptive nature to external stimuli models of structures with piezoelectric material
makes it the best candidate in vibration and con- have also been developed by Lee' and Dimitriadis
trol applications. Recent research emphases have et al. In addition, finite element models for piezo-
considered materials such as piezoelectric cera- electric material have been proposed by Nailon et
mics, piezoelectric polymers, electrorheological al.' and Tzou and Tseng.7 In spite of all the above
fluids, and shape memory alloys. This work work, however, examples and their applications
focuses on one type of smart structures - vibra- have been limited to a one dimensional
tion of aerospace composite structures with Euler-Bernoulli beam with piezoelectric
piezoceramic material. materials. Lee and Yang ' have recently shown

With the pervasive application of composite both analytically and experimentally that the stiff-
structures in flight vehicles, the need to develop a ness of a beam structure is influenced by the inter-
technique to incorporate piezoelectric materials action between the piezoelectric actuation and
in composite laminates during the manufacturing structural vibration. But like many of the above,
process is necessary. Piezoelectric material can the work was conducted on isotropic structures
generate an electrical charge in response to with surface-bonded, piezoelectric materials.
mechanical strain, or conversely, can provide a Analytical and experimental verification of com-
mechanical strain as a result of the applied elec- posite smart structures are both necessary.
trical field. The history and application of piezo- The use of smart structures in flfight vehicle
electricity can be found in Mason.' The major vibration control and flutter suppression is very
advantages of using piezoelectric material in promising for the low power consumption and
smart structures include: (1) no magnetic field high bandwidth of piezoelectric material.
generated in the conversion of electrical energy Recently, Ha ei al. have developed a finite ele-
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ment formulation for composite laminates con- where t is time. it,, it, and u. denote the displace-
taining piezoelectric materials. but the experiment ments of a point in the x. .v and z directions.
is conducted on a specimen with surface bonded respectively. it. v' and it are the associated rnid-
piezoelectric material. Crawley and deLuis- have plane displiacements. 0, and 0, denote the rota-
applied piezoelectric materials to three test speci- tions in the xz and 'vz planes due to bending. From
mens of cantilever beam: aluminum, glass/epoxy, Hamilton's principle, the equations of motion can
and graphite/epoxy; their tensile tests show that be written as
the ultimate strength of the laminates is reduced
by 20% when piezoelectric materials are N aN+ 4
embedded. However, the natural frequency, mode ax dv
shape, and damping are not reported in their
studies. In a similar work, Jenq et al.'" have shown aNV,, a.
both computationally and experimentally that a ax dv
one-end-cantilever, composite laminate can have
a 10% natural frequency drop when a square cut- aQc d-Q Q(
out is present. Conversely, the embedding of ax av
piezoelectric materials in composite laminates can
affect the natural frequencies and mode shapes as dM dM, _ i .. '7
well. This paper presents an analytical model to dx + av- Q, 0,

predict the vibration characteristics of composite
laminates with embedded piezoelectric materials, dM, dM_ ..

+ Q, ~I+ 1
and manufacturing techniques are also developed ax dv -a-

for embedding piezoelectric materials inside glass
fiber composite laminates. The smart structure where I. , and 1, are the normal, couple normal-
specimens are tested to identify the effect of stiff- rotary, and rotary inertia coefficients, q represents
ness and inertia of the embedded piezoelectric the transverse distributed force. A,. Q, and ., are
materials on the natural frequencies and mode stress and moment resultants given by the follow-
shapes. ing equations

2 ANALYTICAL MODEL (N M')= , z o, dZ 9
hf 2

A prerequisite of effective structure vibration ('•,)= i a-, jd-. 10)
control is to understand the mechanics and - f,
dynamics of smart structures. An analytical model
is developed to predict the vibration characteris- Note that i ...1.... 6 and the stress component
tics of composite laminates with embedded piezo- is denoted by a,. i.e. al = o,. u. = 7,. o r,,-.
electric materials. The model incorporates the oY = o,: and (7,, = I,,.
composite laminate model from Jenq et aL'. and With a four-node finite element formulation.
the piezoelectric model from Crawley and the governing equation for each element can be
Anderson.3 Consider a composite laminate con- written in matrix form as
sisting of N thin orthotropic layers of constant Mie + Kcxe=P
thickness. and each layer is oriented at an angle
9 0,,) with respect to the plate coordinate axes where M' and Ke are the element mass and stiff-

where the xy plane coincides with the midplane of ness matrix, respectively. fe and xc are the force
the plate. Based on the dynamic shear deforma- and displacement vectors; xI tie, vo, w C 0C., ¢1i .

tion theory of small strain and linear stress-strain The global governing equation can be obtained
assumptions, the displacement field can be after assembling the equation of motion for each
expressed as element,

III(x, y. z, t) =--u(x, y, t) + Z 0,(x, y, t) (1) (M, + mp). + +(K, + K.) x = f (i)

u,(x, y, z. t) =t,(x, y, t) +Z¢,(x, v. t) (2) where M and K are the system inertia and stiffness
matrices; the subscripts s and p denote composite

u1(x,,y, z, t) = w(x, y, t) (3) structure and piezoelectric material respec-

j m • m- .
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tivelv: and the components of M, can be found in which the third to fifth and eighth to tenth lavers
Jenq et aLl" and Reddy.'' The natural frequency contain the piezo~electric plate. Note that the
and mode shape of a composite structure with thickness of the piezoelectric plate is about three
embedded piezoelectric materials can then be laminate layers.
determined by eqn (I I )with the prescribed The elec~trical lead is attached to the center of
boundary conditions. the top and bottom surfaces of the piezoelectric

plate: no( conductive cpoxy is required for attach-
ing the lead. A total of six electrical leads M-Wine

3 MANUFACTURING TECHNIQUE accessories 326 - DFV) is led through the adja-
cent lavers to the edge of the cantilever end. In

Smart structure manufacturing- techniques are order to prevent the electrical leads from becom-

developed for embedding piezoclectric materials ing brittle during the cuigpoes ahld
inside glass fiber composite laminates. The com- goes through at needle (24j- 1 . 25 x ()-5 4; mm;
posite laminates are made of S-glass/epoxy uni- located at the edgte of the laminate plate. The
directional prc-prag tape (Fiberite Hv-E 91 34 B) smart structure is then hot pressed. vacuum
with embedded piezoelectric material of high bagged. and cured at about I S0'C uising, the cur-
('urie temperature !APC840). Selection of the ing procedure shown in Fig. 2. After th curing-
piezoelectric materials is to match both the elastic process. the smart structure is inspected through
moduIlus andi curing temperature of the compo- the ultrasonic C-scan facility to screen out struc-
sites becaulse the curing process is limited by the turally defective specimens. Figure 3 show~s at
('uric temperature of the piezoelectric materials. C-scan plot ol' a smart structure specimen in
The mechanical properties of uni-directional which the -rev' area around the piezoelectric plate
laminates and the electro-niechanical properties indicates possible delamnination.
of the piezoelectric material are listed in Tables II and 2.respectively. A cantilever plate of smart
structure 3(1 cm x 14 cm x 01' 12 cm is considered 4 STATIC AND VIBRATION UES I
in this stUdy. The laminate stacking sequence is
:90,1(1I with six piezoelectric plates of 25-4 The smart structure specimen is tested for it,,

mmn x 254 mm x 0-375ý7 mm each. three on each piezoelectric efflectiveness byý attaching at strain
sid ofth netra aIs The pre-prag tapes are gyauge0 to the top surface of the specimen ad'aen

processed to have squaresC cut out for accommo- to the piezoelectric miaterials,. '[he embedded
dlating the piezoelectric plate. and the cross-see- piezoelectric materials with D)C voltage from at
tion of' the smart structure is shown in Fio. I in

-*--5cm -,

I able i. N1civehanncaI prope~rties of tmni-directional Ialuinatc%
(S-glass epox NI e mbedded pirroelectric

material

Ala ( IL16cm

7 (SN I 1k t t

I able. 2. FHectro-nifchtanical propcrt.% of piezoelctlric
nmaterial

'Pnirtiotdulwi Nfimm ix 10 6-8 '~''/''

\Icchaniw,,) Q 400

d III N30

"pt:1cInIci at 30 cin - II K. m 12C1-c
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power supply (HP6035A) serve as actuator, while Effective vibration control application of a
the strain gauge measures the displacement. smart structure is impossible without knowing
Figure 4 shows the piezoelectric effectiveness of first its modal parameters. The modal parameters
the smart structure in which the mechanical strain of a smart structure without external applied volt-
increases to 80 p in a rather linear relation when age are measured by using modal testing tech-
the DC voltage increases from 0 to 500 V. The niques for its natural frequency. damping. and
smart structure specimen is further tested in a mode shape. The objective is to identify the
material test facility for its stress-strain curve and influence of embedded piezoelectric materials.
ultimate strength. These data are compared with such as material property, location, and size. on
those of a composite structure of the same layout the vibration of a composite structure. Several
but without piezoelectric materials. Figure 5 transfer functions are measured on the same
shows the stress-strain curve obtained from the smart structure specimen for verification. A set of
composite laminate with and without embedded modal hammers and accelerometer is used to
piezoelectric materials. The elastic modulus of a measure the input/output transfer function. In
specimen without piezoelectric materials is about addition, the embedded piezoelectric materials
52-5 GPa while that with is about 26-25 GPa. are applied as sensor and actuator, and the
Their difference is contributed to the fact that the accelerometer (B & K model 4373) is attached at
cross-section of the latter, in terms of fiber content the tip edge but off-center in order to measure the
is smaller than that of the former. torsional mode as well. The transfer function can

then be obtained by applying an AC voltage with
sweeping frequency to the piezoelectric materials.

2c Figure 6 shows the schematic diagram for smart
__ __structure modal testing.

The first three natural frequencies predicted
from the analytical model are 12-.90 Hz. 50-1 Hz

ISO and 80.1 Hz. respectively. The comparison of
each modal testing and analytical prediction from

temperature the finite element method of eqn I I I ) is tabulated
in Table 3. It is shown that the analytical predic-

100 tion agrees quite well with all of the test results.
Figure 7 shows the frequency response function
obtained by using one embedded piezoelectric

50 plate as actuator while three on the same side
pressure 3so•s z~above the neutral axis act as sensors. The

embedded piezoelectric materials can be success-
fully applied for in-situ lctuator input and sensor

50 too 150 200 250 300 measurement. The actuator capabilities are shown
time (min) in Fig. 8 where the smart structure is excited at 80

Fig,. 2. (tring proccss of the giascJo\• in hot press. VA( near the first natural frequency and the tip

Fig. 3. (-s.can plot of a smart stnicture specimen.
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"displacement is measured by a displacement
E sensor. It is shown that the manufacturing tech-

S60 nique can prevent the problem of electrical insula-
tion of the sensor/actuator. the cracking of

40 piezoelectric material, and delamination of the
z laminates.
< 20

0
0 100 200 300 400 500 5 CONCLUSIONS

VOLTAGE

Fig. 4. Static test result of strain and applied voltage. (1) An analytical model is developed to predict
the vibration characteristics of smart structures.
composite laminates with embedded piezoelectric
materials. The modal parameters. including

3M0 natural frequency and mode shape, are calculated
250 to predict the influence of the embedded piezo-

.200 electric materials on the vibration of a composite
;12 150:_ . "structure.

100- (2) A manufacturing technique for embedding

50 - piezoelectric materials inside glass fiber compo-
site laminates is also developed. The insulation

0 2000 4000 600 00 10000 12000 techniques at the poles and leads of the piezoelec-
STRAN(10e-6 mm/tm) tric materials should be considered to avoid elec-

Fig. 5. Stress-strain curve of the composite laminate with trical short. The smart structure specimens are
and without embedded piezoelectric material, tested for their static piezo-effectiveness. and they

are also tested in a material test facilitv for
stress-strain curve and ultimate strength. The

Smart Stucture ultrasonic C-scan is employed to screen out speci-
Pezoe•ecmrc Specn mens with unsatisfactory delamination.
. .a . -. uimpact hammer 3) The modal parameters of a smart structure

without external applied voltage are measured by
_- _ --_ iusing modal testing techniques for natural fre-
Displacement quency. damping, and mode shape. Experimental

results indicate that the smart structure with exter-
nal applied voltage can be effectively applied for

Amplifier vibration control.
(4) The embedded piezoelectric material is

A_. _ intended to serve as a strain sensor during the cur-
Spf Analzr ing process; however, the experimental results

show that the piezoelectric sensor is ineffective for
Fig. 6. Schematic of smart structure modal testing, measuring the D)C signal. The need for an on-line

Table 3. Natural frequenc¢ of the smart structure specimen

Type 'I-.

Analvsis Without PZ. 12 -276 49'9 79-5
With PZ7 !219 501 ( 80 1

-xperiment Input Output
Impulse Accelerometer 14 (8"5%) 46( 8, V%0 82 2-4%,.,
Impulse TI 14 .514,) 4b 1 ( ',, 82 2".4,
PiT Accelerometer 14,8.5%' 47 (6p% 1'%0 354 _ ,,
viir PZT 14 ý 8.5%/ 46 (8,- 1 8 78-7'%8

......
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PZI develop at charge amplifier circuit so as to
.10 measure the DC' signal.
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Short- and long-term structural properties of
pultruded beam assemblies fabricated using

adhesive bonding

J. T. Mottram
Department of Engineering, UniversitY of' Warwick, Gibbet Jill Road, (oventry, UK, (14 Z4.L

Two beam assemblies fabricated using simple pultruded sections and adhesive
bonding have been tested to determine their structural properties. The test
configuration was three-point bending to simulate the most severe loading ;q a
proposed application. Short-term stiffnesses are compared with those
predicted using known section properties and linear elastic beam theory.
Accelerated creep test data are used to determine long-term behaviour using
Findley's linear viscoclastic theory. For the purpose of structural design.
Findlev's model is used to estimate the increase in maximum deflection due to
a constant design loading of I week. I year and 10 years.

I INTRODUCTION optimum design is unlikely whilst pulhruded

sections are used as steel equivalents. The reason
The applications of pultruded sections in struc- for this is that the dominant mode of failure with
tural engineering are becoming more frequent.'- 3  pultrudates is elastic buckling (local or global ý and
Standard (e.g. 'I hollow box and flat sheet) and not material strength. They have. compared to
non-standard prismatic sections are manufac- steel sections. much higher strmngth-to-stiffness
tured economically by pultrusion.4 " The pultru- ratios. It therefore follows that open-sectioned
sion process is simple in principle; continuous members may need to be replaced by closed-
fibre reinforcement in the form of alternate laters sections ones which are less susceptible to buck-
of randomly oriented mat and of uni-directional ling. The problem then faced by the engineer is to
roving bundles are pulled through a thermosetting provide appropriate connections.
matrix impregnator and then on through a heated To overcome the problem. Maunsells Struc-
die. The die consolidates and forms the cured tural Plastic Group developed, over the last
shape. The fibrcs for structural sections are decade, an Advanced Composite Construction
usually of E-gla:,s. The binding matrix is a mixture System (ACCS.•'>2' The ACCS has non-
of thermosetting polyester resin and filler. The standard pultruded sections specific to its needs,
physical arrangement of the fibre reinfocement in Cross-sections for three components are shown in
the process gives the material anisotropic proper- Fig. 1. Tý, plank consists of a cellular system
ties, with the highest properties in the direction of which uses effectively both the properties of the
pull, Meyer` gives further details on the process. material and the pultrusion process. The plank
Motivating factors for using pultrudates are::'_ and connectors are joined using mechanical inter-
corrosion resistance; electromagnetic trans- locking and, if required. adhesive bonding." The
parencv: eai,;r to assemble and . "tintain, saving ACCS has been used to construct a bridge enclo-
in weight. sure.1'2 a 63 mn footbridgeý and a car- wash porch."

The majority of the applications-'. use pul- A second approach to providing structural
truded sections as direct replacements for tradi- members that are less susceptible to buckling is
tional structural steel sections. The differences in the subject of this paper. Instead of pultruding a
material properties ensure that identically shaped complex non-standard closed-section requiring a
memh.2rs of steel and pultruded material will large investment,"-' 'simple standard sections4 '5

behave differently. There is evidence from labora- may be joined along mating surfaces by adhesive
tory testing by the author7 '- and others"',"I that bonding. Figure 2 illustrates a number of potential
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\,,here k = 5/6 is at shear correction factor.'1' Fron Introducing the non d ienitsional span otfithe

relations 112.-i S) e can obtain the beamn constilu- beam. , 4and the lit n-dn~nirc1oi nat lttne. r. dtincd

F'ig. 1. (moet fl)OrlftS the Nh~,nscff Ad% zinced ( nmpuste Beams and Columnns

assembllies using fliat sheet. T and channelPae
sections. Such bonded assemblies with approp- Fig. 2. 1"lt~l InudlMIL- :rn-.scMHICls llolrrnnrp ih'n

;;Ztc cnid connections could be used as beams,
columns, panels. etc. The assemblies Could bie
fabricated in wkorkshops and transported to site
for final erection. The potenitial applica tions foir
bonded assemblies is likelN to be e-reater than the
.- WCS. as the\ may have optim'.an desieLn for the
specific loading to be transmitted. gueIS and 2S-

Fienre I showss the confilauration of the closed-*--
section bonded assembly ss hieh has been studied.
,it \\arssk ick- lnis ersit\. It consists of tlsso I-sections >.

sandss iclied betwe~en outer flat sheet plate,,. All -- 9
mnatinL, surfaces are bonded. T]he adhesive used
belongsý to thre famnils of toughened epoxies. it,,l
these adhestvecs hase excellent structural proper- 7

ties, 4 hie a ssemblv represents, a beatn sect ion fig 3. t hrec- prin t hcrnnd lc l SJjt 11FJi .m'' urn mish

%\ hich rnias be repeated to construct a panel. Such
panels may be used as, a lig-ht%\-eiebt floor s~ssten
in steel framed buildint-s. The floor system has
aiss avs been one of the heaviest Components, ofi a Live increase Ideflection.' Ittis. therefore import-
building. Proposafs for light sseioht svystenris using, ant that \Ne ktiosk bo\s to account for the creep
pultrudecd sections and concrete have' been made deflection bN having a relevant and reliable creep
h% H-illnman and Murray.' No test daita on their model and it1s defin-inei paratmeters. presented In
1% stems ha% e been published. Sections 2-4 arc details of the tNI a specimens. test

If bo nded avssemblies arc to have structural mrethodts, data reduction methods and results.
applications, tests Must be conducted to deter-
mnine their structural performance. Presenl*edL in
the paper are results, of both short- anid longt-termi 21 SPECIMEN DETAII.S

tet.All three-point bend tests. were conducted
usinL, the rii, de,-crlbed in Ref. 9 and at T) I (he tv~o sectioins in the assembl, swe Ftg. 3 s'crc

YSiltestitng machine. The purpose of' the tests, from the \MNF( I[XTRI N 'tif 521- series.' Fhe
\Ssthreefold: series consists of over 10t1f standard profies. The

IJo determine the reductiton in short-term resin is an isophthalic polyester: it is, mixed xs ith

stiffness due to (linine section-, with adhe- 1f0-15 parts per weight of' tiller ýceg Calcium
"ke hndil. arbi mate r, to form the matrix, the [-class, fibre
si c bt at1 ing.reinftorcemeniit is, continuous filanmen t mat to

assetntmum ir the creep Fchinlys ihourvo h imp .art transverse properties. and unt-directional
asseblie ard aplx I inle\' thcir~ rovinge butd' -s to give the essential longitudinal

itt predict long-term deflections.--
III t 1 a onitor t'he integrd'ý of the adheisive proiperties. [xact details of the reinforcement are

foint',t. not. available as thre manufacturer considers this
information proprietary.

I ftic floiv stiffnesso 'if the composite material makes F aich assembly had dimenstion% 735 x 76 x 9ff
deIct iccii (it l eamrs [the nriting state mshen deter- mm.i [he\ consisted of rss side-by-side 3 x 1-5 x
mining safec Iorkinv lo ads. I he creep behasioiur in t76 x 38X 6 625 mim l-secions sand\, ched
mm heams suibjected to wo rking Itoads1 is known tm bectssecti outer plates of in flat sheet. Fables I
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and 2 present the section mechanical properties.' Strain gauges were attached to the surface of
Differences in the fibre reinforcement mean the the specimens for creep data. The gauges were
two sections have different properties. 3 mm FLA-3-I I Tlkvo Sokki Kenkvujo) having

One Bonded Beam Assembly, BBAL, had the a yield strain > 2'.% The adhesive was C-N adhe-
longitudina direction (Table 2) of the flat sheets sive. Figure 3 shows the positions of the gauges.
aligned wita the I-sections. The second Bonded The cross-ply gauges IS and 2S were placed
Beam Asembly, BBAT, had the transverse direc- 160 mm from mid-span and at mid-depth of the
tion aligned with the I-sections. web. They were oriented at ± 45" to the z-axis

The supplied sections had a surface coating of see Fig. 3i. The axial strain gauge IA was placed.
releasing agent. which along with the polyester at mid-breadth. on the underside of the tensile
surface veil directly below it must be removed by flange. directly belows the loading nose. It was
abrasion e.g. shot blasting) before an adequate oriented in the z-direction.
adhesive bond is achieved. This was confirmed by
lap shear tests. These tests also showed that, once
the releasing agent had been removed, failure was
due to the adherend and not the 0.5 mm thick
adhesive bond. All mating surfaces of the sections 3.1 Short-term tests
;see Fig. 3i were bonded using Permabond E32.
This is a toughened cold cure two-part adhesive. The purpose of these tests was to determine the
It was chosen because it was easy to mix and stiffness of the assemblies and to find out if linear

spread, it had good flow control and thixotropy. elastic beam theory, with scction properties, can
and it had good gap filling capability. All these be used to predict short-term deflections. Ficure 3
features made the E32 epoxy adhesive ideal for defines the cartesian axis system used to define
the bonded assemblies. To control the minimum beam properties. For a pultruded beam the ratio
bond thickness, lengths of 0"5 mm diameter of the section longitudinal flexural modulus.
copper wire were placed between the bonded El:.,,t,. to the section shear modulus. (4,:t. is

surfaces. several times higher than it would be for the
equivalent steel beam. As a result of this, the shear
deformation contribution to the deflection should
be included in the analysis. The term *section' is

fable 1. Minimum ultimate coupon properties of MMFG used to distinguish a modulus specific to a beam
series 500/525 structural shapes

- ------ --- from the 'material' or 'coupon modulus deter-
Properti ASTM lniis Longi- Trans- mined using a standard test method. The two

test tudinal vCrse moduli are not necessarily equalY and here.

Tensil strength D)638 N mm 210 • ) because we shall be considering creep. they are
Tensile modulus D1638 kN mm 1 7 55 viscoelastic. and therefore, functions of time.
( ompre.sisc trength 1)695 N mm 21)o 103 Linear elastic beam theory for three-point bend-
(ompressive modulus 1)695 kN mm 17 7
Shear strength D12344 N mm 31 31 ing gives the time-dependent central displacement
Vlexural strength 17910 N mm 210 70 w t t as
Flexural modulus D)794) kN mm 1-4
hI~s,,on's ratio 1)3039 (1-33 = w, ± w, t

- ----- ---- I'1" P/1

Table 2. Minimum ultimate coupon properties of MMFG 48E ,, I,, 4K,(;,2 .1
series 500/525 flat sheet

....................... ... . ... where wit is due to pure bending. and wi, is
Properiv AS I M Units Longi- Trans- due to shear deformation. P is applied load. I/, is

te- t -udinal serse the second moment of area associated with

Tensile strength 1)638 N mm 138 70 moduli E-L 0,( !i.e. t = 0 h), A is the cross-section
lensile modulus D1638 kN mm 12-4 6 2 area, and I the beam span. The shear coefficient
(ompressive strength 1D695 N mm 165 114 K, attempts to overcome the inability of Timo-
(omprcssavc modulus 1)695 kN mm 12-4 7
Shear strength D2344 N mm 41 41 shenko beam theory to account for the exact shear
-lexural strength D790 Nmm 241 103 stress distribution over the cross-section. Several
Flexural modulus 1D790 kN mm 13-8 T6 expressions evaluating K, for multicell7d thin-
M)isson's ratio D3039 0-31 029

walled composite beams have been developed by
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Bank.'" However, none of the expressions can be transducers. Central deflection was recorded by
used here because the beams consist of sections the stroke transducer in the DARTEC. Strain
having different properties. It was therefore con- readings were monitored in real time using an
venient to set K, = 1[0, and use instead of A, the Orion 3531 D data logger. The repeatability of the
area of the two webs, A, (i.e. A,, KA in eqn (I )). instrument was ± 7 ,t. The surface strains were

For the short-term tests, where the time is taken the maximum tensile, r (gauge 1 A) and the maxi-
as 0 h. eqn (I may be expressed as mum shear strain, y (average of sum of gauges IS

and 2S). The strains were recorded every I min
- ! 1 + (2i for the first hour. 3 min for the next 9 h. and then

P1 4SE.,(o) 1 4G,,(0)A, every 15 min until the test was terminated. The
test duration was 24 h.

where E, ,0 and G, (0) are initial section The creep behaviour was described using
moduii. Findlev's linear viscoelastic power-law model."''t

The proven graphical procedure used to deter- The choice of the Findlev theory follows recom-
mine moduli (E. ,,(0) and GQ.(0)) with eqn (2) is mendation by the American Society of Civil
detailed b% Mottram." Central load/central deflec- Engineers" who want to see their design procc-
tion. P/w) gradients for the I-section and speci- dure adopted. Findley's model has been used by
mens BBAL and BBAT were measured at spans Bank and Mosailam` to analyse long-term data
from 500 to 700 mrm. The increment between from a beam in a full-sized pultruded U-frame.
each span was 50 mm. These data were used to Other creep models are available. Holmes and
construct a plot' of w/f-1 against F. Equation (2) Rahman'" used three models, including Findley's.
was used to obtain a linear regression fit to the to study the creep of glass reinforced plastic box
plot whose gradient was 1/48E., ,0)I1,. and inter- beams. They could not recommend one model to
cept was I/4GI0)A,,,. Section moduli were then the exclusion of all others.
determined by inserting values for the geometric Using Findley's theory a time-dependent visco-
properties I, and A4,, elastic modulus may be obtained. This can be

used to determine the overall deformation behav-
iour. Equation tli shows that the deflection has

3.2 Long-term tests the time-dependent terms due to pure bending
wt,it). through modulus I-.'- t,. and due to shear

The purpose of these tests was to determine the deformation ,tv,;,tt through modulus ( Wet. We
creep behaviour of the assemblies under normal therefore need to develop the model to determine
laboratory conditions i22±+2°C and relative these time-dependent moduli.
humidity 50 ± 5%). Such conditions of tempera- The general form of Findleys creep power-law
ture and humidity may be expected for interior model is
applications of bonded assemblies. For exterior
applications, it is likely that environmental condi- F + m 1 3
tions will be more severe, where F is the time-dependent creep strain. ti and

With a span of 700 mm. the specimen was m are functions of stress, ii is independent of
loaded to 22,8 kN !i.e. 30(0 N per mm width) at a stress. is time and t(, is a constant taken as unity
constant rate of 0.2 kN s . This load corre- (i.e. I h in practice). Following the procedure
sponded to a factored design loading for a pro- given by Bank and Mosallam.'' eqn i3 is used to
posed application, that required a lightweight develop expressions for the viscoelastic section
floor system with a span of 700 mm and a maxi- moduli in eqn (1).
mum slab depth of M1O mm. The dead load of the For example, the time-dependent flexural
specimen was 0-034 kN and its effect on creep modulus F:,,ý i i is given by
was negligible.

The end supports and loading nose of the F ),,*LIt'
bending rig had flat bearing surfaces" to minimise !, t + E. ,,(0) t" 14i,
local stresses which cannot be alleviated by
material yielding. The DARTE(C machine was where h., tI)-= u,,/r, is the short-term elastic
operated under load control, so that as the central modulus independent of time and F, =/nm. is a
deflection increased due to the creep, the load was modulus which characterises the time-dependent
kept constant. Figure 3 shows the positions of the behaviour.
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Similarly, the time-dependent shear modulus of the adhesive layer was ignored by assuming it
G,zý t) is given by was rigid and had no thickness. Specimen BBAL.

with the flat sheet's longitudinal direction aligned

G(t) G,.(0) G, with the I-sections had a I,,= 2-25 x 10` mm,
QG+ GI(O)(t/lt))' (5) Specimen BBAL, with the flat sheet's transverse

direction aligned with the [-sections, had a
where G,Q(0)= r,/y, is the short-term elastic 1,, = 2.03 x l0" mm'. These /,,s were based on a
modulus independent of time and G,= r/rn, is a flexural modulus E, ,fO) = 31 15 kN mm For
modulus which characterises the time-dependent the purpose of obtaining the highest beam flexural
behaviour. rigidity (E. , (t)1,, i it would have been better if the

To determine the creep parameters in and n we flat sheet had had the higher E modulus.
use eqn (31. Its form for the axial (i.e. surface strain The procedure given in Section 3.1 was used
due to bending) creep modellingis with the specimens to determine their initial

"section moduli. In eqn 2i the /,,s were those
I=n, +mit/t,,)'. (6) above and A,, was 810 mm'. E. 0) 9-." kN

mm2 ad (JO)=317 k mm<for BI3AL.
where subscript e derives from the Es in eqn (4) mF -m and dQ:0 (= 3-17 kN Nm

which define a flexural modulus. Equation (6) may Em fr1 B T28-7 kN mm stand mdls(0-3,14 kN

be min for BBAT. The section modulusas:
similar to the 'material' modulus using the losi-

logL T" - = log in, + n, log(t/t,,) (7) pescu shear test method.
The difference in lE ̀  ,X ;_92-2 and _28-7 kN

Equation 7), gives a straight line when plotted on mm -' between the assemblies and its assumed
a log/log sctie. When t= I h the ordinate is m. value for calculating 1,,s 3 I1-15 kN mm pro-
the gradient is n,. The same procedure can be vided a measure of the reduction in overall beam
used to determine parameters m. and n, in eqn 1 5) stiffness due to the adhesive bonding. Here. the
from reduction in stiffness was 7%. It follows that. for

the purpose of structural design, a reduction of

logi - yr,=log mIiit++11. log( tt/,, (8 10% in the flexural rigidity IX I, ,) stlk,' hould be
adequate to account for the flexibility of the adhe-
sive bonding.

4 RESULTS AND DISCUSSION
4.2 Long-term tests

4.1 Short-term tests
Each specimen was subjected to a number of

Separate tests gave the tensile modulus of the I in creep tests as detailed in Section 3.2. At no time
flat sheet as: longitudinal in pull-direction! 14-6 was there any indication of deterioration in the
kN mm 2; transverse 10.5 kN mm 2 These com- adhesive bond integrity. Follow\ing a test. recover\
pare with MMFG values in Table 2 of i 2-4 and of a specimen to its initial state was just a matter of
6-2 kN mmi respectively. The flexural moduli hours. Creep behaviour \was monitored and
"T'able 2). which are different, are nut associated results from one of the tests will now be

with the deformation of the flat sheets in the presented. Using linear elastic beam theory the
beams. axial surface tensile stress, a,, w\%hich remained

Using the procedure given in Section 3.1. two constant), was 80 )BBAAI.) and 88 IBBAT, N
3 X 1-5 x in I-sections had mean initial section mm'- From Table 2 the flat sheet has a tensile
proerties of F: ,(0)= 31-15 kN mm 2' and strength of longitudinal 138 and transverse 70 N
(;/J0o=2-17 kN mm ".In Table I.. the flexural mm .

modulus is 14 kN mm . Its value is < Lt:, () The initial central deflection. . was
because it accounts for shear deformation and between 4-0 and 4-5 mm isee Table 3 . This short-
creep. term deflection was Ltth of the span. near the limit

I he second moments of area for specimens of ,'Wh for structural design.' At the end of 24 h.
BBA[. and BBAT were calculated using the the growth in the central deflection was between
method of transformed sections.-" This method 0-45 and 0-65 mm. This increase of over 100% in
was required because the flat sheet and I-section the deflection showed that creep was rapid, such
had different moduli. In the calculation, the effect that a creep test was accelerated. The highest
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values were for specimen BBAT having an initial To predict the central deflection of an assembly
flexural rigidity (E: ,x(00) 4.) 0-89 of specimen using eqn (1), the objective of the analysis was to
BBAL. obtain the time-dependent moduli, E_ , t). It was.

Figures 4 and 5 are plots of eqns (7) and (8) therefore, decided to take E, ,(0 29.2 kN
using the strain data from gauge IA, and gauges mm - 2. The moduli E, = a/m,. Following Bank and
IS and 2S on specimen BBAL. There is a good fit Mosallam" the stress was taken to be o,, (i.e. 80 N
to Findley's model. For the axial creep behaviour mm- 2); thus E, = 593-2 kN mm--. The expression
Fig. 4 has gradient n, = 022 and me = 135 x 10 -' (eqn (4)) for the time-dependent longitudinal
p,- (value of ordinate at t = I h). To complete eqn flexural modulus is
(4) for the time-dependent modulus Ezx(t), wc
require the two moduli E,,,,(0) and E,. The initial 1.732 x 107
elastic modulus E,..,(0)= ao/e 0, and is determined E. ,,(t)= 593-2 + 29-2 x (t)"-22
when t=0 h. The relevant tensile strain was
measured by gauge I A, and was 3020 pe. Hence, where t is in hours.
we have E_..,,(0)=80/302( x 10-6 = 24.2 kN For the shear creep behaviour of BBAL Fig. 5
mm-. This modulus is 17% less than the initial has a gradient n 0-24 and m, = 180X 10-"/uc.
section modulus of 29-2 kN mm-' (see Section To complete eqn (5) for the time-dependent
4.1 ). The reason for this discrepancy is ,inclear. modulus G,,,(t). we require the two moduli GQ, 01

Table 3. Creep properties of bonded beam assemblies

Timerh 0 I 10 24 168 8760 7 6jo

Specimen BBAL
L • i kN mm-"' 29-2 27.8 27-0 26-6 25.4 214 18-2

(. £tkN mm- 3-15S 2-83 2-66 253 2.23 1.57 1.I-
I mm 2-48 2-60 2-68 2-72 2-85 3-38 3.9s

wr t I k mm 1.56 1-74 1.85 1.95 2-21 3.14 4.28
wi :mm 4-04 4.34 4-53 4-67 5-06 fy52 8-26
W t mm, 4-02 4-23 4-40) 4-47

Specimen BBAT
E ,, ikN mm- 28.7 27-2 26-3 25-8 24-6 20-7 17-7
Q, t kNmm-- 3-15 2-87 2-68 2-59 2-33 16-2 1J17
"w'.t mm: 2-80 2-95 3-05 3.11 3-26 3-88 4-53
ast mm. 156 1,72 1,84 1.90 2-11 3.04 4-21
tt t,: mm 4-36 4-07 4-89 5-.11 5-37 6.92 8-74

v, I MM 4.46 J-71 4.84 5" II

500 1 . li ! i

Specimen RBAL Creep Test 5

koige- o -FO ln + oJog(t/t) eqn (7)

initia strain I hOur

100" .. . . m , 135x10-6 p

500

0.1 0.5 1.0 5.0 10.0 30.0

t bours

Fig. 4. Plot of axial creep for ,pecimen BHAI . and fit to Findley',, model for parameter evalumtion.
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500 1 1 I 1 1 I 1 ' 1 i 1 ! 1 1 ' "

Specimen BBAL Creep Test 5

log(f - - logm, + nglog(tlto) eqo (8)

initial strain I bour

Y .-M 4Epuieet as 0.24

100

50
0.1 0.5 1.0 5.0 10.0 300

t hours

Fig. 5. Plot of shear creep for specimen BBAL. and fit to Findley\s model for parameter evaluation.

and G. The short-term elastic modulus model the duration of the test was thousands of
G,>= r/iy,,, was taken to be that determined in hours. Using the procedure given in Section 3.2.
Section 4.1. This gave GQ, 0) =3-15 kN mm -'. the creep parameters were: axial, in, = 9.46 x W("
The moduli Q, = r/ml. was determined by taking in. and n, = 0133. shear, in, = 2 1 5 X 10 -. "a and
r as the initial shear stress. This gave r = y,,(Q,.(0) n7 = 0.34. As expected. the stress dependent para-
and (,=; 1580 x 10 "x 3-15 x 10}/ 180x 10- meter in is less than here. The rate dependent

= 27-66 kN mm The expression (eqn 5 for parameter n is. however. 50% higher.
the time-dependent shear modulus is Presented in Table 3 are predicted creep data

for specimens BBAL and BBAT using eqn 1.
8.71 X 1 _0 _ with eqns (9 -12). For a period up to 10 yearsG'(;,Its= ( 10)

27-66 + 3'15 x (t)"' and a constant load of 22_8 kN. the table Oives the
viscoelastic moduli f.- ,,t) and (;,:!t,, bending

Figures 6 and 7 are plots of axial and shear creep deflection H),), shear deflection wi, i. and total
strains for specimen BBAT. Using the procedure central deflection wt i (i.e. = iih(t + w II. F,,I-

described above, we obtained lowing Bank and Mosallarn.' who showed that
Findley's theory satisfied creep data from a test of

!-437 X 1)0 over 3500 h duration, it has been assumed that
,i t- =5006 + 28-7 x-t--- 1 ! the data from a 24 h "accelerated' creep test could

be used to predict deflection after 876001 h i.e.
and 10 years).

Shear deflection accounts for 40% of the initial
10G)1 ) I o deflection. After 87600 h. the shear deflection

32.1( + 3)15 x will he similar to the bending deflection. The total
deflection, w( t), will double in the I 0-year period.

The rate dependent creep parameter n is The deflection of a bonded assembly will grow by
0-21--0-25. Under tension loading, glass fibrous 20% in I week and after I year the deflection will
composites have parameter n typically in the exceed the maximum design limit given by N) of
range 0- 16-0.22.? the span.

In the creep test by Bank and Mosallam," a 9 ft Central deflections, w(t). using the creep data
span 8 x 8 x 'in WF beam was loaded in four- and Findley's theory are found to be similar to the
point bending. The constant load, equal to 41 of experimental deflections. w,(/I. The creep
that required to cause buckling failure, induced a model should, therefore, provide a good estima-
maximum surface stress, ct,, of only 12 N mm t. tion of deflection such that long-term safe work-
Jo determine creep behaviour using Findley's ing loads can be determined. To accomplish this,I!
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500 1 1 II 1 1 1 f I I * I

Specimen BBAT Creep Test 3

100

S0 S I I I I C S I ,, , I I I I III I i

0.1 0.5 1.0 5.0 10.0 30.0

h o~urs

Fig. 6. Plot of axial creep for specimen BBAT and fit to Findley 's model for parameter e'~aluation.

5001 I I I 11 1 1 1 1

Specimen BBAT Creep Test 3

kc- ea ogMi+nlhog(t/to eqn (7)

S"r - ,'• •t•initial strain I hour• " .0.

FE IrMit% .

100

50

0.1 0.5 1.0 5.0 10.0 30.0

I hours

Fig. 7. Plot of shear creep for specimen BBAT and fit to Findlevy' model for parameter evaluation.

the design procedure would, however, require fur- short-term stiffness of an assembly by about
ther testing at longer time durations and with dif- 10% from that calculated using linear elastic
ferent loadings. Such tests would be used to beam theory. section properties and a rigzid
completely characterise the creep behaviour of adhesive.

the bonded beam assemblies. Further tests would 3. Accelerated long-term tests (under normal
also he necessary to study other long-term effects laboratory conditions• have shown that the
such as temperature. humidity, and fatigue. creep behaviour of an assembly w'as similar

to that reported by Bank and Mosallam•"
for a pultruded WF beam.

5 CONCLUSIONS 4. Evidence has been given to show that

Findley's creep theory is valid. This indi-
I. It is practical to fabricate closed-sectioned cates that pultrudcd material has linear

structural assemblies fromr simple pultruded visco-elastic properties.
sections using adhesive bonding. 5. Using Findley's model and a factored

2. (Connections between sections using adhe- design loading, the central deflection of a
sive bonding have been found to reduce the bonded assembly has been predicted to

I

0. . 1050 1003.
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grow by 25, 60 and 100% of its initial value 6. Meyer. P. W.. Handbook of Pultru.ion le/hnololx,4.

in 1 week, 1 year and 10 years respectively. Chapman and Hall, London, 1985.
6. As defection limis sa fe work g l asc t hvel. 7. Mottram, J. T., Evaluation of design analysis tor pul-

6. As deflectioni limits safe working loads, the truded fibre-reinforced polymeric box beams..Siruct.
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Analysis of sandwich plates using a mixed finite
element

Chih-Ping Wu & Chen-Chung Lin
Departnent I( ovil Ltngineering, National ("heng Kung Unitversit.. lainan. lhiwan 70101.

The stress and displacement analysis of the thick sandwich plate is presented
here by using an interlaminar stress mixed finite element based on local high-
order deformable theory. The displacements of a sandwich plate arc assumed
to be high order polynomial functions layer-by-layer through the plate thick-
ness. Since the interlaminar stresses at the interface between layers in this finite
element scheme are regarded as primary variables, they can then be accurately
determined. The accuracy of this finite element scheme is checked by compar-
ing the present results with 3-D elasticity solutions of a simply supported sand-
wich plate. The response of a thick angle-ply, fiber-reinforced plastic FRP,
faced sandwich with fully simple supports. subjected to a sinusoidal distribution
of transverse load is evaluated. The present finite clement results are compared
"wit h results obtained from other finite clement schemes.

INTRODUCTION analysis of thick sandwich plates with simply
supported and clamped edges. An overview of

The analysis of sandwich structures has received various finite element models being proposed for
much attention resulting from the increasing the analysis of sandwich plates. was givcn by Ha."
application of sandwich structures to various Here, an interlaminar stress finite element
industrial areas. Many research papers have been scheme based on a local high-order displacement
published on this topic. Rao' has respectively model is presented for the analysis of sandwich
developed a bending theory of flat sandwich structures. Since the local high-order displacement
beams and plates. A sandwich-type shell theory model is adopted. the effect of warping of the
has been formulated by Reissner.2 Whitney3 pro- cross-section which is predominant in sandwich
posed a procedure to calculate the mechanical structures can be considered in the present for-
behavior of a thick laminated composite and mulation. In addition, the intcrlaminar stresses are
sandwich plates by a first-order shear deforma- treated as the primary parameters, one set of
tion theory which accounts for the effect of trans- interlaminar stresses can be uniquely and accu-
verse shear deformation. The most important rately determined.
contribution has been made by Srinivas and Rao'
and Pagano 5 who have presented the bending
analysis of laminated composite/sandwich plates THEORY
using the three-dimensional theory of elastic
approach. In the present theory, the displacement compo-

Many finite element models have been pro- nents i,. v, and w, of each layer are assumed in the
posed for the analysis of sandwich structures due following form:
to the need of practical application. Pandya and u , x y Z) = 14,'(x, ) + z,! 0,( -%.)I,
Kant" presented a simple isoparametric finite ... +.+ 2
clement formulation based on a high-order dis- + z;fo,,(x, V)1, + zj•, (x. y`1,
placement model for the bending analysis of sand-
wich structures. This high-order displacement , y z) = 1,(x, y) +:,[6,(x, y)],
model was also applied to the analysis of compo- + z7[ 2f,(.. Y)], + z 11,(- r.vdl,
site and sandwich cylindrical shells by Kant and ' 1wt x, y; z)= w V(r,) + z,! 0,.(x, yP1, + Z• ,: _V. y
Menon.' Rao and Meyer-Piening5 developed a
hybrid-stress finite element for the bending I)

397
( wmposite Strut tire', 020 ;-X223/93(S06A)0( C; 1993 l1lscvicr Science Puhlihers ILtd, ingland. Printed in (Grcai Britain
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where ul,'. i,,' and w•, are three mid-surface dis- 1-0
placement functions. 0,. 6, and 0- are three rota- [K, K" , K": ox al,
tion functions and i4y i, p:., ,, and 0, are the "
other high order functions. zi is measured from [V, •_,1
the middle surface of the ith layer. [r,, rj, --- - 1 5,

The displacement continuity conditions at the
interface between layers are regarded as the con- a¢., 1l,
straints in the present formulation due to the [fill 1,1,= a-- t
introduction of the local coordinates. The dis- I A

placement continuity constraints between the ith and
and ( i + 1 )th layers are given by

li,',~~I£ _ hi+ 0) t W
(• ) =l '2 2- l - ( ""' -7 0 ) all, al.t a "IV"

+ h2 _ ,, a ax h
4 4 [K,,,KX.,K,

h h ,+h 2-, ', 
2s8 18•¢,)= Y ax" +ax orY

h h,,, F,.

a +°• 3 0, + 3 , +
+ h• (V,,+ _h•Wt VA0 aY x a x " Yl

aA' 4

[H,, -=+- 1
o(2) o ax

The displacement continuity constraints at the
,, - -th, interface between layers (i.e. eqn (2$$ are inIrto-

2(0 - ( 0 duced into the potential energy functional of the

laminates by the Lagrange multiplier method. The
h+ • h- Lagrange multipliers, without a loss of generality.

4 4 " are taken to be the interlaminar stresses (i.e. r,.

r,,. and a.) at the interface between layers. The
The strain-displacement relationships based modified potential energy functional is given by

on the small deformation elasticity are then given
by [mp+

= I-),= ±)+ ,(K,), + zVI( r ),+ 4{lIt , + 2,, 2

( c i'), + z,(K,), + z (r,),+ z p(H,), (3) rxy,. rAy.? ]

4(.) ( .', +z,(K.), 2 ,

and -ff ý'ru*+Tv*+"w*jdA

y (y".,), + z,(K,),+(
_y ) ~ )+z,(K•.),+z•(r.), + f. f(Ai),(£f), + (.),(f.),

in which + (..),(f))j dA (7)

[o a. au 1ov where I,,, T,. and T, are the tractions applied at thea. [ 'ay , upper surface, u*, v* and w* are the displacement
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components at upper surface, (itji, (Ay)i and (Az), t P, .. =/,rl1
are respectively defined as the interlaminar [ _ 1, a, rdz 10j
stresses, i.e. r,, r,. and or, at the interface between M, A , M,,Jh2
ith and (i+l)th layers. NL denotes the total
number of layers comprising the considered lami-
n a t e s . J -/ - "

The generalized stress and moment resultants
of ith lamina can be obtained by performing the
integration through thickness from bottom to top
surfaces of this lamina and expressed by FINITE ELEMENT FORMULATION

N EIn the present finite element formulation, the total

P r domain of the considered laminated composite!
- 0 0 sandwich plate is discretized into NL layers (for

"the sandwich plate case. NL = 3) and then each
M ............ K laver domain is further discretized into NE

= o 0 i), : 0 tt i8) elements such that
I "I \I

.. . ..H.a,. .., a11
Q0 : 0 1),. y, ,z

R K* where

F* a, 0 -. ,,. 1,

in which
and

N\,' = Y,. N' A". -
;! 1,

S.. . [$, {r,: r,:.~ i: 13ý

A nine-node quadratical C" isoparametric
,,= NIM. ,. A:. M,, ' element is introduced in the present formulation.

I, i N,, . 5The spatial distribution of the primary displace-
ment variables in lamina i and the interlaminar

Q,=Q,.Q, R,=R,. R,), S, =s,. s,% stresses at the interface between the ith and
= F. :,, •,', r i + I )th layers are respectively wAritten ast,=. ,.g,. . ,/ r , =)rF,. F,. (9)] l ..

K, = K,, K,. K., K,, , H=I ,, /1,, H, (D =Z,), i = 1.2. 14

* r,. r,: and

D),,, = membrane rigidity matrix of lamina i %1, - 9

1) 0, = (D, 13,) i = 1.2.� tAL- II 1 5,
1)1,I,-= flexure rigidity matrix of lamina i ,=

,],= shear rigidity matrix of lamina i where ND denotes the number of nodal points in

and the adopted element. 4, are the interpolating (or
shape) functions associated with node j.

Substituting the previously assumed displace-
L, N, N. N,, Q, ments and interlaminar stress functions into eqn
M, NI, M1 V ,, R, R,j, (7), then after taking the first order variation of the

present modified potential energy functional with
1 respect to the primary variables (i.e. the general-

= [Ia, (, 0.. r,, r,. r,., dz ized displacements and the interlaminar stresses" :.at the interface between layers), we obtain the
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stationary equilibrium equations as: GI = 1-378 x 10" kN/m: 0-2 x I10" psi
', +• ',, K u Ku KII vj vII 0 "2 5

V • K1', K1  where L and T mean the directions parallel and
I symmetric ,K J transverse to the fiber direction. respectively.1, vt • J symmtri K mt ,is Poisson's ratio measuring the ratio of transverse

stant normal strain under normal stress in the
h1 [ "fiber direction.

× (16) For the core layer itransversely iso tropic
material):

where P= E,, = 0.27 x 1 0" kN/m (i0-014 x I(Y psii

, -1- = 3-45 x 10" kN/m (0.5 x 10" psi)

f f Q , = (,: = 0.41 x I 0 kN /m -" (06 x 10"' psit

1) IJ d dr (; = . x 10" kN/m'(0"1)16 x I1W" psi,

j I v., d=d1 l v:, = v,, =0"25

The stress and displacement quantities are nor-
K -= 8± BtBm d di rmalized in the same form as Pagano in order to

fr 9" compare the present results with Pagano's 3-1)
elasticity solutions.:- They are k ritten as

/Kli = KI' = K iu=0( 17 -. . .T

and 0( .,

I U[I" T + ,' d. d dI T,... T,: -j Ti,. T, 1: U

when i =VL

01 when i I- ATI

I = 1 IS

NVI'MERICAL APPLICATIONS ANI) b

DISC( ýSSION

The presently mixed finite element scheme is used
to study the displacement and stress of the lully
simply supported sandwich plates. faced with an
angle-ply fibre-reinforced plastic lamina and(
subjected to sinusoidal transverse loading (i.e.
/ i = , ) and Lfx, Y) = q, sin -tx/a sin + ' /b ). z. - --
Fhe geometric configuration of the considered
sandw\ich plate is shown in Fig. I. [hc mechanical
properties of the face and core material are listed
as follows.

F[r the face laver (orthotropic material): aF
kI - 1.724 x 10" kN/m'i25 x I 0" psiO

(b) The local coordinate system of il laverF,• = 0-89 x 10"' [N/m' (10" psi')
Fig. I. (•,coniclr ;rlld local ctoordlinatc \,,\V tcin ol thc

G, 3'45 x 10" kN/m (V-5 x 10" psi) ( alrc/O d ,afh•dich platc.
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qj/is q(,hs

h h

The reduced integtration technique,'" which
means the I X 3 Gauss rule is used for the bending
portion of the stiffness matrix and the 2 x 2 Gauss X X2 X3 Y 1 ,
rule for the shear portion of the stiffness matrix, is
adopted in this analysis. A quarter plate model ýai Element configuration for displacements

with at 2 x 2 in-plane mesh is used for 10'corc!001
and 1900/corc/9(001 sandwich plates. and at full Z1 ,Z2 .Z3

plate model with a 4 x 4 in-plane mesh is used for
6,/core/0j sandwvich plates. The thickness ratio

betweeni the face and core lavers of the consid-
ered sandwich plates is (V 11:0()Xh: O* Ih. The
present element confWIturations of the displace-
ments and interlaminar stresses tire shown in
F ia- 2.

The maximum stresses and deflections, in the I~x
three lavere d rectangular laminate and square
sandwich plates aire respectively shown in fables ibl Ele ment configuration 1011 inte-ia mi ar ~rsej ~ ~I and 2. The results obtained by the present FE Fig. 2. I'rcscii clcnicni c(4IwliO'.ioniiI

I1ahke 1. Nlaxjmurn t~resses and deflections in three-laxered rectangnlar (bh 3a) laminate

a /I Soiiiicý al a 2. h,2. 1 2 o, a2/2 , T" 44414 2 ir / it 't2, b _ i

l',4L44 2-I 34 (42344(4().2 4-7 - t
Prc'.cni ~ ~ ~ ~ ~ ~ H 224 424 4-(96 42'sl3

Rao anid NIc\ vr-Picn~inL'&-- .

I~ Pazano' I-44 I44( oi0.14C209 ((-35
Prc~~cni I'm 0.4 41 11 -J- 4(2S6 4-6 >~

Rat) and N\%I TcrlIC11iinmr' 44934 (4144 4-040-16 4(38 -'22

lii I'a~mrm 47_2 1o4441 S -4 42() ().42()(-6'
1'rccni14>44(104 1 44129 (0-4 50 0 Q I

'I able 2. M\Iaimunu siresse% in a simupl) %tlpported squIare "and%%ich plate

oa/I S~lurc:c 0, (12. 1),2. 1. (i, a 2, h 2,0-4 0.a 2 . 2 r 4,4, 1 2 r, ('24

l'andxao mid( Kanti 1il3 041 44144 1- (o41 4-1-5o
R'.-ddk ilidk ( ha (65 0.* 415 17 44884444
(I I I14497 4457 04-543 4(3 44124

P)4 Il'avali I I S3 04 14~ 4-10444-4244 44

l',;4dka and'. Kanut" I 166 40-6X8 40- 104452 44444492- 04-34444
Rodl Ito (hian 1 0(1 *44-047741j- 4-43 0(1 1 12
CIA 1440)7 41"87. 04-0S.43 o-- 4-43131 4)324()

24 It aihtfl(4 I 14) (4-8(14 44447444 044051 443 1 4
I'r',r1 171? (4801 44-447 -1 44452 4(53

RC(Id. and ( I;1W I45 44.4454)S)4 0-04-4445 I I4t4WO
(1 I 9 1144') 4452 s4441 44-4.1331 0-3 1-10
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solutiti,, Pagano's 3-D elasticity solutions- and ticity solutions for the dependence of central
the results obtained from other finite element deflection upon the side-to-thickness ratio a/h.
schemes"" are also compared. It is observed The present FE results are in e,'cellent agreement
that the present FE scheme gives much better with 3-D elasticity solutions thiough the whole
prediction as compared to the other FE schemes range of a/h including the very thick and tlin
in the literature. Figure 3 makes comparison plates. The ',ariations of interlaminar shear and
between the present FE solutions and 3-D elas- normal stresses contour at upper interface of

[0/core/0] sandwich plate with the change of fiber
25- orientation angle 0 are given in Figs 4 and 5. It is

observed that the maximum interlaminar shear
20- Paganos stress occurs at the locations (x= 0, v= b/2 and

,•, Present (x =a. v=b/21 in the ý00/core/0°j sandwich plate
-. 1- and in the vicinity of these two locations while

0°< O< 90'. The variation of interlaminar stress
" 1011 with the spatial coordinate is much more sensitive

while 0 approaches 0' than while 0 approaches
s- 1 900. The maximum interlaminir normal stress

0 0 .occurs at the location (. -x a/2. 0, 2), The influence
20 40 60 80 iQo of the change of fiber orientation angle C on the

a/h variation of interlaminar normal s:ress is very

Fig. 3 insignificant.
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CONCLUSION elasticity are in close agreement. Since the inIte-
laminar stresses are treated as the primary vari-

In this paper. the authors present a mixed finite ables, the present FE scheme also gives aI very
element method based on a local high order lami- accurate estimation of interlaminar stress distri-
nation theory for the analysis of thick sandwich hution at the interfaces. The influence of the fiber
plates. The displacement and stress results orientation angle 09 on the variation of the inter-

obtained from the present FEM and from 3-1) laminar shear stress is much more significant than
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Assessment of interlaminar stress distribution in
CFRP laminates containing transverse crack

using finite element model

Atsushi Yokoyama
Faculty of Education. Atuie Universirv. Katnihamnacho. 1su, ,lie, Japan

Zen-ichiro Maekawa, Hiroyuki Hamada & Toshihiko Okumura
lFWaulty of l extile Science, K yoto Institute o flchnolopg, AhitgttasaAki. Sakyo-tL. K vot. Japan

Composite laminates have various failure modes mainly because of the heter-
.encia f the materiAl and thp failhre mnde• are influenced 1y the mechanical
properties of ilie reinforcement and matrix. In particular, mnteriaminar delami-
nation is the most severe failure mode which occurs in the matrix area in the
interlamina. But. the mechanism of delamination cannot be understood bh the
assumption that the laminates are homogeneous. We propose a new finite
element model v hich can represent the behaviour of the lamina and the inter-
lamina independently. Consequently, the good analysis results expected by
experimental results "ere obtained. Moreover, we estimate the effect o't
thermoplastic film which is inserted in the interlamina to prevent delamination.

I INTRODUCTION investigated the failure mechanism of transverse
layers using cross-ply laminates. Shuart" investi-

Carbon fibre reinforced plastics iCFRP) are being gated the mechanisms of interlamina and in-plane
used for many aeiopace structural components shear failure of angle-ply laminates. On the other
mainly because of their higher specific strength hand. the study relative to the failure mechanism
and specific stiffness compared to metals. Lami- of quasi-isotropic laminates is not conducted s)
nates. such as cross-ply, angle-ply and quasi-iso- frequently in comparison with cross-ply and
tropic laminates, ate gaining importance for real angle-ply laminates. As an example. Garg' investi-
structural applications. But to use them efficiently, gated the process of damage propagation of quasi-
understanding the failure mechanism of these isotropic laminates using compact tension.
composite laminates is essential. centre-notched tension and three-poinl bending

Composite laminates have various failure specimens. That is. little information is available
modes. In particular, matrix cracking and delami- on the fracture behaviour of quasi-isotropic lami-
nation are two primary failure modes often seen nates. Moreover, quasi-isotropic laminates have a
in composite laminates. The damage at the free complex stress state compared with cross-ply and
edges of the laminate propagates and leads to angle-ply laminates.
premature failure of the laminate. Extensive There arc various methods to evaluate the
research has been done on the failure mechanism occurrence of delamination in composite lami-
of cross-ply and angle-ply laminates by the previ- nates. Energy release rate is one of the. parameters
ous researchers. Hong and Kim' investigated the determining the occurrence of interlaminar
fact that delamination behaviour of cross-ply delamination. Harikumar and Krishna Murty'
laminates depends on the stacking sequence of investigated the onset and growth behaviour of
composite laminate. Kobayashi et al.2 investigated delamination in laminates using the concept of
the effect of temperature on the fracture mechan- strain-energy release rate. Kondo' investigated
ism of CFRP cross-ply laminates. Yalvac et al.3 delamination onset strain associated with the
investigated the resistance of the cross-ply lami- growth of transverse crack tips. In recent years.
nate to transverse ply cracking. Belglund et aL( the relation between delamination behaviour and

407
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energy release rate has gradually become clearer occurrence of delamination. t Using this analytical
by much research. model interlaminar stress was calculated and the

Another parameter determining the occurr- delamination behaviour of the composite lami-
ence of interlaminar delamination is interfaminar nates was investigated. Moreover the influence of
stress. This method is more systematic compared introducing interleaf materials on the delamina-
with the method using energy release rate, Pipes tion behaviour of composite laminates Nkas also
and PagTano" were first to point out the existence investigated.
of interlaminar stress on composite laminates.
Especially in the case of quasi-isotropic laminates.
the failure mode is very complex because of the 2 MODELIING
interlaminar stres:; near the free edge of compo-
site laminates. 2. Modelling of the interlamina

lo understand the mechanism of delamination, As mentioned above, each interlaminar stress ot
a knowledge of energy release rate and inter- composite laminates should be calculated b\
laminar stress is needed. Therefore, in the numer- three-dimensional stress analysis. tlo\\cver. the
ical analysis of delamination both energy release state of stress near a free edge on cimlposite
rate and interlaminar stress arc used widely. In laminates is not a plane stress state but at three-
this study. interlaminar stress is adopted as the dimensional stress state. Thcrcforc. for lhrcc-
parameter determining the occurrence of inter- dimensional stress analysis it is neccssarx to
laminar delamination, understand the fracture mechanism of compositc

At piesent. three-dimensional stress analysis is laminates.
extensivelv used for the numerical analysis of One of the considerable pr( 1blcms of three-
delamination problems. Kim and Soni'" predicted dimL,-sional stress analysis is the expression of
the onset of delamination either due to interlami- fracture modes. Generally. applying some fracture
nar normal stress u. or interlaminar shear stress standard to judge the fracture of the elements 1,
r,- ,. Chen and Sun1 ý investigated the interlaminar the most usual technique. Considering that com-

stress in composite laminates with and without posite laminates are homogeneous materials.
delamination crack. However, the analysis is applying the fracture standard to composite lami-
limited to a specific plane. which is perpendicular nates is not desirable because the interlaminar
ot the load direction. delamination cannot be expressed under thi,

Composite laminates undergo three-dimen- assumption. Delamination is a complex pheno-
sional deformation, such as out-of-plane deforma- menon which results from various interlaminar
tion. which depends on the stacking sequence. In stresses. To understand delamination behaviour, it
the above method. the shear deformation of layers is desirable to consider delamination as a micro-
is ignored because of the assumption that the scopic failure mode. But. considering the calcula-
bond between two laminae is non-shear deform- tion time on the computer. this assumption is not a
able. Shear stresses are developed on the faces of good idea.
each layer, TO understand delamination behaviour From another viwcwpoint. interlaminar delarmi-
the whole geometry of composite laminates nation can be considered as the fracture of a, resin
should be considered during modelling. Thus, it is area of the interlamina. Accordingl\. if the exist-
desirable that these stress components are calcu- ence of the interlamina can be assumed, inter-
lated by three-dimensional stress analysis for the laminar delamination can be expressed by the
whole of the laminate. Moreover. each layer of the fracture of a resin area of the interlamina. that is.
laminate is assumed to be homogeneous. But the delamination can be treated as macroscopic a
actual composite laminate is not homogeneous. failure mode. However. most of the falilure ana-
For example, ('hapin and Joshi'" investigated the lyses of composite laminates which have been
%ariation of residual thermal stress in graphite/ done. did not consider the distinction between the
epoxy laminates for three-dimensional analysis interlamina and other layers. That is. all layers of
using, three-dimensional solid elements. However the laminate are replaced with homogeneous
this method did not consider the whole geometry materials consisting of fibre and matrix. But this
of the laminate and the presence of interlamina assumption can cause trouble because in the fai-
for interlamiinar stress analysis. lure area one cannot distinguish between fibre

In this paper, a three-dimensional finite tci- breakage and matrix cracking: in other words, the
inent model was proposed to investigate the fracture of a quasi-isotropic laminate caused by a
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mixture of various fracture modes cannot be along the !hickncss in) cO~ompIsle l,11aminate is
explained. Accordingly. the existence of inter- called transverse crackinti. In fhisl, case.- transx ersec
lamina mus~t be considered. As anl example. tiontz cracking miainly mean,. the fracture kt; tlhc 90
anid Kim"' defined anisotropic layers and iso- layer. Transverse cracking in W-45 -45 90I
tropic matrix layers respectively, and the matrix (quaSi-isotropic lamnaitiaes is shoi~kn in i-g,. I 'I hec
layers may be treated as at shear spring-. However. interlaminar delamination 1is closely ivswciated
this studx' did not distinguishi between the nmaterial with the transverse cracking, of' thle 9W ki l r,
constants of tibre and resin. That Is it used the Hence it is essential ito consider transverse chiick-
material constants of a composite material. in(,

In this study, the resin layer at each interlamina Transverse cracking can be consideted a" the
xx as represented by separating each layer of fracture of the resin area In the M Vi) lxr. simila-u

composite laminate into fibre area and resin area. to interlamninar delamninati( n. It 1, co nsidered that
The concept of laminate modelling, is, shoxvn in thle interpretati .on of transvecrse, erackin,! in the
Fig. 1, In this figyure. inthe fibre area the fibre failure process, oft composite lami.nates Ill thece
compacts. Onl the other [land. in the resin area the to better m~odelling- 1f laminates.Ih nuinac
libre doe,- not exist at all. In thle modelling of ment of' transvecrseL cracking inl numer1CIical Anl -a.j
c~omposite laninates including interlarnina and is very difficult. T1ransx erse cracking- can hk- c in-
other lay'ers. it is necessary to knowý the tnickness sidered as, a microscopic failuirc Iiu dc. At.cctrd-
kit' the fibre layers and res-in layers. In this studyl. i nglv. it is appropriate that element divi\i mNo (1 ,th
the thickness of the fibre layers and resin layers Is mlodelling, ci rc-kponding mih -:.-o~ ersec crackling
tlctermitiod h\ the fibre volume fraction, The and the neighbourhood must be ,trictly ctin -
theo ret ical fil-re volume fractio n (it' a comnposite ducted. Brilt considering, thle calculation timel" 111
kaminate 1' Canl be calculated inl an1 equ~tion the coimputer. this assu mp1-tiil in i no t suitable to
ý here 21? isý the centre-t-o-centrec spacing, of the stIressý analvs is of composite: laminates. It 1s kni\ it,
fibres. and r is, the fibre radius, This, Lquation that a laminiate xx ith a ,tacking sejQuence in 11 \hiCh
Include, the a.ý,umption that thle fibres have the thle 90' layer is located mnid-layer occurs Inllai'
samne diamecters, and hexag-onal arrangement. ThFe versýe cracking. In ýhis sttudk. tu~odelling- of tfans-
mnaximnum value of I- Vs 9)t-7' i xxhen ri A'. that Isl. verse cr'acking' is C'InduLcted (in the issuinlptwlli
the fibres, arc touching. fIn this concept. the thick- that the transversec erackineo absi ilutelxoceur, in
tics, ii the fibre area , h and that of resin area the comnposite lamiinate inl which the 9W1 laer- Isl
canl be calculaIted easily In an equatlion. Where I1, loca ted mid-layer.
isý the: thick-ness of the earbun~epoxv prepreug Nox\. interpretation tit lxx types" utl trau1ISs r~

sheet. i ., is thle fibre vo. lunin fractio A o the crackin, \kxas prepared. FirstI. iransx erse cralcking,
0n[l ph iste hi inmate. should be identically treated As, a complete fiilc-

ture becausec transverse craicking, cannot Itransmiti
tlie siTrC.ss comiipoinent to' anotIher elemnent [In this

2.2 N Iodedling of transN erse crack ing ca C. thle elastic constinIlt of thle cleenici \011hieli
correspionds, xxth transxct ereracking. is, defined

The fai1lure In ide ()f quasi-isotri pie ( FRP lanil- as zero, Secondly, transvekrse crackninu should hie
nates undler uniaxial tensýion depends on the expressed by a decrease in sfnesof thle dc-
staeking secquence. It is, expected that the 90' layer ments which correspond wilth it. If the elastic
brecaks first. (Icnerallv. thle fracture of the layers, constant of, the celemenit xx hich cor-respondsk xxith

sinle laver f ~iber are afl

* VH9O.7%V

90 7

Fig~. I . 1c tit C Incepi of ii) lu dct mui iii of olimpoit is i ti i nau x,
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\4I NunCH cal nald'sis is, carriedI 4)t an mlna
p ~ '~ ~ ~¾T'. . ltical model ý ithouJt rans,\erse crackIne1.

\Vhcn anN elenment (4 the tIM lmcr har

.~.. ~ reached its limit in ,trcen,_,h. anl is
ci~~~~~~~~~k niiudb nstttn h lastic mm

q0,starli of all elenientis inch ci nst flute t hie I)(
la% er kk ith that ml neat resin called I k 1) A
N u111rical ana lvss is COMImd netd hk- an ana-
Is tical model without raus c s racki n,2
Av len any element of the 901 laker has

Transverse C rack recached Its limiit in ,t renoth. anal s sis 1,,

Fi g. 2. harns crsc cramckinu, on Ljuai-iIsm~lrpic (1R c ontne h\ he ~ itt11 tile e lax1 C()I
I~riac.stanto'h b~roken elemenits. thoWla~

\k ith thle elastic constant1 of the nea resIn
called l\pe B

.N umerical an I-, ci nduc-ted h\ mnamftransverse crackin,- is zero. it is appropriate that lica model xx it'h transverse erackine. I he i-
that element does not exist. However, the exist-
ence of fibre and matrix in that element cannot be elemecnts, xxhich corres~pond xx ithtas re
immnored, so that the elastic con1stanft of' the element rabokec Carldeied as ,eo asmntoe
xi hici, co-reponds with transverse cracking can
inot lie defined as zero. Therefore, thle element 23Ajki n~o
xx hich occurs in transverse cracking does not
break perfectly but decreases in stiffness. Crad- A three-dimensional analytical model ofit he Lainw
dAock4 describes the decrease in stiffness in nates w~as made -vll ing-lip ofl altcrnazte I;1\ er, "I'

compsitelamninates using itreduced modulus fibre and resin. [he analytical modelTp ,
method. In this stujd\, the decreaise in stiffnessN shoxxni in Fl-,c. 3,. In tIs, model, the X. Y'. / dirtec-
kxhen thle element in the 9W0 layer breaks. is tions arc defined as, in 'i..I he anal tcial
expressed bW substituting11 the elastic constant, model, ref'erred to as the quarter model. lias the
ece\cpt for the .\'component. of the element which X- Y ' -/Z planes defined as, planes, ofls milet rX,
corresponds to the transverse crackinL, of' neat The shaped portion) in this] iWILu re indicates Trans-
restn. verse c racking. T[he ocCicurence of initerlaniinalr

In thisý paper. the applicability of- the modelling delamination wa\,s judeed hv each interlanlinar
xx ich \% as obitained 1I mm the above mentioned stress component of* the A'- Y plane. 1-or thc h n IU
n rterp retatiows x\ as invtestigated. Then. numerical element model. a three-dimensional solid element

anals sis xx as carried out accordintc to the f dhnx ~k- such as an eh-igt -n1ode isop~aramet1_1 ec lement i
inu, three anal~sis cndiin,, used.

45~~~ hve Inm1 l

Fig, ~ ~ X 3IAayia ndl
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Table I lists the mechanical properties of tihe (2) Ioi.uofl's ratio
carbonmiepoxy comlposites uIsed in this nlvsi,.
The material constants of' the fibre layer v, crc I) i, K. t-.KA
Calen kitCd Using the material constanls of the I A-A
carbon epoxy conposite laminale b1-, 1enlura's
approxinlate equatiol as lollows." lhe material
cousntlnis of the I ebrl ha\cr correspond with these -,

vl .sin til Catse of' )(.7U, 2 ..

/) K ! ,

I = { . .. . I. ..

I -VTi ln \II-/ In h. r-

1 h 2 13 S/o'- J t3i .l

= +

S.0- (D ii .2 In

\ a tI) aL 0 a -
whereo' - flA A ' - /KjK1 ++ A,, a jND

4, A. 2 " , K,\ -here the subscripts f and m refer to the fibre and
- A A matrix, [. and T refer to the fibre and transverse

' I.flA ,,,~ -2A I - ,: ,, direction. respectively, and (;, uses the half value

"A - tt, K,, of (. for convenience. The boundary condi-
tions are shown in Fig. 3. In this model, the dis-I K I placement in the .X direction on the node of the

plane (D'iGH. the displacement in the Z directionon the node of the plane AB(). the displacement

K,,----- I#,/t 1 - ,',,,,- in the Y direction on the centre node of the line
K ,~ I A-BI were fixed respectively. In an ordinaryK, tI -', tensile test, it seems that most of the tensile load is

KA L, ,/tI -I ,,I on the surface layer of laminates because both



ends of' the specimnir are fixed by a grip face. the cawe of Tye A. Othe failure area tCeurs atl the
Therefore, concentrated load, wýhich occurs wkhen free edge of' -45 -- 45 nintrlantina at Ii r )i hu-
interlarninar delamnination occurs. xý as atl the node slcquentlv. the failure area occurred at Ihe fit c
of the line F- F i. that is, onl th-e nlode Of' thle SurI- edg-e ofi a 45ij(A) inte riamina,: and, thle dc\ ci p-
face layer of lamiunates. ment of the failure area xx aý not srxe in aill

Stress analysis was carried out by at modified intcrlamina. Type 11 indicated the 'samc Tcndcnc%
analysis model whilch followS the analysis condi- as '1 \pe A. (it thle Other ha~nd. l\% pc ( dij% xx the
tions Type A. B and C. as, mentioned above. [he occurrence (f' the fi.-lurc areat at the Itree edtde 'Ia
notilinc:,r analy'sis of fracture ehavli\ourl unIder- t j45;:-45 and - 5')tin terlarniina inl thek kI
tensile load w~as carried out by the incremental \khent thle failure area oc u rs, inI 1 pe A and I \
load method. The interlaminar normal stress B at first. The dev elopment t) tile I ailm re area :,an
component :, (y nterlarninar shear stress, compo- he observed in ---45 -7)) and 45-7 - 45 inter -

etsT,,- and T,- t. and MiSeS's equ~ivalent stress lamnina after thle Occurrene ()I the initial tatilu re
comlponent . J,,,1of each resin laver wkas calcu- area. Failure area of Type C is tgreater than lii
kited in order to judge whether or not interlamni- Type A and Type H.
nar delamnination had occurred. On these anal\ sis Mises's equivalent sie'distriuti( it in echd
results, adeq~uate modelling of transverse cracking, analysis condition is ,ho\\ n in FigS. 4- ic khedirp-
\\as ob-tained. tion indicates anlyist' results, x hen a laM kci

xx as r-uptured in lvpe A and Type B the appldied
load is about 800t ketd' In this flligure thec lit 'r-

3 RESULTS AND DISCUSSION zontal axis represen~ts file loecation alone, the
lengthl of, thle larnminaes: thle resujlt. r ph itted ti)

[hei fracture developmecnt of resin layers inl each points, along thle length. I hese figures, indlicate t1lie
anlsscondition is shownp in Fig. 4. The failure distributiort of- nearbx tranlsverse erakiiie Ir~

airea is, indicated bv shading in this fig"ure. Thie X., to X. in1 Fi3 .~ Type A\ and l\ pe R indieated
c ik nr of the failutre area darkened w\ith increase constant stes(listribu tioll in ;dl in te rmlaitii
of aIpplied load. and. tile applied load is at left side whereas with T pe C there \\it aMal HnCrCaI~k Inl
ofI each fligure. In this stud%.y,when the Mkles's stress at tilec - i5 ( iterlarnina as the P u t

el+iLIx alet stress of' the resin element reached approach trnvrccracking. IFr iths esls
tensi I streneth of' neat resin, the elementt xx as the dcx elopmncnt If interilaimiinr tractllk nc ca ti
regt-arded as having broken dlown. Tlherefo(re, the he exprecssed ~thle conditioin that tr-ans"\CrSe
irtcrease in the failure areai canl be regarded ats cracking, is regarkded as, a decrease in sifes n
indicating, the developtment of delamnination. ItII it is dif[ficult' to utiderstand thle occurren,,cA

Type A Tp 11 Blvpc U

(0/45) I I
(45/-45 -

(--15190) -

(90/90)

180WI 190g.20k

Fig. 4, 1--riciture developmen icc anakia odt
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'hrm the analytical rasuhti of the developmente
(,f the failure area, there is a possibility that inter- - .. .... n

laminar dclamination occu rs at either a- 459Tt0 ..... l reslt% I "
itr 45,'o o inter!armina. nonsidering Mises's

equnivalent s tress ai',.ib-:ion, intrlanirar inJldflam- Fig. instries. ( [ nd a

Fig. ~ ~ ~ ~ ~ ~ ~ Fg 6. [:rp.lctur lodwt'0 g) ot , n , vcu agging atocav mei-sthopd. AFR quasi-is

ination of a laminate with the stacking sequence to
),45 - - 45 9{1io, ccurs in the l.-45/90e inter-
famina. elnsile tests werr conducted in order to con-
rh, sbe cm higmponcnt which causes intcrlami- pare the analytical prediction wfith the cxpcri-nar delamination has becn investigated also. Thc mental resulhs, i hc iamina',c: ; c:rc made' iiin,

distribution ot interlamninar normal stress (J. and unidirectional carbon/epoxy preprcg sheet
intcrlaminar shear stress -L ,: and r,.) are shown in TFOO{H/ • 2504). Fray industries. Inc. -and a
Fig. 6 •applied load was 80f) kgf1. Both r,: and r,: vacuum bagging autoclave method. A quasi-iso-
arc higher than (L. It was considered that inter- tropic stacking sequence of {0/45/ -45/9t)1, was
laminar delamination occurs either due to r,: or used in the laminates. The tensile specimens w~ere
r, after transverse cracking occurs. The r,: was straight sided, [-3 mm thick. 25 mm wide and 2 10

different for both the interlaminae (45/ -45) and mm long, with end tabs. Tensile tests were con-
S... 4/90. n the case of(- 45/9}) interlamina, ducted using an lnstron testing machine. The

r,. becomes high close to transverse cracking, interlaminar delamination of the laminates which
Therefore, r,. has a great influence on the inter- were loaded to 82 ", of their tensile strength is
laminar delamination of composite laminates, shown in Fig. 7. Interlaminar delamination was
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Analysis of stiffness loss in cross-ply composite
laminates

T. E. Tai & E. H. Lim
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[he behav-iour Of lamninatedI .:Ompositc plates, beyond first-p1% fatlure has been
the subject ot mutch rese.arch work_ It is ssell knossn that gcncralký. the load-
bearing capai it,, of I ami nated co mpositre plate,, call ri main signtcii ept
the p~rcscnc(c (it somec damnage inl the plIies. tIrad iti~nl tII. the. pI1\-d iscoi mm
method has been used amiong analysts and desiginers. althouigh the approach is
oicneraIlx ret!arded as too conscri arise. It is thercforv desirable ito desehlli
mnodels for the prediction of the mechanical propecrties (it dlaitlilaaed Ci m pisite
laminmites tl S arintus applied load s. and to be able toi co rre late the chances tin
properties m~ith the aniount ofodamriage and crackinig ssithin each constituent ph.
le ncrall. if the miodels are 10 he Useful as pired~ictive: took. the\ mulst bie

capable (if riot i mIx so ffic ien lv descri bing the damragc stiate Nit ailso thc natilrc
of the datnage cx oltit in mt h load ing~. This -Cxiotul It m'as is often othia ined
throuch fracture anatlssis, airhouelh it should be noted that the diftuscd nature
of Cracks and the mutilplicit\ of failuore modes in et ttp isi tes in ge rteal grecatlk
comnplicates the analvsis. T he problemn of transverse: mlatrix cracking in cos
ply lamrinlates Under un ia~x al tensioin is ci msidcrabl\ simpler becauise it isI ssentially dominated by mode I fracture. [hus it is necessitril\ the first step for

anytnt del aimningi to prediet stiffnecss losses in co imposite lamninates. In this
pape r. a iinstitutai e model of' the lamnago state for co mpi site: lam inates. first
proiposed bv Allen i cr al-. is uised v ithI it damage cx ml itUion crite rion it ased in
strain energy ito predict the stiffness loss due ito matrix cracking in crum.....p)1.
laminated composite plates. AIt hougoh the co nsit ifiý univ mdel does not areuimreQ
ithe dtie rminnait in of main co nst ants, the st ilte ofi damacu-e is, described bsý a

secor tt ntenalstae aiabesIS% '5 hich conti uns informlationl onith Ifcrack
ceomerry and fracture tnodes. A series otit parametric finite delement analyses

;%as pcrtiorirmd to) dcnermitic the effects of rI itive ph\ thicknesses. crack
deisi t and crack open ingi pro fil Ioi n th Nec ~t ir ol I S\s .. ci mpti ter algo ri tihm
w\as %mstrite for the analx sis of' cross pl\ I linun ItAes based onl thle damlaute
cx ituion criterion proposed in thisxii %k fb. Tertift. stit'o the anallYsis Compare
[is ouriihl ssith experimntcnal nicaskiri. nnts ol progrx'ssis e tiffness loss in

diiedcro ss-ply% graph ire - ep iN iv lam inaite.s obtained Ifro tt itther researchersN.

INTRODUC(TION lture mechanics. tools in the analysis tof composite
laminates have only met with limited succcss.

The process of damage evolution in composite Much of the effort at characteriziniz fracture in
laminates is generally very complex due to the composites has been directed at the measurement
multiplicity of failure modes such ats transverse of fracture toughnesses in laboratory test speci-
cracking. libre-matrix interface debonding, fibre men,., These serve: as useful guides. for compari-
breakage and delamination. The use of fracture son between different Composite material
mechanics, especially in the realm of linear elastic specimens. but it remains unclear howv the data
fracture, has been very successful and well estab- from such tests can bie used for the analysis of'
lished for isotropic engineering materials because fracture in structural components. One reason is
fracture in these materials (for linear elastic cases) the considerable difficulty in determining the
can often be adequately characterized by a single complex interactions between different failure
parameter (for example, the stress intensity modes and the effects of component size and
factor). However, attempts to apply similar frac- geometry.
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There have been attempts to model damage in REPRESENTATION OF f11 IDkM.A(I-
composite lminates using damage and fracture". STATE
theories.'- -For sonic types of diffused or distri-
buted damage, a constitutive representation of the Currently. there are two well-knovwin miodel,, k,
damaage state nima bc most appropriate.' The use damaged composite laminatcs lancd oiI C0 i-
of fracture mechanics. however, is still necessary tinuum damage mechanics (C)M . 'Ihc first i,
in order to establish criteria for damage progres- l due to Tarcia. who u,,ed a ir,,t order tensor ,•i
Nion. Numerous phenomenological models for the internal state variables ISV Ii, dcescrihe: thc
prediction of stiffness loss in composite laminates damage modes. B-, assuming the cei~rg\ dcnsit\ in
are available. Among the better known models a cracked volume to beI a function of' the strain
based on continuum mechanics are those devel- tensor and aI damage vector, at set oI ci nstlitutli\
oped b% Talreja. and Kachanov\ kand applied to equations with observable trains and an elfecti\c

composite plates b, Allen ei al. ;. These are par- stress tensor can be constructcd. Fiw-|\evr. thiN
ticular\ sulitable for cases where the damrage is method requires the determination ot ten con1-
fai rl\ uniformil\ distributed throughout the lamina ,stants for a general laminate containinc, mat rix
e.g. transverse matrix crackingt. Howevcr. the cracks. The number oi c(onstalntl is, reduced ti

equation,, inxolved usually contain man\y con- four in the case of cross-plh lamninate\.
,,taiIt w\hich are not easil\ determined expert- A second model used b\ A\llen cl aId lo,,
Ienlclll.N except in the simplest of cases. Hashin' employs a set of ISVs describ-ed bx1 scCond ,Irdcr
developed an approximate variational method tens! rial quantities. origminally prlo,,cd hi
\\tilh admisiblc stress functions for cross-ply Kachanov.i This model appear, to requirc fc',\ r
laminate,. but the analysis has not been extended constants and cxplicitl\ incorponrtes tihe crack
to nlinm.ltes x\ith other stacking sequences. ()nc kinematic features into til the I olat l if 11 1h;
f the" earliest development, is the shear lag ISVs. 1Fi- these reason,,, it i,, used in the \%tork

ml Idcl proposed hy Highsmith and Reifsnider. presented in thi, paper. In his, model. the
\lthi Lhh this model is quite simple and has been strcss-strain relationship oi a small \vlume )i

applicd uticcsstillk to cro ss-plv laminates, it damaeod matleriC ill pl\ level is, assued adc-

a,,sumcs the existence of an imaginar\ shear trans- quatelC described h\ the cquatlion
for lacr %\ ho,,c properties aire not readily defined
oi Obtained thlrouh experiments. E-ixpcrimentally.
the nIlonitrting and obserxation of damagt pro- ahere a ,re the applied stresse,. i laC the \till-

essilll in comnposites also involve cumbersome nisses of the undamlagetld mialcri.ll. ai, Zooi tile
procedures. The specimens are usually strains. /" are element,,s of tihe dillge Iml t tIlxl',
rermoved I Im the test rig after a predetermined (.t': are the internal state variable,, and qj I 2. = .
number of fatigue cycles. dye-penetrated and .... refers to the damLage mode,,. It was sll hx n,
X-rax ed in order to determine the crack densities. that to a first apprl Ixinut is

It is nwt ku \\lit \% hethcr the process (fl' repeated
dveing and cleaning has an\ effcot on the results,.
In an,, cas,. the procecduire becomes inpractical This assumplion simplifies the theor\ consider-
for e\cn modleratel% thick laminates or laminates ably. !caving the unkno\\i I\SV,. (' . \et to be
with more complicated stacking sequences other determined. Note that the entire description of the
than cross-plies since adequate dye-penetration damage state is embedded in the second term of
can no h lngcr be ensured. It is not surprising then. cqn I I. I-o-wever. it is important to realize that
tlat most published experimental data onl rack eqn I 1 does not pro\ide any information on ho\a
densities have been limited to thin cross-ply that state of damnage has been a.ttained i.e. the
laminates, history of damage accumulation. Thus it is neces-

In this paper, a computer code based on the sarv to turn to fracture mcch:nics in search of
constitutive model of damage proposed by suitable criteria for damage growvith. Equation ; I
Kachanov> and Allen et al.' is used in conjunction is sufficiently general for use in the classical lami-
with a simple kinematic representation of trans- nation theory ('.T) or sonic higher order thco-
verse crack profile to predict the stress-strain ries. If the former is used, the damage in each ply
hchaviour of damaged cross-ply laminates. A can then be modelled separately.
damage evolution criterion based (n strain energy The vector of resultant forces N! can be
considerations is also proposed. expressed in terms of the laminate midplane



strains e in the absence of [wending-stretching~ %,,here it"' is the crack Openimne dispwl'l.n
coupling by: is the normal to the crack surface and v the unit

N Aj~+~ crack volume. The Integtral Is evaluated over the
3 entire crack surface. The equivalent ISV fOr mode

where 11 is the stiffness matrix of the laminate. 11 may also bie similarly dfined:
defined for the kth ply by

(I it n d

where 0, is the crack Alidfin_. and fi- V, a unit
Here. Q Aare the transformed reduced material vector inl the plane of the crack surface in the
stiffnesses of the orthotropic layer. and t, is the direction of shear.

thickness~~ oftep.Tef -oing vectors are Thus it is seen that the damatge state is assurned
defined: adequately described by the damage vector 1).

The evaluation of the ISVs, according to eqns, I I
-and 1 2 1requires kno\\ledge of the Crack Opening

0_ and T dliding profiles. and the densit\ at each load
level. The former is., obtained thrOuigh F1- ianav
while the. crack density, can he obtained throucuh at

6 \uitable darna-, e v )Jutim! n etern ~n. I~ r e s-l
dz laminates. fracture in the tranN\ ersc plies is domi-

nated hN niode I and therefore onl\ the miode I
ISV is relevant to the \\Ork presented here.

where thaili scri~ptN v and -v refer to the global EVALAuJnoN'0F INTERNAL STATF
co-Ordinatc. ,ystem, \khuec the Su~bscripts I afnd -2 VARIABLE
refer to the loni'itudinal and transverse miaterial
direenlo)ns 1cspecti\ clv-. The vector I)' is known We assume that the transverse eracks within) ZI
it, the damlaue vector. t, is the thickness of the ktht damiagedC layer areC unit orilk distribu~ted and that
p-I. aind a is the transformed vector of internal the behaviour of' the laminate caIn he adCqua1ýtel\
\late variables IS%,s. defined w, represented h\ a repetitive unit volume A

1material containlinu a tran.,\crse crack it, show\ il III
U~~t,, 1 I i. A series, Of finite elemnent paramectric

I hc vctor of1 ISVs canl also be expressed in tile suiesII' has been1 pert ormIled inl Order to establishl
material co-ordinate sy-stemn: the effects of' crack Opening profiles. rclati~c 1-pI\

I ~thicknesses and Crack den~sit\ On thle stiffneCss Of

It fol h xxs from eqn 2 that to an approximation, rnses
if only mnodes I and 11 fracture is e nsRidered. the Trnves
matrix, /i in miaterial co-ordinates is, g.iven by cracks

900

[ he matrix / !, is the translOrmed matrix in global _____________________
co-ordinates. The ISVs '(t embod teffts of 0
crack geometry and distribution. The ISV for
mode I cracking is defined as Rpeettv

(I it ̀ 2) 0.,. Votumne
f Fig. 1. s h- rseci criacks in 9W pk.
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the laminate. Fig-ure 2 showvs an FE model of' a svstems,. From Fig. 3. it is seen that as the crack
quarter portion of the representative volume density p increase,,. 6 decreases, rapidly f`or a
previously defined in Fig. 1. The region AI3FC constant applied strain. On the other hand. Ht.
represents the 0'O ply and FCED the 90' ply. The shows that as the ratio oI' the thickness of the 0-
edges AB and ED) are restrained from movement ply' to that of the 900 ply increases. 6 approaches a
in the vertical direction and AF is restrained in finite constant ,alue. Although the cur~es are
the horizontal direction. A uniform displacement obtained fo(r one value of* applied strain. the
in the positive x-direction is applied to BCD). The results at other strains can tie obtainied b\ linear,
half crack len-th extends f'romn F to F. with the scaling.
cracktip at F. which is at the interface between the Filure 5 shows the variation of the non-dimen-
f0' and 900 lasers. The entire model consists of' sionalIized crack opening profile across, the thick-
eight- noded isoparametric elements with ortho- ness of the 900 ply, obtained f'rom the F F analysis
tropic material properties obtained from Ref'. 5 A fourth order polynomial fit of' the nodal dis11-
and given in Table 1 . placements is obtained Such that

Tlhe following, non-dimensionalized parameters
are def'ined: W q

~ 11 14 where

s~heren and i., are the thicknesses of the W> and ibttin
pi hI.' .esecivly / is the distance bletween Susiuigeqn; '17 Into eqn, I I .perf'orming the

tw adjace~int transv erse cracks, and it,, is the rnaxi-
n1mn crack opening displacement, Hence p and 6 L__________________

merit "CD; respectively. Since the analysIs is
linvarlh elastic. o is, directly proportional to lthe
applied strain. 2'c Ga~/px

T he results of* the analysis are presented in Fig's
3N and 4 for both graphite--epox\ and glass,-epoxv

AI A t

0 03 1. 1.5 20

t 00 Fv - 3. .ctocakde iix on 0~v

t 902

(a) (b)2
Fig. 2. 1 in itc c lenictil 111c"11,

I ablek 1. Materi~al prnpertie. used in FE anaI1%ik. irmi~ii1
Ref. 5Gls/px

(11C 1- Glraphite/Epoxy

( ~ P .0 5 10 is 20
(irrpii--co 41) 9.85 448 (03
(,IN~c 7 3-0 .314 0I3



1.0was reported by Wang (' a!..' but this neth Id

08also required exten~si~c le tinge of aI large nunll~the
o! specimens, to determine the maicrial cocil-

S cients used I n the probability functitw n Much
C 5research remains to be done Iif thle formLI lilt 11 Ofl
0 a~, damagte evolution criterion t hat is not )t nl
~0.4 capable of' prLdicting crack densities in crovspi\

laminates, butI also in] lamninates Nklil ib ctenral
0.2stacking sequejnces.,

Go ~ ~ 1 Ini this paper. at fractureC or danma'71 C\0 olution
-1.0 -0.5 o 0. 10criterion based onl strain energy is Pro)posed.

Consider a svrnmeiric en )ss-plv alaminated. Loin-

F-ig. 5. Non-dimnwnutj,incd ciack 1tipening, prtfilid acnis" posite Plate of width 1) and ILegth 1'. "kith) thle lav-
thicklwcv, tt 90 iacr. uIP Conf li uration iO/,9Wt 1 \ here theC subscripts r

and el arc integers. As thle laminate Is being loaded
uniaxially in tension, the stress- strain cur~ e

iinteeration and assuming- that the crack extends obtained is ]inear until first-ply failure atl A see
through thle m, idth h of the 90'~ ply, we have Fii,. 6i. A transverse crack is then introduced in

thle 9W layer and the crack density dectermined

U¼ u(. q 4-C ± q q fi-romn CLJ 2 1 . The maximium C( )( )) ct ýrresp on-
h!2 .<in,- to this crack- deInsity and laminate gconmetr%

canl be obtained f-rom thle curves, shlox n i I- ii~

+ + (;±; and 4. These values are used in the C01 111pu"t~Itoi1
of a_ -iceordjne1- to coi 20 and 1,~subtUIt d into
eqns 3ý and . 7!. The result is, a reduction Iin the

As determined fromn FiL~ . the constans ' and effective stilles oftelmntqi h ieto

C. are - 0(029 and -0-J98. respectively. C, is of' the aPPlieCd load, and this Is represenited 11n ( )V
neglig-ible compared to unity,. so that to a good in F iY. 6. 1, po'urther application of, stI' rain tile
approximation. eqn, 19, reduces to load Path FB nowi reflects, this reduction in) stifft-

u''C ~2o1 ness. Note that the slope of' the line 01 corre-c
sponds to the stiffness of thle lamninate as,

%k here L s the crack density. defined ats determnined by thle pl\ discount method, where: thle
contribution of thle 90' layer to thle load-bearin11eL

1 < I capacity of the laminate has been tic-Mccied.)
i Hence 01) represents tihe lower limlit of, tile stifl-

ness curves as, far as damage in thle 9W layer is,
Thus it is seen that the ISV for mode I transverse Concerned. Further fracture is assumned to h1;1\
matrix cracking is co)nlplctelNy determined if' the
maximum C06f and the crack'density are known.

D)AMAGE EVOLUTION A
-B

The model is completed with thle specification of' b F n-
the maniner in ixhich the damage accumulates -with / ~
applied lo)ad. At any stag~e in the loading history, it CU /
is% necessary to obtain ý, The crack density. This is ~
b\ no means a trivial exercise and different ap-/
proaches have been suggested by researchers,
although most employ fracture mechanics in some
lform. Variational-type analyses were used bySranE
1Iashin' and Nairn." although these were invariably SianE
restricted to cross-ply laminates. An interesting Fig 6. AnIat\ sis (i st itfnesN lo ss jin thmaved 19<
application of probabilistic fracture mechanics triui~



424 L. /L, I'y : Lim

occurred when. upon further application of strain,
the area FBHG reaches a critical value. An addi- 7-0

tional transverse crack is formed and the effective -- .et
stiffness further reduces to the slope of OC. which E Ex!t lt• I'

is calculated from eqn (3) and the updated ad. P dn

Denoting the area FBHG by {d '/d' ),. and defin- 1

ing the quantity U, such that
Joo

22i 200t, di, ,-

a transverse crack is assumed to have formed
when a - --- -_-

13000 000S OlO
U1 > G1, 23) STRAIN

w here G ,:. is the m ode I energy release rate for the Fig. 7. Stres s - train cur ,tc tor At 904i gl~ i philc -,:p ,,

formation of a transverse crack. This simple
criterion can be easily implemented in any algo-
rithm which employs lamination theory. The pro- 500

cess of determining the transverse crack density is ___ ,.n

repeated for each successive matrix cracking LOO - - --EXPm 11

using the same value of (;. Hence in Fig. 6 a --- Ply disco•nt

series of points i A. B. C. D. E) can be gener- I 7
ated until the limit O is reached. beyond which 300 -
matrix cracking in the 90)' laver no longer signifi-
cantly influences the laminate stress-strain behav- ,,1
iour. As a typical analysis usually involves a large ,-
number of cracks, a computer code has been writ-
ten to perform the calculations. It is noted that in 100
practice. the intervals between the points A. B, C.
etc.. are very small and the curve appears smooth
rather than discontinuous as shown schematically 0000 ao0s 0010 0t15
in Fig. 6. STRAIN

Fig. 8. S .cs',- ,train curn c lb r (1 g ralphitc-cp l\\
[a rfllfatc.

COMPARISON WITH EXPERIMENTAL
STRESS-STRAIN CURVES t00

700

The predictions of stiffness loss with damage for X 600

three graphite-epoxv laminates and one glass-
epoxy laminate are compared with experimental t 400

ftrcss strain cur o. obtained bv D aniel and Lee ' I Ioi te- I

see Figs 7-I 0 ý. Figures 7 and 9 show good agree- ---.. from W 1

mcnt between theory and experiment, although 100 - -.. Pli discount

the predicted curves have reached the limit deter- -_

miaied by the ply discount theory at the applied ooot.0s 0o00 0015
strain of about 0.01. Both experimental curves STRAIN
from Daniel and Lee'' show a stiffening of the Fig. 9. Strcs-,stramin curvc Ior W'.t)( (2, graplhic-Cpexv

laminates at high strains. This phenomenon is laminate
particularly pronounced in the I10/90*l, laminate
(Fig. 9) and may be due to stretching of the re- prediction of stiffness loss after first-ply failure is
inforcing fibres in the 0' plies. This effect is not grcater than experimentally observed. ioVcver.
considered in the present analysis. For the better agreement is achieved with increasinga
10'/90'1, laminate, Fig. 8 shows that initially, the applied strain. In this case, the predicted curve



200 - Present other researchers. Work is, CUrrQ111% ll in1-prN.rcss ii
--- Expt frorm Ref. 11 -predict the stresk,-strain behaviour of constrained

Pl/ison angle-plv laminates.
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High strain rate compressional behavior of
stitched atili unstitched composite laminates

with radial constraint

S. T. Jenq & S. L. Sheu
In ~ugu' f -Ien murn ~and 1 sol; i .\unmil! ( hcnný Kuitt [lil croftv, Ifunion. I a wolo.

This paper is concerned with the high strain rate compressional behaviour (it
olassecpoxy Ily-EL 91 34B, Fiherite. ('SA composite laminates voAth o r " ithout
stitchin, reinforcement bs untwisted Kevlar-49 threads 1140) denier. Yhe
sýplit l-Iopkinson pressure bar SlIPB; apparatus isý used in performing the high
strain rate tests- Iest data are analvzed in a manner similar to that reported b

I laserLsj' 31c/i. 6 966 95.Specimem;ý are tested at .train rate-, up to It
'nidi redtionial lamninated paral lclepi ped SaIto p)S arFc impacted al n_ their

fiber direction. Fheir high selocitx cottipressive ductility is observed. Bi~th 0'~
anid (' 9W~ , lass'ecpoxy circular spccimcns -,ith disc dianietcrs ot 101 atnd
45' 8- mm are irans% crselv impacted b~y an input bar in order it) stud% their high
"strain rate: behavior. Niorcos er, two sesof stitched circular specimen" withi dis1c

dJianmetrs ul iitJt and ' SO-S mm are also examined. Trhe etfect of ~train ratc and
a~dial c inst raint on the dv mrimC properties oitstitched and Unstitehed (i-RIP

laminlated specimeins and thteir as~ocia ted datnuiLe pat t rti are decscribed.

INTRODU CTION voilume percent of filament reinforcement and
strain rate.

ILaminated comnposites have been widely used iti Harding and Welsh" examined a number of
such lig;ht w\eighIt and high strengith structures as experimental techniques that had been previously
ground transportation vehicles, airplanes. and employed in determining the mechanical behavior
sýpace satellites. Accordingly, there Is a need for a of composites under tensile impact loading. With
detailed chatract erization of the behavior of fiber- a modified version of the tensile split H-opkinson
reinforced composites sub~ject to dvinamic load- pressure bar ;SHPB iappa)ratus for tensile impact
I n kY Although many invaluable papers testing of carbon fibre rei~lorced( plastics iCFRP
emphasizing the dynatnic behavior of' metallic and olass fibre reinforeed plastics GCFRP .the\
alloys Can be found in the literature, and also in found that over strain rates, of approximately
the proceedings of various conferences.- at 10 ( -10'ts wietednmcbhvo fui
limited amiount of work, howeve-r, emphasizes the directionally-reinforced CFRP is independent of
high strain rate behavior of laminated composites. strain rate. (GFRP specimens demonstrated a
1-0r an extensive summary ofnmaterial behavior at dramatic increase in failure strength andi elastic
hig-h strain rates. the reader is referred to Zukas et modulus at impact rates of strain.
(1i" A brief summary of' the work related to the Saka and Harding"' also investigated the
current research follows, possible use of glass-rcinforced layers in imrv

Sicrakowkski and] Nevill,' working with an ing the impact resistance of all-carbon reinforced
experimental program that systematically composite materials. H-ybrid specimens with
evaluated the deformation and fracture of steel different weight fractions of carbon to glass wvere
wire reinforced epoxv composite systems sub- prepared and their impact responses at a tensile
leeted tto impact loadling. found that the rate strain rate of about 1 (100 s 'were compared with
effects depend upon composite constituent those obtained for similar all-carbon and all-glass
properties. geometric arrangement, volume frac- specimens.
lion of reinforcement and the size of the reinforc- An extensive study of high velocity brittleness
ing fibres. In addition, they found that maximum and ductility of Pyrex glass. metallic materials and
failure stress was dependent upon wire size, the composites was systematically conducted by
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Kawvata et al.' The dvnanlic tensile stress-si rain test setup. CmlaIntInIngI anl inpu)t. an1 ur-Ipurt. aind a
relationship,, in the strain rate rangett oWýs trý-l a.I dill otl, "(it~
were obtained for these materials and their electronic data recording Vcx pes isprsented InI
dynamlic niacromechanrical characteristics dis- Fig. I1I Lach of* thle aforementioned bars s'd
cussed. In addition, the mechanisms of the various at diameter and lenuth of 12-7 and 1)000 mm.n
impact behavior/phenomena were discussedI re'pectively and wxere mnade of 1X5,3 stecl allo's
micromechlanicallv. While (IFRP specimens% 'fating, Co.. Taiwan.. Iri-or lo the tests. these bairs

exhibited remarkable tensile high velocity ductil- Were heatl treatedCL to a hardnessN ot R, Oil O_'
itt\. CFRP specimens showed slight hig-h velocity thereby\ ensurigtanop-mrc tto al11
brittleness, strain rate insensitiveness . would Occur during the Impact tests. T he cm-rre-

The increase in flow stress relative to simple sponding mechanical properties, of' these bars airc

uniaxial compression for 202l4-0) aluminum Summarized in Table 1. The striker bar 3 I 10
pflates subjected to NVmnliletriC qluasi-static Com- made of SAL. 4 1 M(1 steel. xx as fired onto thet 1Input
pression by steel punches and to dynamic com- bar by a pneumatic gun at Impact velocities (f
pression by the Kolsky split H-opkinson bar was 10-50 nv's. Tw~o sets of unidirectional strainl
experimentally investigated by Liss et al."~ For a galuges (FL\-2- 1 1. TMI ., Japan .x\ ith at 1-au-C
specimen thickness to bar diameter ratio of 0-5, a length of 2 mm. wecre installed on thle input and
con1straint factor of' 2-0 and 1-75 resulted under output bars. respectively. In i ordler to eliminate anm
qluasi-static and dynamic conditions. respectively. bending waves, the gauiges Iin each crt xcr~c

The ma~jority of' the above mentioned work mounted. qi-dstantxfrom thIndo`hebr
concentrated on the high strain rate tensile opposite to one another along_ their res`pective
behavior of' laminated Composites. Note that the bar's axial direction. The specimen \xx as place.d
dynamic compressional behavior of GFRP with between the input and output bars. The set o~f
or w\ithout radial constraint at high strain rate strain gauges mounted onl the input bar were
loading has not been extensivelv studied, designed for_ meaCLsuring1 both Incident and
Although composite laminates possess high reflected stress wNaves. \N hile: their couinterparts onm

strength in the fiber direction. the lack of throug-h-

the-thckness reinforcement uIsuallV limiits their
uIse.' Improved delamination resistance in 1,0111 1,IXX)11fl
stitched composite plates subljected to lox-
velocity impact has been reported by Ljl*. 4 In stinker barl Input b r ouipul bar Ithrri% oil b

19 ~)5. Mionerv et al.' demonstrated that although magnitv

the effect of stitching on the ultimate tensile
streng~th of graphlite/epoxy laminates is not \.tai! Ine __e I_ iwelrtake 11

predictable. it can. however. effectively decrease deasure 12tic
thle amount of delamination by checking the
extent of cracking. Although the effect of stitching
on the strength of composites and Iin Improving L _

their tolerance for Impact damage has been
reported."I I - the effect of stitching on the high Fig. 1. A setiemuiaic 1cpr&sCrlitatkio ot ihe splti I lopkinson

,strain rate behavior of composite laminates has har test setup,

hoxx ever, been Ilargelx' overlookedl. '[he high strain
rate compressional behavior of stitched and table 1. Mechanical prilperiies aiid %ie rf the -Iriker.
unstitched (iFRP specimens with or without input and oulput bar%

radial constraint is, accordingly, investigated in irkibr Iipiand~ ouliplit bats
this work. 

rkibt Ipi

Maieriat SA 1[ 4 I30 I)(531 hear ne~iied
siect aftiw

EXPERIMENTAL SETuP AND DIMr ) ýklte 12-7 min 12-7 nmm
IRCDUE tngih 3 I 37 munm 1100111) m

PROEDUES enstV 1)7 720 kg/ni 78-70 k ni'

[hle high strain rate compressional tests were 1' 34M~ 8( ~
Yedstrengiti .64Wt 28 I'

performed using the split Hopkinson pressure bar ~ . . . . .

ýS[41B13 apparatus- A schematic drawing of the -Manufaciured hv Fhiiung (ir. Fai~kan ROC.



I ligh wt ain ran'I up '~ a cai f~t e 111I~.~llcd wnpos Ite hiitlatew -42"9

the output bar- measured the transmitted stress behavior of these unildirectionalhN reinforced
wv.Afour-channel signal amplifier and digital GFRP samples impacted along the fibe r diret'clin

oscillscope ý4094C. Nicoler. USA) recorded The second and third set of specimens. 0( and
these transient "wav forms. The measured signalIs (W/900" gls/pxelyFn 41 brte

wvere then transferred throug-h the general lmr- laminates shown schematically in F-igs ý h! and
pose interface bus iGPIB! to a personal computer ic,. respectively, were both machined into tnko

for further analyiýs. IiA order te assure the accu- different diameter I() 10ad 50-8 mm; circular
rac and reproducibility' of the measured wvave discs. TeA'adA eintosrpcet
forms, at set of split Hopkinson bar tests wvere per- respectively, the test series for 1 0 and 50-8 mm
formed onl the 606 1 -0) aluminum specimens. diameter 10'J., (1FRP specimens. while the ('P
SatiSfaetor~' reSUlt.s were obtained.'" and CR designations represent. respectively. the

A total of four types of composite specimens test series for 10 and i0'8 mni diameter (

were investigated. The geometry and fiber orien- 90%,1, (FRP samples. These circular discs %kerc
tations of the samples are shown in Figs 2 a)-2id impacted along their thickness direction. *hec
All tests were conducted at room temperature fourth type of composite specimen incorporated
approximately 250Ci. Kevlar-49 untwisted fiber f 140 denier sewn. via

The first set of samples consisted of cured ( )j, the horizontal balanced-lock-stitching, method'
glass,!cpoxv Fly-F' 9131413. Fiberitc, USA; with a sewing machine employing a stitch spacing
laminates that had been machined into rect- and stitch step of 5 mm. perpendicular to the
anlgular parallelepiped,, x 6.5 X6-2 mm in direction of the glass fiber in If. lassirepo(),
length, wkidth, and thicknDess. respectively: Fig. pre-preg Hy-F- 9 13413. Fiberite:. Again these

ai ;. A set of highb strain-rate compressional ! DP stitched laminates were: machined into tk~o differ-
seriesý tests ý\\re performed onl these specimens ent diameiter circular discs ats above, wiýith the 11)t
w~ith the specific purpose of studying the dynamic and 50-8 mml diameter specimens being used for

the FP and FR test sets. respeetivekv. A schemnatic
giass fiber iatrix representation of these stitched samples and the

dirctrion - impact direction is. show%%n In Fig. 2 d .
of impact 6 mr 6 pý2i~i tion Note that the parallelepiped specinmen,, mre

- &4plý ni-drectonalimpacted along the fiber direction. ilth
circular specimens wecre Impacted at the center of

8 the disc along the direction of thickness. The

glas's (a 1.sCircular Unidirectional and cross-ply GFRIP
fie.,... fl be r 1.0 laminate specimens w\ere examined wýith the spe-
di onc (ion cific purpose of- studying the effect of radial conl-

ofo 0lp orI1I1 i straint onl their dynamic properties. Inl addition.
matrix 50.mm.da ma~itrix 0 So$mld the effect of stitching reinforcement on thi hih

0 Jý strain rate compressional behavior was also inves-

10,1)A lminae 11 ()1j,)lj~nt).1f:,tigated. Prior to each test. the center line alons! the
frbta viecmew th ipu bar and the output bar \\ere

fronWW w stt, fibr sde vew arefl[\ alinedAll specimen suirfaices w cre
filbr '% ..... .2, -I- Is_ crelllýfinihedin rder to assure close contact

direc~tio I 0m 4-T7_\ (I barsnth specimen. and the input and output

matrx,- -it:Y he uidiectinalglass/epomx laminate~s obtained
Rlas5 with a MTS tester set at a strain-ratec of I x 10

V*- fiber~ are shown in Table 2.
point (stitch step)

Fig, 2. Schemnatic drawing of the iest specimens studied. AAYI
Note that; *& represent,, tnidirectionally reinforced (iI-RP
samipfes imnpacted along their fibevr direction, ýh and ic D~ue to the fact that the input and Output bars.
depict unidirectional and cross-ply (GFRP Iamninatc% struck remain in thie elastic state at all times,, stress and
transvcrsely by the input rod: and id! represents the uinidirec-
tional (l,FRi' samnples with Keviar tiher stitching reinforce- particle velocity can be accurately determined

nwnc according to thle measured strain. TIhe measured
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Tlable 2. 1he tensile and cornpressike quasi-static prope~r- The corresponding tveragc straln rate is. then:
ties of (01 an~d (900) laminates Z

D~escription Young's Ultimate streniorh Strain rate -oV04
moduluIS oI'

0'O tensile 56- 18 1650) 3-3x~ 10 Based on eqns 2ý. r3j and ý4K the dxnamnic
properties 48-621 1200- 1600" stress-strain relationship,, can be comnputed trorn

0 wmnpressts L 54-2 75S 0 X It0 the measured wave f~orms.

90, tensle' 1 89 42' 3.1 x 10

91) compressixc 17-1 146 99 qx Itt RESULTS AND DISCUSSION

*Represents the material properties supplied b\ the nianu- The unidirectionally reinf~orced gls:epx
I MtUMe. paeek FY-I7 iheriwt MaIOnwI% IhioilhboA, l(1 parallelepiped specimen,, 1-ig. 2-: a x', crc tested al
F therite. I empc. AZ. aeaz tanrt, f 8.130ad'0

Hite neat resin tensile strcrngth of F iherite 93-4 cpx'ý aveag stai raeol 8 1. 35)ad21(

%il'a accordimn, to the Iib('riwl,wnb 1110 IA tlndbooi~A page x hich correspond. respecti\-cl\. to thle 1I) 1 I )I_2.
V1-; ~and l)IP3 tests. 'These samiples we~re imlpaoced

alont, thle fiber direction and their respeccu c posis-
siinals are analvzed based ,n the uniaxial stress impact photographs are shown ill F-ig, 3 a -3 c
xkkaxe theor\ detailed b\ Hauser"' and Lindholm Note that the specimnits ha\c hcben shatitered int(
and Yeakle\.-i Considerini- thle fo)rce equilibrium small pieces. and that te oss alr
at interfaces, I and 11 refer to Fio. I1ý the average pattern quite diffIerenit from that f mnrd Inr~in
stress, in the ,pecimnen can be expressed as: quasi-static compressional tests, Measured ~a

I t'~~ormls -xere analy'Zed based on the theork outline11d
(7 - ±0,in thle analysis, sectio n. ('Lirves, A. 1B and C inl F it_,

* 2 K!4 represent the dynamiic stress, sirain cutx Nes
ei wrrc.spomfini_,. respccti\ cl.\. to the DP1)'I. I )P2, and

"\here i-- .and (7j, are Measured by. the gvaugc.s l)I3 tests, 1l1C dynamnic elastic miodulus, tnialt tnt
loceated onl the input and output bars., respectively, str-ess and the correcspondiniL, strain wecre deter-
The area of- thle input bar and thle comnpressed mined f'or each test and arc listed inl 'I able 3. Note
area ot the specimien are. respectively. repre- that (or uni1directional (i11RII saniples. thle

Nenttedi bN A[n he respictix e X, and X. dylnamic ultimate11 streCss tinder 1)lP3 test ke011ndt-
displacemnents, of' iiitrl'aces, I and If can be lions, is appr ximiatel twok timeis hi-gher than theC
e-xpressedc~ as,: (V quasi-static compressive strenigth. In add ition.

the d\ynamic elastlic nitolulis ()I this, spccimencl

d, under I)I3 conditilons~ x\xas found to he appromt-
dN = cI atelv 92"., higher than thie () quasi-static elastic

Miodtulus.
X.(I, I he relatio nship,, bctxvecn ulti mate streNss and

0 0the strain rate f'or thle parallelepiped spec~imens

where I) and Crepresent. respectively, the density

and( a is, the thickness of' the specimen. li-om the

equations shown above, the averagte strain in the
specimecn can now be expressed ats:W

((I - (,I, (it 1 ,d
(I Pia If Ij

Fig. 3. Photog~raphs ol the tiatnage pattern for thle ýa DP I
ý3 hi D112, and c! 1)[13 ,peeiments_
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2000" 2000- CLL0• Un data in Table 3

"1600 - 1600 r orat resuJ?

0 Kawala, el al. resuit

S12o - 1200
A

S800 800

ZA B C a

400" E 400

, /

010..- 410,310. ..('. . .

10 20 30 40 50 410 " 3 2i 01 102 1 o03 1 C4

ml lii -strain strain rate (1/sec)

Irij,. 4. DI)namic trcv -s-rain cur~cs lir lunidirectional Fig. 5. A plot tit uhiimac tIrcss e.,rt' qyairn ralc tar thc
(11-R i:''PCOVInCnV Le- DP WcriCs impUacrcd J 1n1 their fiber DP rct cerics curt" A . and the teslt - r,`,,1h11 I I,11h11

direction. and Wclsh and Kaimata er al. h( r (G) FR1.

Fable 3. A ,,ummar. of test results for the D)P te,, ,ries

RLJ) no. .,Aerat-,c strainl Youmng' [noduLUS Maximmum strc,, I-,tilurc strain \,Q
raec (INa NIPa

5-4-2 75-) Iit Specilcn f7WHd

1i •S1  Ua,'.(0 1 i , .i S3 c0 1.n 1l,1
uJ(I 1I4 15. 1 •I.53 35Speime taail.d

Repre se ,', the I quat. -,,hit ic comnpressi\c propei-ric,, ot unnidir,,clit nat (itF R.P iample

I able 4. A ,ummar, of the test results for the .-\P and -kR test %e•%

Rim nitý A\ craze >trailiN Youn,,n in, dulus \aximum ,iret [ailrIRr strain N I'
rate ( 11'a N.IPa

S,,NJI If) 9 17"1 1-4(6'11 i- s ,pecimen Lhucd
AP 1 3142 ISo 3510- II 93 Sp•,1cim 01C:l.d
AP 335(_2t-_ 45 .)- 1 )3, Spc clni i tal 'd

24-5 57i0. 0 WIN Specomen tailcd
\R (5 s-7a 2I(111 II ISi7.iuen tiled
WR2 2-5 14 20.s 55(.( 441431 .Ipccin ftted

4(13() .I 2219(4f i S Np.eiiiie 11 i;led

Rcpresents ihe (M ouasi-siatic cmnprv,,si'c propcrtic, it unidirctiional (iE-RP R nInsplc

are shomn by curve A in Fig. 5. Note that high (AR series). were impacted along their thickne,,,
%clocilv compressive ductility for these unidircc- direction with the specific purpose of insestigating
tional (1FRP specimens is observed. The high the effect of radial constraint on their d namic
strain rate tensile test resultts reported by Harding properties. A total ot six tests were performed for
and Welsh" and Kawata et at.: for (iFRP speci- both :he AP and AR series "and their ultimate
mens are also shown in Fig. 5. Note that in all stress, corresponding strain. a•erage strain rates,
cases, high velocity ductility is exhibitcd. and dynamic elastic modulus results are summar-

The '01., glass/epoxy circular disc laminates ized in TFable 4. When specimens I0 mm in
Fig. 21hbu were tested under the various strain diameter were tested at average strain rates of

rate con(ditions shown in Table 4. Two sets of 3000-7000 s '. they sha tered into small piece,,
unidirectional 10'°, GFRP laminates, possessing upon impact (refer to Figs 61ai-6kcci. Under AR I
diameters, of 10 mm 1AP seriesi and 50.8 mm test conditions, the larger ý50-8 mm in diameter,



(c(a) (b)(F

kpcrnn \hibitcd extensix c edigc-lo-edige ill izreatcr than that (If illallcr spccinflcnlN. I hle
matrix cracks, dcle to tht: rcyio n o)f impact Flg. (iffercnicc is dtie to tile effect of radial con~ll-alml

id .*At 'tIrain tale higher thanl 2-11() AR2 on1 thle 1hi0h strain raloc I chaN (1 Iot otl, 11thr.!-el
and AR\ t( cst conld iti~ ns he cent ral iminpact sp)ci Men'.
recion oit thc la rger ,pecinmen split Into sex ral Ilieu! tr-anin rate tests for w en is-pl\k )

ies.No te thatthm ies til te- Ii tis tvcgi l lhax c [R P lamin11atced samlplcs Xxcrc alsicinute
broken and have\ spurrcdI-ou1-1t refer 10 J- is 6~ c schemnatic recprescentatiorl of I liee specmcilDens
and 0i 1 includinm, the Impact vlircction. V, sho\\xxn in

tu rvcs A. 13 and C' in Tig 7 represent, 2 c Ae i\n X o dii lerentl speclimnc diatnicteis 1t0
rcspcctivclv. thc dINai srs--,train rela- mm.n ('1P seris ankkt~m. cis~ crc
ti mnships, for Othe A P) 1I A P2 and A 1)3 tests, cxamined. \\ith twxo tests being, conducted t'(r each
Similarly. curses, A. 13 and C. Iin 1-i,_. 7, h: repre- series. A sunlmmar 14 tile test c I)tldttt~io that
scnt, resp1cctixely. thle dynamnic ,tress -strain rela- cmrbodtv thcse txxo cie ,Is icl) inl Iable 5
timi shi vs for thle ARL( AR12 and AR13 tests. A Photogzraphs oif thc impact damaged ('PI and
sufllm~arv (A thec test results is listed in Table 4, An ('P2 specimens are showNn in Figs 1) a and 1) 11
examination of this table reveal that the dynamic respectively. Since thle glass, C'pI is lamilinatcs arc
elas~tic mo dulus. ultimate mtress and thle associated partially transparent. their &irniag iones arc
strain iticrease xxiih strain-rate for hotl h(the Al P asi R examincd w\Ithl a strong, back lig-ht. ('111
aind AR test sets. Thec relationships bectweent sample was, tesed at an averaiie strain rate of
ultimate sarcss and average st rain rate for the A P 31I68 s '. Note that its damnage pattern is
andl AR tLst set-sarc shnxxn in Fig. 8,T'he o(' point d iminated byý delamination, and that thie damiaue
in this figure cm-irespi nds to thle transverse quasi- zone is located about thle Mcir11cumferenial edge of
static comnpressýie strenigth or[ a unidirectional the specimen. W'hen fihe same diameter specimenct
(iRIIR specimen. Note that the uiltimate stress of' is. howeve,,,r, loaded wxith an averageu strainl rite ot?
the larger diameter specimens at high strain rates 53(M s I the ('P2 test. it shatters Completely
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into numerous small pieces. Large specimen 50-8 from the edge of this region to diameter-, ol
mm diameter; damage patterns, shown in Figs approximately 25 and 'S mmn fo)r the (1<! and
9ý1c' and id~. exhibit an indented impacted region CR2 specimens. respectively. In both cases. the
and extensive delamination zones stretchingz out central impacted regwon did not delam'inatc.

The dynamic compressional stress--strain
curves for the ('11 and CR test sets are show\n in

600- is1f)ad1(j respectively. In each case.
. P eres I hsl~~ad1(~

500- curves A and B represent. respectivels. test
numbers one and two. A summiary of the a~ crage
strain rate. dynamic elastic modulus, miaximumi

~ 400 Bstress and its associated strain [or- thle ('P and CR

300- test sets is presented in Table 5. Ani examination

P 200- each test inecrases wilth loading strain rate. A pl~ot
of the strain rate versus maximum stress fo' r the

100 ('CP and CR test sets is presented in Fig. I I andi
reveals that the effect of' radial constraint on the

0 T maximum stress for these cross-ply specimens is
o 20 40 60 80 1 00 limnited: results, in contrast to those found for th(e

m lii -st r a i n unidirectional GFRP specimens. An examination
(a) of FT-, 8 and I I reveals that for strain rate,, ol

l0 10- s '_ the maximum stress For cross-phý
1000-

800- 1000-
N. w13 AP series

~~0 66 00- i

2n 00- 4N 00-
0,1,

/A -a

0- E 200 0

0 20 40 60 80 100

m illi -strFain "

Fig. '7. 1 )Vn;irn jc iJcs"-tlxiljii cur\xC Ior Ifc Al '.1id ~ strain rate (1!sec)
A\R 1 ic't tcit,: hrc iltic sliccimcfls \\ ci v impacicil ;tilniw Fig. 8. A plot tit ultitmaic xics xcrqux irimn rtac (r Olt:

I licr thickncsxx dircciion. Ai' and R ic~'i 0ci.

T[able 5. A sumnmar) of the test results for the (P and CR test sets

Rill)ii A ll, Sriic i a ill ion isni t xiiii Nit(111 Mai mmrn si rcvx kiihi rc ir Nini \oic
rac I~a %I Va

SMI 9)/liIT7) 1 40v0 (1q)18 Specilliel t'aied
3 I31 OX5 2 1 t)7 S01 0 II 0(49 Npecinrnct

(P12 534t) 26-8 1(192 0l1073 Specirncnl failed
(RI 2928 Is. "544) 0f0389 Sptecirncn

dchiln iiaicId
CR2 si2 273 -14 345 stpnccimc

Ichamrinated

"R c .,p rc C o i x O wt 9 D4 qikm a i- sila iic ii U t cxc p ii p er fi tx (ii u i ni thir c o lo n ald ( it -R I , Sa mn p l e.
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2000-

1600-

S1200 B

Cn 800-

(a) (b) 40-A

0 20 40 60 8 0 10 0 1 20 14 0 160

mnIIiU-stra in

(a)

1200

1000

a. 800 B

(C)(d) 600-

F-ig. 9. t'hotog-raphs oi the darniarg pattern for a (TI~. h

CP2.. e CR1 and d* CR2 sýpecimnic. 4) 400-

200-

satmples is ahout twice its high as that of' unidirec- Sej es
tional samples. 0

A plot of strain rate versus the elastic modIuIlu 0 20 40 6 0 8 0 10 00 12 20 1 4 0 1 6 0

for the AR AR, Cl' and CR test sets is shown in mn ilii- st ra i n
F-ig. I12. Note that the elastic modulus of cross-ply (b)
specimen,, tncreases with strain rate. A~lso note
that the dvnamic elastic moduluns of the ('R-' HL,. to. O )narmic qres~--ST1 stai ures the (T' 1 Anld

,,peime lodedwit itstrin ateol'ý)02 1 1 ('R test sets, ss here the t ross-pix1 (t- RI' lkmnmnate. "seAc
specmenloaed wth stainrateOf t ) 2 inipacted along, their thickness direccion,

ats much as 1-0 times hi-her than the transverse
quasi-static compressilve elastic luO(WLtus of' anl
unidirectionally reinl'Orced flass /epoxy s pectimen _______________________

1 able 5.Moreover. Fl-i,. 1 2 also indicates that for0200
strain rates, f IW14)-0 s '. the effect of' radialr
ctnstratint oi the dynamic elastic modluluis of - 1600- C0so
cross,-phI ( I[-RP laminates tile (CP and ('R series
is less significant than that of the higzh strain rate (A 1200-
hcha~ivir (A unidirectio nal (i R P laminated sam- W

ples the API and AR seriesý.
The last type of composite specimen incorpor- 80

ated Kevla,,r-49) untwisted fiber 111401 denier)
seCwn, Via the horizontal balanced-lock-stitchitig E 400

method' w \ith at sewing machine employing a
stitch spacing and stitch step of' 5 mm, perpen- 0
(licular to the direction of the glass f~iher in 1001,,, 10'4 0 o 3io0'2 1to'o

0 to, to 2 1 0
3 1

glssept p-preg I F-y-FU 91 3413, Fibcrite). Astri rate (lfsec)
above, two; different specimen diameters (10( mm, Fig. 11. A plot (it the maximumi stress, %ersus strain rate for
FI' series. an(] 50-8 mm. E'R series) were studied. the ('P and ('R test sets.
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30r rate for the AP. AR, EP and ER test sets Is
i AP series presented in Fig. 15. An examination of this figure
1+ AR series indicates, however, that the ultimate stress for

"25 C OP series X stitched specimens is less than that for unstitched
in CR series specimens (AP and AR samplesi. This situation

:a e +
" 2+ arises from the stitching process %,eakening the"V 20- x
o + Ox specimens. reducing their ultimate strength.E Although the dynamic elastic modulus (or the

.2 15 stitched specimens increases with strain rate as
shown in Table 6, this value is only t, to , that of

o" the unstitched specimens. It is also found that the
10 .. 4.. dynamic elastic modulus of the stitched specimens

1 031 0 becomes less than the transverse quasi-static
strain rate (1/sec) elastic modulus of the unidirectionally reinforced

Fig. 12. A plot of the strain rate versus elastic modulus for GFRP samples. A plot of the strain corresponding
the AP. AR. CP. and CR tstsets. to ultimate stress versus strain rate for the AP.

AR. EP and ER test sets is shown in Fig. 16. An
examination of this figure reveals, however, that at
strain rates of 10 - 10() s- '. the dynamic ultimate

with three dynamic compressional tests being strain of the stitched specimens is about 30-8()-',,
conducted for each specimen diameter. A sum- higher than that of the unstitched specimens.
mary of the average strain rate, dynamic elastic
modulus, and the ultimate stress for each test isj listed in Table 6. Stitched specimens 10 mm in CONCLUSIONS
diameter shattered completely into small pieces
upon impact. exhibiting those damage patterns The high strain rate compressional bchaxior of
shown in Figs 13(a)-13(c). The larger specimens GFRP laminated (Hv-E 9134B. Fibcrite, speci-
exhibited broken stitched fibers especially near mens with or without stitchingt reinforcement by
their stitching point, in addition to extensive edge- Kevlar-49 untwisted threads was studied. High
to-edge matrix cracks tsee Figs 13(d)- 1 3 f). velocity ductility was verified for unidirectional

The A, B and C dynamic stress-strain curves glass/epoxy rectangular parallelepiped specimens
shown in Fig. 14(a correspond. respectively. to when impacted along the fiber direction and the
the EP 1, EP2 and EP3 tests. Similarly, the A. B dynamic elastic modulus was found to be approxi-
and C dynamic stress-strain curves in Fig. 14(b) matelv 92% higher than the corresponding quasi-
correspond. respectively, to the ERI. ER2. and static test value. The dynamic elastic modulus and
ER3 tests. Again, note that dynamic ultimate the ultimate or maximum stress for all specimens
stress increases with strain rate. Due to the effect tested was found to increase with strain rate. The
of radial constraint, the dynamic ultimate stress effect of radial constraint on increasine ultimate
for the larger diameter specimens is even higher stress for stitched and unstitched unidirectionally
than that for the smaller diameter samples. The reinforced GiFRP specimens cannot be over-
relationship between ultimate stress and strain looked. Maximum stress values for 10 and 50.8

Table 6. A summary of the test results for the EP and ER test sets

Run no•. Average strain Young's modulus Maximum stress Failure strain Note
rate s ,,JA MPa

SMI" 9-9 x 1) 17.1 146.0 0I.008 Specimen tailed
FlPl 4150 S82 252.0 1-042 Specimen failed
|FP2 550101 8.3 338.1 0.0.4• Specimen failed
FP3 10400 13'4 45(00 0.063 Specimen failed
UR I 2815) 9.9 3694) 0.04 Specimen failed
i I2 2900 11.6 471.1 (,(457 Specimen failed
ILR3 5280( 14"1 75510 0-062 Specimen failed

"Represents the 90' quasi-static compressive properties of unidirectional (GFRIP sample.
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tt

(a) (b) (c)

j (d) (e) (fO

Fig. 13. Photographs of the damage pattern for the a, I'I, b• hF[2. lc I, P3. d I R1. I, [ R2 and f [ R3 stitched ( FR V
specimens.

500- B00

BJ ~~600 -// k
300 -C

0 2/ 0 .o40 o

0 /00 IN\0

100 A 200

0I I 0 i - i

0 20 40 60 80 100 0 20 40 60 so 0O0

m ilti-strain m iIli-strain

(a) (b)

Fit.. 14. I hc dvnaiic ,tress %train curvse, tor the I-T ;£it and IR lhi test ets. whcrc the sfitched sanmple', s'rcr inmpacted along

their ihickness i direction.

mm diameter cross-ply GFRP ,pecimens were about twice as high as that for unidirectionally
found to be less sensitive to radial constraint. In reinforced GFRP discs. For strain rates of
addition, at strain rates of 10- 10' s - ', the maxi- 101- 10' 4 s . due to the fact that the stitching pro-
mum stress of cross-ply GFRP discs impacted cess introduced defects in the stitched samples.
along their thickness direction was found to be the dynamic ultimate stress for unidirectional

I
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A new local high-order laminate theory

Chih-Ping Wu & Chih-Shun Hsu
O epartmnt' iq ( ivil 1fjng'nuerung'.\attional ( '/ung Kueng I nvesrsii~v. I ainan, I(Inima 70101l

A ness local hiieh-order deformable theory of laminated compositejsandssich
plates is presented here. The displacement fields of each discrete laver ssecr
assumed in the present theory to be of a high-order polynomial series through
laver-thickness. The displacement and traction continuitv conditions at the
interface betwecen layers and the traction conditions at the outer surfaces wecre
imposed as, the constraint conditions. and introduced into the potential cncrgý

funtina lý he Lagrange multiplier method. The equations oif motion and
.in..lcboundary conditions wer.- given on the basis ol the present theor\

1wv using the eeneralizcd variational principle. Pagano's 3-1) elasticity solutions
oif uenerallv rectaniezutar laminated composite/sandwich plate.,. fully simplh
"supported. subjected to transverse sinusoidal loading were used for assessment
of the present theory and other theories discussed in pre\ ious. literature. IThe
present theory %kas found to agree kenY closelyN w1ith 31-1) elasticity solujtion%.

I INTRODUCTION sented the bending analysis of laminated
composite/sandwich plates using three-dimecn-

jProposing at newý laminate theor\ "s hich is c~apable sional theory of elastic approach. T7hese I-I) elas-
of hoth accountino for the transverse shear or tlcitV solui ons provide at standard for assesstim-
-shear.: normial deformation on the elobal behavior the new laminate theories. An excellent review, o f
of composite structure,, and producing an accur- early laminate theories which considered the
ate determination of ihe distribution of' stresses effec,! 10l tran~vers;e sheair or shear~normal delor-
produced in the composite structures under mation wkas made by Noor and Burton."2

saiu odigcniins a eeie uhAlocal high-order lamninate theory has been

i ttention in the past. This topic' "has been the proposed by Wu and Kuo" where the high-order
locus of manit previousk, published research deformable model wats used in each discrete layer
papers,. This is lartzeclv due to the fact that the composed of the entire lamninate and only the d is-
influence if transverse shcar./n rmal deformation placement continuity conditions at interlaces were
is, much more significant on the composite imposed as constratnt conditions. A mixed finite
material than oni the isotropic material, element scheme based on this theory has been

\lindlin.' Ren,- Reddy.' Lo et WI.' and Sun subsequenItly developed by NWu and KLuo.'" A new%
and Whitney' have re~speclivcly proposed] their local high-order laminate thecory, is presented in
"global first-order Or higher-order larniin:-: this paper for enhancement of Wu and Kuos*
theories for consideration of' the effects of tratns- theory on the accuiracy of transverse shear and
verse shear or shea r/inormal deformation \\,here normal stresses, This is attainedI through means of
the displacement fields were assumned ats some imposing both the displacement and traction Con1-
kind of polynomiail series across the entire lami- tinu-ity conditions at intetfaces and the traction
nate thickness. This displacement assumption conditions at outer surfaces as constraint condi-
results, in diseontinuous traction.. at the interface tions in the local high-order deformable model.
between layers owing to the diflerenit elastic Pagano's 3-1) elasticity solutions of' the gzenerally
mo1duili for each layer. The first-order discrete- rectangular laminated composite plates beingt fully
Layer laminate theories Iave been previously pre- simply supported and subjected to transv,,erse
c.nicd by Madt and Sei'le.5 A general laminated sinusoidal loads are usedI for assessment of the

plate theory withoutt numerical applications was present theory, Wu and Kuos' theorv. Ren's theory
presented by .Soldatos.J The most important con- and Reddy's theory.
tribution has bee,.n rriule by Pjanort'- who pr'e-

439
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2 THEORY

2.1 Kinematical relationships

A local cartesian coordinate svstcm in the present theory is located on thC mid-surfacc of each individual
lamina. The local displacement fields for a typical lamina i are expanded as a certain high-ordcr
polynomial series of thickness z, and expressed by

,. ý v. y)i =x. +:j 0, six. yv), + z• V',4x. y -A-z;, + z ( 0,N V. yv,

Z'! V. , S N. t .) + 21 tqL N.. 1 , + Z '! . -1-fl.
S. ... ' w1 x i + .,*... 11, + : " ' j yii,

where u,'. r,' and w;,' are three mid-surface displacement finctions. 0, 0, and H, are three rot-Ition
functions, and , ',. q'0. , and 0, are the other high-order function.,. , is measured from the mid-
surface of the ith laver.

The strain-displacement relationships are then given on the basis of small deformation clasticitv a,,
rt, , i,= " +z.K,i, K, .+ 'zr, ,,, +z,'(t ,),

-z,bK, +z~iF,), +Z!;t't,)- ,

r:11 *+ z .t K-.i~ih,z., K ,,7• +z.•/x z

S- + +', + F
S+ K + z;F

in which

F'. r () a~ W-1 1 4.

x[ o. 1,

and

di" (U)"' d (" 0'" '""". = + ,- a., a,. 4

l 0+ 30,-+ 30,+ 0

0av dx ox adv

00"'=a, + N,
i dO) o x
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2.2 Constraint conditions

The displacement and traction continuity conditions at the interface between laminae and traction
conditions at outer surfaces are imposed as the constraint conditions in the prtsent formulation. They are
respectively written as follows: the displacement continuity constraints between the ith and i + I th
layers are

0- (, +0I ~~1,, h1

4 4 8 8

ill • =w W, -wT 2 O h _ , S ( 0.,)+ -h;- (V)., - S ••,IA
2 4 4

vN here i 1. 2- . '.. l ) and AL denotes the total number of laver composed of the considered
laminae.

The traction continuity constraints between the ith and (i + i)th laycrs are

,,' . : tr
T , 2

Sf (10. - 0.' ---0

, hrTC i I ...
[he traction conditions at the top and bottom surfaces of the entire laminate are

I' *i' -[• '• - T =()

and

, - r,,• = t0

/,

".1 (1 , - 0 , •;: )i '
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2.3 Equations of motion

The displacement and traction continuit, co1nstraints at the intcrfaces and traction c uidit ioWs at Ihc outcr
surfaccs ii.e. eqns ý6 0- 9 arc introduced into the pOentilal energy' lu'tlCtionil Oi tif the Mi1iaIc M UHItn,
Lagrangc multipliers. This modified potential energy functional [1H,, is then ,,i. en b%

or 01 CJF I (IF T. T T Y
" d - I .- - i it I I n

! .. • 2 .. .2.2 2 -

+ 1 "±i + +; j-, dA + {

NNhere T.. T, and I are the tractions applied at top surface of the entire laminate. W> ' ; In a11 1-C th
displacCmenlt components at the top surface. '\pplying the minimuniL potential energy pInciple i.6.
O U ,l = Wi the intcTration is perlormed through the thickness froml bh tom to top ,utrf*accs of at 1%pical
lamilna i kl-ilowing ilthe standard variational operation. \\c obtain tli.e equations of m moti as:

<• :t0 t0>-+x'' -) - d
"4t -4- , ( )

/. A, o Y

di] " kd / i2 --, -- ( Vi AL --

0 d
a.€•C) IO). O

/t 0 1. o

• (n1, (I )1, f0 / 0 ..

II dOi h d

2 dt 2 dxv

hl d Ii, h

It--; -,l+ , 2. - , -o h,

o,. - , , , , -- A, - • , A

+' ''20v d 2. . d v' "

/ o o
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o4 4

. a s , a
a x ()Y 4h.

-4 " - 4 ox4

.-( )( ) Y a a; 4

4 , a ""

4x o

v a ,•. ,, :. Ii, - (
120

,) 1' , I)
6 i /

,h r . I. 2 ... • , I A nd

13i

whcrei I 2...., N ..



444 (. -P. It 1, ( .-N. H!su

The gencralized force and moment of a typical lamina i in cqns i I I - 13 arc dcfined 1\

( , (1,,. ,, T, T, (I,-

. 1dz 14

I,, J 1; Z- T,, r. J. dz

3 EXACT SOLtTIONS FOR SIMPLY SUPPORTED CROSS-PLY REcTAN(; i..AR I.A.\I NATIIS

The exact analytical solutions of the simultaneously partial differential equations in cqn, 11 - I"3 can bc
obtaincd for the generally rectangular cross-ply laminated compositeisand\\ ich p kai,. tith f111\ '1iii pc
supports. The follo\wing elastic modulus for each laver is identical to zero:

The' siniply supported" boundary conditions are assumed as follow' s:
St"~' = 'ft = 7 , 0=' ,',- "

t . =aX and =(I

0,!=
U"' = ) .= if., -0, K =0

it ij. = •' ,= 1

/ ,. I =1 =0 (at V=t) and Y=/1

The diplacCmnIt variables for a t% pical larnina i and the I aurange mitultiplicrs at the intlerface bet-kecn
the ith and i- Ith layers arc expanded in the double Fourier s•rice, as:

. . f,- a > ;, a , ,, -+- .- ., o s (._ sin /ii'

.. " ., + , + s , n aXc cos v

+ c" , + : + sin tvsin j3y

.,, ..... " cos ax sin l1y



"v 11, /3 sin (tLX cos, /y 17

A~i mi cos /Asiyi

Sill (LA ',in 13y

here. a in:T, a and /3 =n~r ib. 'The boundary conditions of' the conSidered laminate are collmplcrcl\
satistied (Milh-I to thle aIssumption of eqn I 17 4 Substitutini eqn 1 7 into CLqns ,I I -- 13 vield one Not A
thle simu lltaneCouSlý algebraic equations expressed in tcrnn of' the Cceficient,, u, (I d 0
hb I . ) .,4h,,.-17zý::-(. ( .I. . ,cI and ;1 3ý, /3 -3 .3 . . /L- O nce the applied

tranlsverse loadinus are written as a dIoubIle [ourier series. those coefficients cain b~e obtained for c:ertain
We \d %akes o4 ?n And n. Thus the hending problemi of the larninated & 0111 ositc, sanld\\ ich plate" i.s(I sovd,

4 NU MERIC AL APPLICATIONS AND) transverse loadingI q., sin ai a A sin j h' v
D)ISCUSSION The guomet r, loadingt conditn n and local co-

ordinate systemn of' this conside red problcni atre
I hie gecnerally rct~anlgu~lar cross-ph' laminates, show\n in F-ig. 1. The lamnina pr pert ics arc
\ith [ully ,imple suIpportS. subIjected( to sinu~soidal assumedC( to lbe

tfans\erse loadin' are evaluated here for the sake hIq4x1'k m25x10 i
of validating the presenit laminate theor\y. The 72x1(Pkni__xI(V1 i

stress-displacemncrt ouantities arc nornmalized inl I.. (vst) x 1t) ON, in I (V psi

thef l )5if~ inGf (;3-45 x 10" kN .mn' 0- 5 10' psi I

G, -37,S x It(I K-Nnl m t-2 x It) s

"wher L and T r~sc. n' cly indiate the diretonms

rr T, - paralle and ransmcse to the fiber direction. andi
1,,is the Poisson ratio tie., su rinei the ratio(o

I transverse strain it) normal strain unlder nortual

1:I (O , tress in the flber direction- TIhe comparisons
between thie present theory and 3-1) elasticitv and

ti,,Irs ther lamnitate theories arc illustrated f'or thle
dependence of the stress and displacement results

a - at a certain critical location upon the side-to-
thickness ratio of a/I,. The present results arc in
excellent atgrcerent with thoe of 3-4) elasticit.

Tables I and 2 show static bendini! results for The variations of' transverse shear stress through
%F/(r/f(fl0' cross-ply laminate composed of layers the laminate thickness arc respectivel\, shown iii
ol equal-thickne~ss and aspect ratios of h la =I Figs 2 and 3 at s = 4. 10 and 1 (10 for a square ý(l7
and 3. respectively, and suLbjected to sinusoidal 907f)'l cross-ply laminate.
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Table 3. Maximum stresses and displacement in a simply supported square sandwich plate (a b I

a/h Source d, t, U
a/2, b / 2 1/ 2! a/2 .h/2,1/2 /2,1 /2 0, h/2.0 1 2. 00 f) , 1) 1 a.', " .

Pagano4l 1.556 0-2595 10000 0-2390 ). 1072 -0 1437 7.596
Present 1-4676 0)2307 1.110000 (0-2397 11114.14 -0-1281 7.(,45 I

4 NMi and Kuo" 1.4679 4-2314) 10177 01-2397 0.110(h -4412S) 7-¢,-453
Reddv and 04867 0.1 52(1 - 0.,0993 0(1744) 0-44877 4-76,7

Chao's
FPT 0490)6 0). 1578 - 014995 0"0430 - 444, 12 4,7 5

Pagano 1-153 0- 1104 1(4(0(0(0 4434)0(4 (.0527 - (-07(07 224(
Present 1.1446 0.1065 100(( (42998 0(0534 -01.0686 2-24444

144 Wu:ind Kuo .1 1446 01-1(066 1.0165 0.2998 0-"0534 - 0(44686 2-2(4(s4
Reddv and 1(417 04-0776 - (H 110 0104950 -4-O533 1-561?

(-hano'
FPT 1062 04)8046 -(.1112 (44423S - 0-0;553 1 557

Pagano" l.110 0-0700 1-4)1(4( 0-317 0-04361 -(-(5 1 1
Present 1"1078 (0-0691 1.-0000 0-3(17-3 0(-(4363 - 040(5115 1"2263

20 Wu and Kuo 1.1(-79 (0-0691 1-0162 ((-3173 0(4363 - 04-151) 5 1'2203
Rcddy and 14)53 0-0)595 - 1-14(4 0-.076 - (4-41451) I 4524

Chao'

- CPT 1-097 0-0543 013124(4 0)42195 - 14) )4 -33 -8~

sandwich plate at s = 4, 1 0 and 20 are illustrated 2. Ren. J. G.. A ne" theory of laminated plate. (Orp. .Sc

in Table 3. Again, the present results give much T'chnitl. 26 (986 22.5-39.
more accurate predictions of stress and displace- 3 Reddy.!J. N.. A simple higher-order thcor,, or laminatcd

composite plates,. A8.MI- .J. Appl. %lc'h.. 51 (98.4
ment in the sandwich structures as compared to 745-52.

the other laminate theories presented in the litera- 4. 1.o. K. I.. (Christensen. R. M. & Wu. EL. M.. \ high-order
ture. theory• )fplatc deformation -- Par( 2. Laminated plaite,.

lure.S.I/PA J I.Appl. eh'ch., 44 . 1977.6694-76.
5. iLo. K. It.. Christensen. R. M. & Wu. t-M.+ Strcs, ,olu-

lion determination for high order plate theorr. It J.
.So/ids .%truttu., 14 - 978 .6w55-62.

6. Stinl. C. V. & Whitnc,..J. %L (hcorics fOr the d~namic
5 CONCLUSIONS response ol laminated plates..-AA , I. 1 . (973

178-83.

A new local high-order deformable theory of' 7. Mai. S. T._ A refined laminated plate theor,. J.. II.
App!. .¶h'ch., 40ý 1473; 6(•6-7.laminated composite/sandwich plates was pro- 8. SCide. P.. An improxcd approximate theorv (or the

posed in this paper. The local displacement fields bending of laminated plates-, lh(h. lodav. 5 1980(

presented here according to Pagano's work were 451-06.
9. Soldatos, K. 1.. A general laminated plate thcorN

indicated to be significantly more realistic as corn- accounting for continuitN of displacement,, and tran,-

pared to the other global displacement fields pro- %crsc shear stresses at material interfaces, (onmp Strit r.
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Dispersive waves in composites, a comparison
between various laminated plate theories

W. J. N. Lima & A. M. B. Braga
l)epartmenti olMechanical Engineering, Pontificia Universidade C at(lica do Rio de Janeiro, (El' 2245i. Rio d• Janeiro, Brazitl

The exact Rayleigh-Lamb wave dispersion spectrum of laminated plates is
obtained by applying a recursive algorithm developed for the analysis of stress
waves in anisotropic layered media. Results from this benchmark problem are
used in comparisons between the classical laminated plate. first-order shear
deformation, and two higher-order shear deformation theories. Attention is
paid to the effects of the number of layers, direction of propagation, and lay-up
,symmetric or asymmetric), on the range of frequencies where these theories
apply.

INTRODUCTION give evidence of the boundaries between different
approximate theories.

Over the last two decades, considerable effort has This approach has been pioneered by Mindlin-
been directed towards the development of appro- in the evaluation of shear correction factors for
ximate theories for the deformation of laminated his first order theory of homogeneous. isotropic
composite plates. Thorough literature reviews are plates. Nelson and Lorch' and Whitney and Sun'
found in articles bv Reddy,' Noor and Burton2 have also relied on comparisons between exact
and Kapania and Raciti, 3 to name only a few. In and approximated dispersion curves for the calcu-
most cases, in order to assess the range of validity lation of correction factors needed by their
in the frequency domain of a given theory, com- higher-order laminated plate theories. Valisettv
parisons are made with available exact results and Rehnfield"' have compared the first branch of
obtained from three-dimensional elasticity, such the flexural wave dispersion spectrum obtained
as those presented, for instance, in Refs 4-6. With via a ply level analysis and other approximated
a few exceptions, most of these results are theories with exact results reported by Kulkarni
restricted to simply-supported, rectangular. cross- and Pagano. These authors have studied lami-
ply laminates with a limited number of layers, and nates with up to five layers, and with a variety of
to the low-frequency/long-wavelength range. This lay-ups. Due to numerical stability problems,
paper presents a study on the limits of application inherent in the method applied in the exact analy-
in the frequency domain of laminated plate sis presented in Ref. 5. the results from Kulkarni
theories. This investigation is made via a wave dis- and Pagano are limited to the low-frequency
persion analysis. range (wavelengths not shorter than twice the

The dispersion spectrum of waves propagating plate thickness).
in a composite plate calculated via a higher-order Here, the exact Rayleigh-Lamb wave disper-
theory, has as many real branches as the number sion spectrum is obtained by applying a recursive
of kinematic variables used in the approximation algorithm developed for the analysis of stress
of the displacement field. Within the range of fre- waves in anisotropic layered media.' '*' This
quencies where the theory is valid, each of these algorithm is based on the discrete invariant
branches must have a counterpart in the Ray- imbedding technique, and has been shown to be
leigh-Lamb wave dispersion spectrum obtained stable over a wide range of frequencies, even in
from three-dimensional elasticity. A comparison the presence of evanescent wave modes.'' Due to
between dispersion curves calculated through the numerical stability of the algorithm, it is pos-
both methods allows one to assess the limits of sible to obtain exact results for the whole fre-
validity of the laminated plate model, as well as to quency spectrum and for a variety of laminates.

449
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These results are used in comparisons between the field variables into two parts. corresponding
the classical laminated plate theory, first-order to the contributions of the upgoig and down-
shear deformation theory.' Reddv's refined going waves to the total fields. Using the suh-
third-order theory' 4 and Lo et al.` first-order scripts I or 2 to represent. respectively. the
theory. The governing equations of the approxi- upgoing or downgoing wave motions. we ma\
mate theories are written in matrix form using a write:
state variable approach. and the dispersion curves - a
are constructed from the solution of the asso-
ciated eigenvalue problem. Attention is paid to It may be shown that the fields ii,, z and i,,
the effects of the number of layers, direction of assume the following form'-' no sum oxer
propagation. and lay-up (symmetric or asym- repeated index)
metric), or, the range of frequencies where these
theories apply.

EXACT ANALYSIS where the Izizc and Z,,a= 1.2: are x 3,
matrices constructed from the cicenvalues and

The field equations governing the linear, elastic eigenvectors of the six-dimensional s\stem matrix

motions of homogeneous anisotropic media aret, ~Equations i 4) and 5i 5!completely describe the

div or = 'au/at-. and a = C: Vu ii) plane harmonic motions in homogeneous aniso-

where a represents the Cauchy stress tensor. u the tropic media. The operator I,, z is the propa-

displacement field, and C the rank-4 elasticity gator matrix that relates the upgoing ,i = I or

tensor. Since we are concerned with laminated downgoing Ioa = 2). displacement field at a plane
of coordinate with its value at z = 1). T-he matrix

planar structures. it is convenient to employ as a
field variable the traction t= ae. which must be Z is the local impedance tensor of the upgoing

continuous across planes parallel to the layering. ia = I i or downgoing a't = 2) waves. The vectors
Assuming plane har ionic motions in the f'orm - iO) and fi,(0) are the only unknown terms in theformalism represented by 4 ! and ! 5 t. and must be

fix. z. t ! =.f ) e .. 2) obtained from boundary conditions applied at

where / x, z. t ! represents any of the field vari- planes normal to the z-axis.

ables, while (t is the angular frequency and k, the
wave-number in the x-direction. eqns (F) may be Surface impedance tensor of a homogeneous
recast into a six-dimensional system of ordinary
differential equations. written in matrix form as" We now consider an infinite, homogneous anso-

- tropic plate of thickness h, which is bonded
zt--i 3) along its lower surface ýz = to a substratc

= . ii, J characterized by the impedance tensor (;,. i.e.

while the linear operator N is a real valued six- along z = 0 ýthe plane immediately below the

tensor depending upon the anisotropic material iterface

properties, and on the pair (a), k,). The matrix N (O )= -i,,((0 1 6
for orthotropic media may be found in Ref. 16.

In order to obtain a solution for eqn (3), one We assume that G,, is given. If the laver is traction-
must find the cigenvalues of N. These six eigen- free at the lower surface. we take G,,=0. In
values are the wave-numbcrs in the z-direction, general, the impedance Q,, will dcpend on both v)
and occur in pairs representing waves propagating and k,. Since the layer is perfectly bonded to the
or decaying in opposite directions of the z-axis." substrat, both the displacement and traction
We use the terms upgoing and downgoing when must be continuous along the interface. i.e.

referring to these partial waves. The cigenvectors

of N are the polarization vectors of these six ,2(() )= () ) and i(0 )=i(0t 7)
waves.

A common practice in the description of the In this case, tractions and displacements at z = h,.
wave motion in layered media is the separation of the top surface of the homogeneous layer. will be
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related through the expression - solving the cigenvalue problem for the N matrix of
each homogeneous layer. A detailed analysis of
this algorithm may be found clscwhere. where

where its stability over a wide range of frequencies has

G~h, ZHh + [I+ H(hif- (9) been verified.

and Rayleigh-Lamb iaves in a composite plate

H(hl) 1I{th ) [Z1 - G,,-- [G,, - Z/ 'U'(/9i) In this section. we consider an infinite, laminated

10) composite plate which is traction-free on both
surfaces. We arc interested in generating the dis-

Equation (8) expresses a linear relation between persion curves of plane waves that can propagate
the traction and velocity fields at the plane z =hj. freely in the plate. In order to apply the algorithm
The (3 x 3) operator G /h) represents the surface 23), we choose G,,=0. which, according to cqn
impedance tensor of an anisotropic layer of thick- 6). guarantees that the lower surace of the plate
ness h, bonded to a substrate with impedance Q. is free of tractions. For each f (r). k,, pair. we apply

(23) to evaluate the impedance tensor G,, on the
Surface impedance tensor of a multilayered upper surface of the plate. From eqn i I I. we con-
composite plate elude that the traction-free boundary condition

will be satisfied only for those values of v) and k,
We now consider a laminated composite plate such that the following equation holds:
which is in contact alongy its lower surface with a
substrate of given surface impedance G. The n det G,=() 13

homogeneous layers have thicknesses h ...... 11,11 This equation provides an implicit relation
and the total thickness of the laminated plate is between the frequency w and the wave-number
hI. The goal is to find an expression which is a k,. It represents the dispersion equation of free
geeneraization of (f8 to the case of a multilayered waves that propagate in the plate in the absence of
plate. That is. we need to find the tensor G, such an external disturbance. The numerical results of
that eqn I( 3 xwill be compared with those predicted b\

i= - W(D,,, adifferent approximate plate theories.

\\here i and ti are. respectively, the traction and
displacement on the top of the plate. APPROXIMATE THEORIES

We start by using the results of the last section
to evaluate the impedance G, on the top of the The highest order laminated plate model con-
first layer (for the sake of simplicity, wc write sidered in this paper is the third-order shear
Q,,= U hi,); likewise, we write ]I,= (h1 )). We then deformation theory introduced by Lo et at. !

proceed by employing this result to calculate G. iTSDT). based on an assumed displacement field
the impedance on the top of the second laver, and which. for time-harmonic motions, has the form
so on. up to the nth layer. This procedure is sum- y. Z.y ) =11(V. v. + ZO,(.,. 1, 1 +z vt.,
marized in the following algorithm: + x i)

Given G,. wi and k,: ,X, x. z. -) -i'0x. v) +-.r,(x. Y) +YZ4". V'

For= Ito n repeat +F:or(x.v)1e-' 1i4

1=W W•(u/jf-' - ; I -i" u.(x.v. Z. t) =jw(rx._1+Ztx.Yv
+ z "-q' J(X, 3" !c ...

x×(W•(ht~
- IOther theories may be considered particular cases

(G,=jZ' H,+ Z/[I+1I,j (12) of (14). The classical laminated theory (CLT , is

... obtained from expression ( 14) by assuming
where W,1 (h,) and Z,1 are the propagator matrix =- w/ax, ., - €= 0., t, = 0.
and the local impedance of the upgoing (a i ), or
downgoing (a = 2). waves propagating in the ith
laycr. These (3 x 3) matrices are evaluated by for i= 1,2,3.
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The first-order shear deformation theory'' 4 f ,
(FSDT) corresponds to =0. 19, Q=-

~03=0. 0, and 0, =0  (16) and 17;

while Reddv~s refined third-order theory"4  
=, 4_-

RSDT) is obtained when we let - 3hi aYI

1.2 -1.5 - _________________ _____

(a) (d)

2.0 *2.0 -

0 ,0 1 -1 1 -1-7 --T - 0.0 T- 1

(b) (e)

0. .5h/.I0. 015 1.0

Fig.1.Ikpcrsion curvcs for a symmectric. cross-ply lamninatc with 15 lavcrs. (a) CLI. 9-0': (h FSIH'. 4 0.0 (1;c, RSDT)I

0'.r (d) I.q 60': (c) FS1YE qj = 60ý (f) RSIYU. q=600 (f
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Inertia coefficients and generalized forces are FSDT and RSDT. The matrix M for TSDT may
defined, respectively, as be found in Ref. 17. From the symmetries of S and

L follows
z = z- ' dz, and RI a]k dz

(18 JM'-A whereJ= 0 26

where aovj= 1. 2 .... 6) are the six components of From (26). we conclude that the eigenvalues of M.
the stress tensor. Stiffness coefficients are defined which we denote by ik,. occur in pairs of opposite
by

,A,. By1. DI), E,. Fe,. G;,, H,) 4-0-

= ~ z ,,l ,. Z ". z '. z'•.z Z') dz (191)-
fh 2

where Q, are the elastic constants in the plate
coordinates - for CLT. FSDT and RSDT. they -
represent the plane-stress-reduced constants.

In the case of cylindrical bending. when all
derivatives in the v direction vanish, the balance
of linear momentum - in the absence of forcing
terms - and constitutive equations for all four 00
theories may be written in matrix form as' (a)

dx • =W• !20) -

d t

w here the state vector, ý. is defined as

I tu. v. -dw/dx. w. R,". R,'. R. • R. IP

for CLT 12 1)
•l !U.t'.¢1.¢'_ w•R• R,•,'. R ,' . R,,' , R•'

for FS[)T (22.
I uv, 0, 0., - 4(dwv/dx)/3h'- wRI" R,.

R,! - 4 R 1'-1 h-. R,, - 4R,1;13 I', R 1', R j' 0.(b)IorRSDT (23)

and
0 1! u I , 0, , ' . V 1,, - V - 0 1 .- 0 2, " : 0 ý .- ,

R )"' R,',',ý R 11 R,,' . R 1', R,,--. R ,,. R,,-. ,.

R". RW, R"forTSDT 24)

Even though its size depends on the theory that is
being applied, the system matrix M in eqn (20) can
in all cases be partitioned into four real, square
submatrices:

-P pI (25) Goh300

(c)
where both S and L are symmetric. These Fig. 2. D)ispcrsion curve% for a i )/(I°/O)°/g'JO laminate: ia

matrices are presented in the Appendix for CLT, (11, q!---0'. (h) FSDT, q 0°:; c) RSDT. q '.
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sion.'T It is clear that these eigenvalues are the makes an angle q with the stiffer direction of the
wave-numbers associated with partial waves that top layer in the laminate. In all plots, dotted lines
propagate - or decay when k, is complex - correspond to approximate theories. \\hile con-
along the unloaded infinite plate. When solving a tinuous lines are reserved for exact solutions. The
boundary value problem, these partial waves must following material 1-operties have been used In all
be linearly combined in order to satisfy a proper the calculations:
set of boundary conditions. Next. we compare
pairs formed by these eigrenvalues and frequencies E1  161-,. 6', (~; = 57L'ý_ G,' 0-. 7i
with the dispersion curves of Rayleigh-Lamb and
waves evaluated through the exact method pre- =1 0-2 5.
':ented in the prece-ding sý,,cTion

The curves drawn in Fitz. I are for a cross-phy.
symnmetric laminate with 1 5 lavers. Fig~ure,, I ta-c

RESULTS AND DISCUSSION have been obtained for I r In this case. the
lower branch of the dispersion spectrum cor-

The dispersion curves presented in this section responds to a flexural wvave, the second to an anti-
have been obtained by plotting the nondimen- plane shear wave. and the third to an extensional
siotial frequency. (oh/.rc. versus the nondimien- wave. All three start from the orioin. The foui rh
sional wave-number kjli/.r. wvhere ý=VQ -1,Ip is a branch is associated with another antiplane shear
reference wave speed. The wavelength is wave and the fifth corresponds to the second
;.= 2.7/k,. Except for the slowness plots in Fig. 4 flexural wave. Plots in Figs I (d. e arc for q = 60)'.

below, the direction of propagation (x-direction) As expected, the flexural branch from ('IT iFinos

0.0-

(a) (b)
4.0

0.00 3.00 0.00 3.00

(C) (d)
Fig. 3. D~ispersion L a rves obtained via TSDT: (a, k07'90^/0^1, q<- 0'; plane motions; (b) (0*/90710'>, q = m. antiplanc motions';

(i(()oI9(r/O/()7*), rp = t0*, plane motions: 41) (0*/90*0'/090*), q =0*, antiplanc motions.
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1(a) and I(d)) matches the exact result only at very the one obtained from RSDT and shown in Fig.
low frequencies. The shear-correction factor used 2(c). whose first flexural branch matches the exact
for the FSDT results presented in Figs l(b) and curve up to the nondimensional frequency 0,45.
lie) has been calculated following Mindlin's corresponding to a ratio X,/h = 2.
approach. We observe from Figs 1(c) and I(f) The first two plots in Fig. 3 present the disper-
that, as the wave-number becomes larger, the sion spectrum of a (0'1/90°/0*1 plate calculated
RSDT will predict higher frequencies for the from TSDT. The results are for q( = 0. In this
lower flexural mode than the exact analysis or case. plane and antiplane motions uncouple, and
FSDT. are plotted respectively in Figs 3(a, and 3! b . The

The results in Fig. 2 are for an antisymmetric first three branches of Fig. 3(a > and the first two of
tarn %,te h f!,,r pln f ¢(0)0/90 °]00/90°). The an2le Fii,. 3(b) can be identified with those obtained
qf is 0'. Again. except for the first antiplane shear from both FSDT and RSDT. The results from
mode, results from CLT match the exact disper- these two theories for the three-ply laminate are
sion spectrum only in the low-frequency region. not shown here, but we have observed that the
The shear correction factor -/12 was used for agreement of the lower branches of TSDT with
FSDT results in Fig. 2(b). The matching of the exact dispersion curves is better in this case. As
first three branches in Fig. 2(b) to exact results is the frequency increases, the matching of the
remarkably good up to the nondimensional wave- higher branches of TSDT with those obtained
number 3"0. which corresponds to a wavelength from the exact analvsis is very poor though, even
equal to 2h/3. This is a much better result than for low wave-numbers long wavelengths!. The

"2, 2.0

(a) (b)t-0.0
-2. -2.

-2.0 0.0 2.0 -2.0 0.0 2.0

px pK

(c) (d)

Fig. 4. Shnwncss curves for a (J'/45°/W/45'/(V°) laminate at T, = (1.:(t I (b FSI)F (c RSDT; 4 ISPLK _ _ __ _ _



456 14' J. 'N. Lima. A. Ml. B. Braga

same conclusions regarding the TSDT results are 3. Kapania. R. K. & Raciti. S., Reccent advance, in anal s)

reached for the plots in Figs 3(c) and 3(d), cor- of laminated beams and plates. part 11: vibration, and
wave propagation. AIAA J.. 27! 1989 935-46.

responding to a (00/900/00/900) plate. 4. Srinvas. S.. Rao, J. & Rao, A. K.. An exact analvsis for
Finally, we consider a (0°/45°10°/45o/0°) lami- vibration of simply-supported homogeneous and lamni-

nate and observe the matching with exact results nated thick rectangular plates. J. Sound l'ih., 12 191701
187-99.

as we vary the angle of propagation T. The plots 5. Kulkarni. S. V. & Pagano, N. J.. Dynamic characteristic-,
in Fig. 4 correspond to slowness curves for a fixed of composite laminates. J. Sound 17Th., 23 1972
frequency. They are obtained by dividing the 127-43.

6. t)ong. S. B. & Nelson, R. B_ On natural ,ibrations and
nondimensional wave-number by the frequency, waves in laminated orthotropic patcs,. J. App/.Alhch..
which yields the inverse of the phase velocity. 39(1972: 739-45.
Results are for whl/Te=0"8. The slownesses p. 7. Mindlin, R. D., Influence of rotatory inertia and shear on

, n~ represent the pr,-jections 'f t- inverse of flexural motions of isotropic elastic plates. JApr,grid .... i Mech.. 18 ( 1951131-8.
the phase velocity, k,.l/w. on the x- and Y-axes. 8. Nelson, R. B. & Lorch. D. R.. A refined theory for lami-

The x-axis is parallel to the stiffer direction of the nated orthotropic plates. J. Appl. Vlech.. 41 . 1974

top layer in the laminate. The outermost and 177-83.
9. Whitney, J. M. & Sun. C. T.. A higher order thcor" for

innermost curves correspond, respectively, to the extensional motion of laminated composites. J. Sunid
first and second flexural modes. For all four i1b., 30 (1973) 85-97.
theories considered, the agreement with exact 10. Valisetty. R. R. & Rehnfield. L. W.. Application of pIN

level analysis to flexural wage propagation. J. Sound
results depends on the angle of propagation. Vib.. 126 1988, 183-94.
Poorest results are again from the CLT. At this fre- 11. Braga, A. M. B.. Wave propagation in anisotropic
quency. both the FSDT and RSDT provide very layered composites. PhD thesis. Stanford Uni'ersitv.

1990.
good estimates of the first t1exural phase velocity I2. Braga. A. M. B. & Herrmann. G.. Free waves at a fluid
for angles of propagation close to 90*. The best layered-composite interface. In hlastic Wnave Propaga-
match is obtained from TSDT. The matching of tion and Ultrasonic ,ondeM.tructive Livahuaio,. ed. S. K.

the second flexural mode is poor for all three Datia. J. D. Achenbach & Y. S. D. Rajapakse. FIsevicr.
ttlAmsterdam. 1990. pp. 171-6.
theories, except for angles ( close to 0'. 13. Whitney. J. M. & Pagano. N. J.. Shear deformation in

heterogeneous anisotropic plates. J. Appl. .ech.. 37
i197(0 1(031-6.

14. Reddy. J. N.. A simple highei-order theory for laminated
composite plates. J. ArpL ech.. 5 ! 1984 745-52.

REFERENCES 15. Lo, K. H. Christensen. R. M. & Wu. E. M.. A high-order
theory of plate aeforntation. Part 2: laminated plates. J.
Appl. Mech.. 44 (1977) 669-76.

1. Reddy. J. N.. A reviewk of the literature on finite-element 16. Braga. A. M. B. & Herrmann. G.. Floq,,-t waves in
modeling of laminated composite plates and shells. anisotropic periodically layered media..I. "ou.1t. Soc.
Shock Vib. Digest., 17!4) ( 1985 3-8. A4mer., 9211992) 1211-27.

2. Noor. A. K. & Burton, W. S.. Assessment of shear defor- 17. Lima. W. J. N.. Dispersive waves in laminated composite
mation theories for multilayered composite plates. Appl. plates (in Portuguesei, MSc thesis. RPntificia Univcrsi-
,lech. Rev.. 42 A1 ý 1989) 1-13. dade Cat6lica do Rio de Janeiro. 1993.

APPENDIX: MATRIX M

For CLT:

0,,=I) (i, j . 4), except for P143= -

L, = L., = L,4 = - 1oI1 , L33 -
213, L13 = 1-3 1 = 2- ,

L, 2 = L,2 = L14 = L'41 L, 3 = L1, = LN = L = L. =0

a4 =S,,4 =Ia,, =0 (, Sall = K,,, for a, = 1,2., 3, where

K = Ai,, A,,• f,

LB11 B6 D11



For FSDT:

, 0(i. 11 ....- 5., except for P I;= -- 1 and ;- /1,/A/\;

1 = =. - 1" - (__ I.j_ = -( I. + A, 4 - A ý Aý/iX

= . = L.-4 =I- _ - IrrI,. I _" L = = -14= /--= = l-;I = 0
L,: 1, L5:= . ,• =-. , =1 I -, = 1 ,, = 1.,=.•=1.. 0 and

A 11  Ai, Bil BI, 0
.A _ I ",, . .. B 11,, B o..

Bit 1,, tHl. Dl)l 1)"', 0

For RSDT:

I'.. 0;i. j= I ..... 6!. except for P,, 3 - - 3h/4
/I.• :L." = LI ' ... - my-I,. Q, =. - ful,•-. +/ A . 0)• = 1: + An•.L11 I•:- • "~ W"I. 1 = I(,;i = I_.+ =1.4= - (fr. ±,.

Q; -- 1.4h-.AA4. L-1, = L, . (LI

A , I.& = - to IT . l. 4 = 1.,: = i L. .5 = - (. ) i - 3 It - 3 ýi4
"l.V I-21 = I .F1 l .= 1 ,= 1 ,,, = I.,,j = 1 _ = I -= L.s= .:= (UII .,,=1I. I,,'= _ ',=/ ,. ;=1. I,,=1 ,,= .... =L,, =

'o', .'., S_, .S,, = K,,; for u, i 1 . 6. where

-,t• -I, l •I 'I•,, 'I: I"

H)i,, t:,

A', = , I• .. /, 1); ... Ii,

a n!ý ' ? , -4 1 3• , I t l t " '1, P , 1 •l / 9

an -B,- 1..3 • ) l,-SF,,.h-+13 lt ,, h "' F 1- "1 13h W L' ,( - 1" 1- ,
n1. 1K, = ,, - 4tYi/ for c a.- 1.6. 51, , -.- A,,,-81),, ;ih +l I l.,,ih. lor " fl --4. 5.I. l -41.•/3hf2,l.=I. -8ll:,h- +1I61-/9 4h F .l =!-41-,.h-.
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Optimum design for buckling of plain and
stiffened composite axisymmetric shell panels/

shells

Biswajit Tripathy & K. P. Rao
I )parini ll: i, 4 A t',-oy c V 1J I ny'inecrij1,, Indian Inisuintw ') Science. flaing'a A w 5Ni) 1112. Indica

The buckling of plain and dsrilvstiffened composite axisymnletric shell
panel,, shelk nmade (it repeated sol naniate 0 )nstruetion is stuictJL( tIsifl1 tib
finite celement method. in repeated sub! rinmate construction. a lull laininate 1s
obtained hx\ repeating a basic subtarninatc. \\ hich has a smaller numbecr ofpits
The opinlum desi~on for huckline! is obtained Mw determinino the layup
sequence of thle plies in the sublarninate by ranking. so as to achiev.e rnasimnum
buckling load for a specified thickness. For this purpose. a four-noded 4S-dof
quadrilateral composite thin shell element. together v\it h fully compatible rsso-
noded I 6-do? composite mneridional and parallel circle stiffener elementts are

IINTROJDUCTIO)N metric shell panels,'shcls x, ith11 kllminated

anisotropic stiffeners ýin mi-eridional and holop
Axisvmnenitric shell structures made of laminated directions, using the finite element method. A\
composites are used extenlsi'cl\ ill mail\ fni our-noded. 48-dot quadrilateral composite thin
tworinoŽ application,, Buckling is one of dhe shell element with fully Compatible Mw-no10ded
important it odes of failure of shells when the\ are I 6-dot meridonial stiffener element NISF and
thin, as, is, the ease most often in all aerospace parallel circle stiffener element PCSEL are used
arp,ýcations. Buckling of' cornposilte cylindricajl for the linear bifurcation analysis.
sli,. panels <shells has,, been attempted by many In desionint- a composite shell with composite
researchers,.' - ,howing thle Influence of various stiffeners along- meridional, and parallel circle
coupling terms. the panel aspect ratio. tueometric directions. the designcr has several paranmeters to
nonlinearity and im perfections oni the resultant contend xx ith. Such ats geometry of thle shell. fibre
buckling load. The bucklino problem of' conical anudes. the stackina sequence. ,pacing between
shellsý made o) orthotropic and composite ruateri- stiffeners and their locations. etc. Amiong- these.
als, has been solved byv l-ua and lDonoxiiw' and orientation angles and stacking sequence of thle
'Wang" resýpectively. In order to meet the stiffness plies a~c found to have a significant effect onl tile
an(i strength requirements. keeping, in mind the buckling load of the structure. This makes, it

minimumwieiht consideration, shells aestif- imperative ito investigate way.t otmzetl
lened. Addition of stiffeners may change the composite lavup and exploit its directional pmo-
buckline, load and mode of' the structure entirely pertv. It is found that attempts at optimiizationl
depending on the size and location of the stiffen- have been made only for sirn'-I cases of clamped
ers. material properties, loading and boundary or simply supported laminate, inposile circular
conditiotns. Suich a construction has to be cylindrical shells for which closed form s-olutions
modelled appropriately to represent the realistic are available.t Not much information is avail-
behaviour of the shell. A fairly extensive review able on the optimization of general stiffened comn-
on the buckling of laminated composite plates and posite shells for buckling, treating the ply angle
shell panels by Leissa'' indicates that most of the distribution through the thickness as the desigzn
research has been limited to unstiffened panels, variable. In this paper a simple way to find the
T'his paper presents the work done on the buck- optimum fayup scheme of plies in the shell and
liig problem of laminated anisotropic axisym- stiffener that will give the maximum buckling load

w im ae,6'Stia r (,o or' 26 .3 8223/(1.31 Si6.i it VC 1993 tilsevie, Science Publisheros Itd FrI itlamid. I~rinteol in G reat Britaini
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factor for Ia wven cleomet rv. loading and boundary Ty pical
Z7 Z7 z sublaminateconditions is proposed and several cases arc (E eN)

addressed.

2 REPEATED SUBLAMINATE
CONSTRUCTION AND SUBLAMINATE
CODING Whole laminate

In the repeated sublaminate construction of Scherm

Composite laminates Fig(. [), the basic sublami- ~Sublamninate
nate consisting ol a few plies is repeated several - - ---A

times to obtain the dlesired thickness of the lami-
nate. Stich at construction results in better mixing
of plies of different orientation,, leading to more
damag~e tolerant laminates. -l Besides'. it also X
reduces m",nufactu ring errors and is therefore 2 -

em ployed in industry.
The buckling- load of a shell panel/shell is

mainly governed by its flexural stiffnecsses 1),,.-

Both location and orientation of plies in at sub-2
lamninate have significant influence on these stiff- ______________

nesses and hence on the resultant hllicklinl_ load.
Therefore. optimization of both location and Lay up scheme I E), 'e2 'e3 e')
orienitation of plies in a sublaminatc is needed to Lay up scheme 2-(9,/()N-1 /E)- e,I maximize the buckling load. A coding as deve-
loped by Tsali for the laying LIP sequences of the Fig. 1. Re peated LiINI inina ie Coll t rue! jiml

plies in the sublaminate is followed in this paper.
D~etails of the coding aire given below.

1he number of plies in at sublaminate are taken Axis of
revolut-ofl

to be 6. 4 or 2. Four ply-orienitation angles (0, 0
0,_ 0. are considered. Of these. the number of ____ 11---sh'l lmet/
possible orientations of plies in 6. 4 and 2-ply sub- Paallcice/ N

laminates Lirc assumed to be 3. 2 and 2 respect- stiffener element j/
ixely. Thus the followkrIng layup schemes,, e S

i;40. 6-ply. tri-directional laminates rcpre-
scrnted by the code ' 4 1101. 132 1 () I. LS mKU)
1I 141 with the restriction that at least one L

ply must exist for each of the three angles Mri~

in aI subla minatte, stiffeneri

'ii! 18. 4-ply. bi-directional laminates repre- element
sen ted by the code 131001, 122001.. Fig. 2. Parallel circle and meridhonat s.tiffener clettictts
! 10 131 wAith the restriction that at least one eunipaliNe imth quadrilateral shell element.

ply Imust exist for each of the two angles
considered in at sublaminate; and

fiiij 6. 2-ply. hi-directional laminates repre- d1esignaltes J(01 ),/0./t9,j. There are altogether 64
scrntedythlod Ic 11001. 00 111 with

by th c&(sublaminates under this class.the restriction that at leastz one pily must As buckling is aI phenomenon primarily
exist for each of the two angles considered goeedbbnigadtwsngtifsssth

in a ublamnate.locaition of a ply with respect to the middle plane

The sublaminate code designates the number of the laminate is very important. So. each one ol
of plies in the order of 0', 0t". 0', 0'. Thus 141101 the 04 sublaminates with all possibilities of stack-

A
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2 34 4 4 -~I' ~ 3411 1.2

j0 11 -4 -4*4*

-'~~ '0 4,(4112 14 5.37 12'4 W)

12 22334 1., 23 4233 5a

32 124' ~ a 40 444

1233 2S 154' ý3222 -11' 25 1I -- V-
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I S211 72)7" 1 1

1-4. 479 1(141 33341 484 143 1 760ISO
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3FINITE ELEMENT FORNVULATION FOR materials and sbjtd o rIos ondr

BUCKLING conditions aind loadings. Comparisons made else-
where'' with existing, solutions in the literature

i\ dublycure quadrilateral laminated aniso- indiciae good performance. H ere optimhization of
tropic shell finite element has been presented by ply location and orientation in the sublamninatc are
\/enkatesh and Rao.'` This is a four-noded ele- taken up to obtain maximumn buckling loads for
ment of uniform thickness bound by two parallel three typical examples.The cases considered are:
circles and two meridians of a shell of revolution. I . clamped spherical cap under external pres-
Each of the three displacements of' the reference sure,
surface %,,ithin the shell element is expressed ats 2.ring, and stringer stiffened cylinder.
prod':crs ,f one dimensional first order Hermite 3. conical sand-wich panel wvithout and % ithl
interpolation polynomials. This leads to a 48-dof hoop stiffeners.
element with I 2-dof per node. A laminated aniso- The ply material used for all cases considered
tropic meridional stiffener element 1MSF) and ait2J ca
pairallel circle stiffener element PSCF; have been for optinization is T300iNhitec-cpoxs.
presented b., \enkatesh and Rao."' Each is a two- Its properties are:.
nloded. I 6-dof dege nerated element derived from 1 IXI(a

the above shell element invokint, line mnember K=10-27 (iPa
assumptions Figý GI I, 7-07 (I~a

Nonlinear strain-displacement relations and r,= ()2's
the details of formiulation of strain energy and the Tetikeso ahpyi 12 m l S
-eometric stiffness mtatrix for the shell and Tietikes feifi yI H2. m.i t_
fener element,, have been yiven in Ref. 1 7. Th'le psil au cee r6.4 n - sb
".til ness matrix 'elastic and geometric, of the stif- laitearcosdedoranodri.Ih
tened shell is obtained 1wv adding- the respective four ply angles are chosen ;vs 0t. 9()-. 45> and
stiffness mattiices of' the shell and thle stiffener-

ti nite elements after suitable t ransformations are
made. T hese transformations take into account3
the eccentricity betweecn thle shell and stiffener 4 VY, W, W '
aNis ,ýstenis and introduce the co rrect rotation
dolf f) and fi,.5C

1lihe bifurcation buckling, load Is computed by\
solv ing, the eig-en\ aIlue prIoblem given ats ~

wNhere K; lis th~eglobal elastic 'diffness matrix and] Ti

K,, Is the flobad geometric stillnress matrix. w hich i i I
not (nly depend onl the geometry of the structure J . 2CO
but alsi on the initial applied loads. All 288 poss- -A ~[~ 4~ Y
hI ible Livp schemies given in Section 2 are coils]- , -

de red and thle correspondinrg buckling load 'K '

Ifaett irs rank ordered. The kILavuE Is il~timIum~ if thle I K
buckhlng lo~ad lact t r correspondi rig to It 11s a m~aXI -

3
4 0()PIiX1I M I.AA'UP IO)R Bt('KLJ[N'(Bl 'UU,, ~ w
RA~N KING UIVWW

1 hie lornitrkiiion and thle computer c(ode has been ý_" - -_1sosinm
. M6. donnin nm

checked for- ecorrectness hy computing buckling 6,ý -4
fotIshr several p1 aini/stiffened shell R inc Is/s helIs Fig 4. Rin and si r;ingcr ,l iften~dckI ipi cNsindorcl

%k ith is iiropieb )rt hi tropie/layered compo)siteI)H



Bucklin'g ol plain and sttif'wed (,inpo,%ite vitwtrt . panell l hnA 4 ;6

Clamped spherical cap under external pressure mum buckling load factor of 6.75 corresponding
to the tri-directional 6-ply sublaminate layup

Thegeometry, loading and boundary conditions scheme i2 ._23441. for bi-directional sublani-
of the spherical cap considered, are given in Fig. nates :4 -plv). the highest buckling load factor is
3. The rank ordered list of buckling load factors 4.78 for the layup scheme 4442.
are given in Table 1. The optimum layup scheme
for the sublaminate is [2223441 or [90ý/45°/ Ring and stringer stiffened cylinder
- 45_,. It can be seen from the table, that combi-
nation of 90', 450 and - 45' plies in the The geometry and boundary conditions of the
sublaminate. with ± 45' plies placed away from stiffened cylinder are shown in Fin. 4. The thick-
the shell reference axis, gives higher buckling load ness of the shell is 3 mm; 12. 2-ply or 6. 4-plh or
factors. The layup scheme [4311111 gives a mini- 4. 6-ply sublaminates j and the depth of each stif-
mum buckling load factor of 3-4 amongst all poss- fener is 6 mm (24, 2-ply or 1 2. 4-ply or S. 6-ply
ible cases of 6-ply (tri-directional) sublaminates. sublaminates). The stiffener laminae are consi-
whereas by reversing the layup scheme dered to be parallel to the shell middle surface.
iiI 11134[}. the buckling load factor obtained is For ply orientations of the cylinder and striner
4-76 i -40% increase). Compared to the maxi- sublaminates. the reference direction is alomg the

Table 2. Ranked coding for the axially compressed ring and stringer stiffened cylinder

SI. Code , SI. (ode . SI. Code
No. No. Nv

1 1 13344 0-681 84 114422 (-48,5 2$ 222331""1
2 114433 0'681 85 311114 (1-48 219 43 0-313
3 111433 0-674 86 222113 .48s5 220 4433 14-'31
4 111344 0.674 87 134444 (1-484

1 11334 0-664 8S 113222 0-4S4
6 111443 0.662 S9 1133820 240 43 o289

113444 0,656 9(1 314444 04478 243 o 444"
8 4-43322 0(654 244 444421 f I2N2
9 114333 0-653 245 2 23331 (281

10 311444 0-651 126 122211 0.4(41 241 A3 3"22 (0_••
1, 334422 046504 27 1122 t4-4411 247 322444
12 114443 (-!6444 128 332444 0-44(0 248 333321 o 2"7 k
13 411333 0-635 129 444332 0.438
14 113334 0(634 130 442333 0(.437
15 441133 (0.14 131 433331 0(434 26(o 344442 142 5
16 1 [ 11143 (0612 132 333442 (0.433 26!l.. 2244 43253
17 111134 0-649 133 1112 (.432I 2o2 433332
I9 331144 ((-599 134 444413 ((-432 263 324444 (.246t

264 423333 P-245
265 -144432 (4244

24 342222 ((577 144 332111 0-423 266, 333342 (4.243
25 224433 40565 145 444112 41-4261 267 234444 0.-241
26 144433 04-562 146 233111 04421 26$ 243333 0-241
27 133444 ((561 147 14221H (-42(4 26'-# 444423 (1-237
2S 144333 4.56 ) 148 333314 444210 2714 333324 4.236
29 222243 0-556 t49 431 11 0(-419 271 244443 0(4-28
3j( 223344 0-556 150 224411 (0419) 272 233334 ((21"

151 1221223 ((41
152 3.11 I11 0t41

76 333441 0-493 153 41 0.417 283 23 133
77 4111-.2 ((493 154 333341 0.417 2S4 44422 4132

7, It11122 (.(492 285 2233 (132
79 33-1111 0.492 286 3332 4-132
840 222114 (0,491 214 332221 0-323 287 2444 (4(129
81 1 14222 0-488 215 144422 (1-322 28$ 2333 04 129
82 211114 04-487 216 _222441 (1.321
83 2111 13 0(486 217 133322 44-317

"Btick li fig Ioa •d facto)r.
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length of the cylinder whereas for ply orientations For the axially' compressedJ eccentrically stif-
of the ring sublaminates. the reeec ireRni eted cylinder ~i~ahle 2. at 13 '441 or 0 45
along the circumference. Thus, code number I in - 45'l sublaminate gvives thle best buckling~
a layup scheme will imply that fibres of' that ply performance with at buckling load factor A_ of
arc alioned axially for the stringer and cylinder 0-681I. compared to A= 0,227 icorresponding to

su~blaminates. and are aligned along the circum- 2 3 33.41 lavup schemeý. which is the lmowest
ference for ring sublaminates. As shown in the among, the 6-ply tni-directional sublaminates. T.hc
thaure. the stiffeners are located eccentricallv with lavup schemne '233.31 gives the overall lowest A. of
respect to the shell middle plane. The stiffened 0-1 29 considering both bi-directional and tri-
shell is subjected to directional sublaminates. ft is observed that by

()axial compression (N, 10"Y N/rn, changing only the location of the plies of given

!iiý axial compression and uniform external oinain ntesbaiae h ukigla
presure - P N/rn I~ - I(p s affected significantly. For example. by reversing
N~. (the la\'up scheme 1 4311111 0- (4201 to

I11I111341 A (-609' K the buckling load factor
The rank ordered bucklino load factors (12 X 48 gVoes Up by 45'%,. Comparingy th~e tw~o laxu p
mecsh aire gwien in la-bles 2 and 3respectively, schemes, 12244431 A()=02i7- and 2-14411!

[~able 3. Ranked coding for ihe ring and stringe~r stiffened c-,linder subjected to axial cornprcssion and uniform external pre%-

51. (ode SI, C ode ,.SI, ode
N.N4 o. No.

1142-12' n-95I 83 442211 0-2 174A 23'33 1 1-1
1 31 1 84 3 1 1 4 0.71.;' 175- 2223,44 (1-610

1 11-2 1322' 1 o10.. 3 h1

4 41 1222 1)-,-40 SO, 222124 1 7 24 177 441442 1 v13
I11132, 0.940 1 7S 22244311)1

6 3122 11.938
1 122 ()-931 (100 -222241 71

N 41 1 122 0_919 101 332224 0171 1 2M4) 422333 (l(59,7

10 . 3 3332 -1 -710 20)_ 224441 p.-593

2(l 114422 018 1(4 1222 11 ((1)7109 2403 1114 (1-;92

1 113322 ((.-882 101; 22--1 4(178 2104 1-44333 o9
22II 1 1142 1(-i7 106 22 1144 41.7117 2(45 13 14-44 '592I

I II 132 ((-85 7 1I 22133 1ý7()()0 2(16 333
24-1.4111o2 ( ;-54 Ills 2 11 1 t)-7(1 I(o-22 0-59
25 441 122 ((-53 1 08 1-44433 V59l4

13322' ((S'
I1 Is 41 1 133I ((-956

1 (9 314.4 11685I l'3 12344
411 01((800 12t) 333 2 21 ().08 234 224-333((6
-41 1122414 04-791% 121 11444421 0681 I35 1-444(56

42 11233 (.7(7 12 114433, ((IS81 236 1 I 3331 1)5 I;
43 111 1244 ((-795 12 1 133414 0.681 27 .31 I 1564

4-4 1 1 233 '1 1-794 124 I 33332 0)0801 238 441 IIý (-559
41 4 41 112 0-7931 231) 2244413 -5

(.31 112 ((_-7k02 -240 2 23334 05

4 422211 ((-7S2 ;Il 53 31 1441 0(-653
45 32 2 1221 ((.78 1 151 4422313 ((-048 -

V') -,13222 0778 152 33 2 244 ((-648 28s3 433(-'
(4; 3)422122 ((- 778 15 r. 444-412 ((-6417 28-4 344--I (-7

I II 114,42 ((778S 15S4 333312 ((-646 28ý 41443 04-471

144422 ((-778 155 -41 11 13 ((645ý 286 33-I,34 (0-411
-15;6 .3 1 1111- (0-045 287 24144 0-402

- -- 88 2 333 ((-458
50 4-1-41 12 0(-728

1I -422 223 o4-727 172 43333..1.2 0(-02(l
S2 3;31 12 n(-7 27 17 4411 (-1
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(A= 0=565, it is seen that replacing a - 45• plk
r'200 :0 l with a 450 ply increases the buckling load by more

than 10(,%. It is also seen that sublaminates

combined with few 900 plies give a lo.) buckling

S.... .. performance for this typical case. From this, it
8 ' oo- appears that bending-ttwisting coupling terms

introduced by unbalanced 450 and -45' plies
lead to a substantial reduction of the buckling
load. However. this coupling has a less pro-

- , nounced effect on the buckling load when there
v ,W, wo • 0are 0' plies in the sublaminate instead of 9W plies.

X H30' apex o. e, . =0 along with the set of unbalanced 45' and - 45'

plies. This is evident by considering the layup
20 schemes 11144431 0=1640; and :1144331

al8 ad .mes.. .mm This eneral trend is changed completely w hen
1,8 the same stiffened cylinder is subjected to both

ý=45o 3 axial compression t1W' N/m,i and uniform exter-
Fig. 5. ('onical sanh%%ich panel mith hoop stiffencrs. nal pressure I W) N/im' ; as can be seen from the

lable 4. Ranked coding for sandlich conical panel .ilhoul hoop stilfener

51. ().' SI. (ode SI. ("dh:
No, No. No.

34 .... 1.640 103 4442 1297 2012 444413 1 1-1
2 432222 1-640 10)4 221333 1.2% 203 444431 1 0)04
3 322224 1-638 1015 223331 124 04 344441 1((13

4 422 2... .;106 I W) 2444 ' ,293 21)5 133334 0.99S

I I.1.2.4 1.630 1o7 33334) 2 1-293
6 2 2 2 24 3 16-36 l30S 433332 1_1-'9

""-1- 3321 1 1 0 )W
22s 233111 o)94V)

3.422221 2126 213)33 1 - 4 I 14443 09() 1
31 ."2214 1519 t" 114422 230 113444 z; 100900
321222,I41 1518 I> 141 1 " 14 21 31144-1 04.190
33 334412 2 15 29 12 i 1 1 1212 1 ' 44-4113 15.95JS
34 4433_2 1-0 130 44111" 1-2.8
35 332244 1-496 131 2211-44 1,2o8
36 442233 1.496 250 111132 0)7-0

251 421111 0 7os
14,) 4443 1.12-6 252 241111 T-T

S322221 1-4606 1 511 3444 1124 253 11 1443 (.7(,-
5 0..22213 1.4605 I I 133332 1I 1 1254 111344 1T.7(,-

5222.1 1-.164 15 333312 I'11 255 31I 2 ()h,7
c 223334 1-41 153 333321 116
5'4 422333 10461 154 123333 1.115
()6) 22-1333 1.40111 20 1 113.4 0.(,0.s
61 -11.21 -1 2,A1 411 1 1 .6 )5

175 111422 1 0 3 2 11 14 44605
176 444211 1'o52 283 431 111 06.603

0 4413332 1357 177 411122 1 1W51 284 4131 4)644.

sl 333214 1.355 17 111224 1 )W;) 215 114 41481
s2 442333 1,354 179 1122 1.4t4 2S6 1113 11. 5
83 233344 1.354 I80 244411 10449 2S7 41 11 0-4S3
8-1 244333 1 353 2S8 31 I4482

5 -144422 1-338

2014) 1344144 1-0(06
2041 3-144,44 1-005

Btucklig h (ad loclor.
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Table 5. Ranked coding for the sandwich conical panel with hoop stiffeners

SI. Code AU SI. Code A, SI. Code
No. No. No.

1 342222 2.151 104 444432 1-647 203 444431 1247
2 432222 2-051 105 344442 1t646 204 344441 1.246
3 322224 2'050 106 444423 1-646 205 133334 1-229
4 422223 2.050 107 221333 1-645
S 222 2•• 34 2"048 108 223331 1'644
6 222243 2-048 227 332111 1-137

228 233111 1-136
126 2333 1-587 229 114443 !116

30 442233 1'899 127 114422 1[543 230 113444 [I115
31 142222 1-897 128 441122 1-542 231 311444 1-114
32 412222 1-897 129 112244 1-540 232 444113 1-113
33 223344 1-897 130 442211 1-535
34 224433 1-897 131 221144 1-535
35 122224 1-895 250 111132 0"965
36 422221 1-893 251 421111 0-964

149 133332 1-404 252 241111 (1-963
150 333312 1'402 253 311112 ((963

56 23 1"858 151 333321 1.400 254 211113 0.958
57 122223 1"858 152 123333 1-399 255 321111 0(956
58 2233 1-857 153 213333 1-398
59 222144 1-856 154 4443 1-397
60 322221 1-856 280 111143 0(757
61 E23334 1[855 281 311114 ((.754

175 444112 1-319 282 411113 0-754
*176 112444 1-318 283 341111 (.(751
80 333442 1-698 177 144433 1-318 284 431111 o(-751
81 443332 1-698 178 223111 1-317 285 1114 01610I
82 444122 1-697 179 133444 1-317 286 4111 (0-60K
83 333244 1-696 180 444133 1-316 287 1113 (0-606
84 442333 1-694 288 3111 0-603

'5 33344 1.694
21501 134444 1250

201 314444 1-249
103 122333 1.647 20 4443 -4

'Buckling load factor.

rank ordered list yiven in Table 3. The layup changes the buckling load significantly 'from
scheme 11133441 which was topping the ranked 0-709 to 0"954: -35°/,,I. These general trends
list for the axial compression case. is now in 1 23rd however. are extremely difficult to predict ah
place. In this case, the highest buckling load factor initio.
is obtained by tri-directional 6-ply sublaminates
with A = 0-954 for a 11142221 lavup scheme which Conical sandwich panel without and with hoop
was in 8 1 st place earlier. This is close to the high- stiffeners
est buckling load factor obtained for bi-dircc-
tional sublaminatcs ý2 -ply and 4-ply sublaminates) The geometry and boundary conditions of the
with 0 = 0-932 for a 1 1 1221 layup scheme. For the stiffened panel are given in Fig. 5. First. the sand-
case considered. a combination of 0W and 90' plies wich conical panel is considered without the hoop
with no angle-ply (for bi-directional sublaminates) stiffeners and then the panel is modelled with the
or one 45'/- 45" ply for tri-directional sublami- stiffeners to see the effect of the stiffeners on the
natcs, in the sublaminatc seems to give the best rank ordered buckling loads. The loading is
buckling performance. Sublaminate layup assumed to be: (N,-- - 10W N/m, P, = - W10 N/mi').
schemcs. containing large numbers of 45' and It is seen that (Tables 4 and 5) the optimum layup

45' plies give poor buckling load factors and scheme 13422221 (and the overall rank ordering)
find a place towards the end of the table. Like the remains unchanged with addition of the hoop stil.
previous case. here also reversing the layup feners. The maximum buckling load factor how-
scheme, for example 12224111 to {1142221 ever, has increased from 1.640 to 2-05I ( 25%'

I
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Buckling of open-section bead-stiffened
composite panels

D. H. Laananen & S. P. Renze*
)elprtment •f .tlo'/anicai and Aeri.vptwe Engineering. Arizona .Staw Univerxitv. TIempe. Arizona N52,'87-6,Ilk). U.V. I

Stiffened panels are structures that can be designed to efficiently support in-
plane compression. bending. and shear loads. Although the stiffeners arc
usually discrete elements which are fastened or bonded to a flat or continuously
curved plate. manufacturing methods such as thermoforming allow integral
formation of the stiffeners in a panel. Such a configuration offers potential
advantages in terms of a reduced number of parts and manufacturing
operations. Fbr thermoplastic composite panels stiffened by Jmegrai.: formed
open-section heads, the effects of bead spacing and bend cross-sction
geometry on the initiation of buckling under uniaxial compression and uniform
shear loading were investigated. Finite elements results for a range of stiffened
panel sizes and bead geometries are presented and compared with approximate
closed-form solutions based on an effective flat plate size. Experimental vcrifi-
ration of analytical predictions for one of the shear panels and one of the
compression panels is described. Compensation of the forming tool to reduce
the degree of initial curvature of the panels was found to be necessary.

INTRODUCTION or two parallel bend stiffeners extending the full
panel length. for two bead widths. The effects of

Stiffened panels are low-weight structural conf- bead corner radii and other bead cross-section
igurations which can be designed to efficiently parameters upon the initial buckling load were
support in-plane compression, bending, and shear not specifically addressed but are important
loads. In conventional aircraft structures. the design considerations for bead-stiffened panels.
stiffeners. which typically have a C, Z. L. T or hat The primary objective of the study reported in
cross-scction. are mechanically fastened or this paper has been to determine the effects of
bonded to the panel. However. the use of discrete bead spacing and bead cross-section geometrv
stiffeners adds cost and complexity due to a large upon the initial buckling load of a bead-stiffened
number of parts and assembly operations. thermoplastic composite panel, Part of this effort
Manufacturing methods such as thecrmoforming has been the determination of effective boundary
make integral formation of the stiffeners in the conditions provided by the bead stiffener to the
panel as one piece an economically attractive flat panel regions enclosed within the bead.
alternative, although the resulting open-section
bead has relatively low torsional rigidity, An
example of a stiffened panel design which consists
of repeating cells defined by closed-loop open-
section heads is shown in Fig. 1.

A comprehensive survey of composite plate
buckling by Lcissa' indicated a lack of previous
work addressing the issues concerned with the
design of bead-stiffened thermoplastic shear
webs. Rouse2 presented experimental and analyti-
cal results for the shear loading of panels with one

*Present address: Mct)onnell Aircraft Company. St Louis.
Missour (iUSA. Fig, 1. Stiffened panel incorporating an open section bead.
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The following section describes a parametric
study which was performed using finite element T
analysis to assess the effects of different bead
profile geometries, corner radii, and panel sizes -
upon the initial buckling load of panels loaded in C A

shear and uniaxial compression. A basis for a LA
simplified analysis methodology is developed in • Fw R

which the finite element results are bounded by I F c --
approximate closed-form solutions after an effec-
tive flat panel size has been determined and load
reduction techniques have been applied. Finally,
the experimental program is discussed, including
fabrication processes, test fixtures, and instru- -

mentation used in the experimental verification of
selected finite element results.

SR

BH

PARAMETRIC STUDY

A parametric study was performed using the Cw --

PATRAN 3 finite element code to determine the V ,e,,Across-section geometry, corner radii, and panel

sizes upon the initial buckling load. The specific
panel configuration considered was a square
panel containing a closed-loop. open-section Table I. AS4,AP('21amina laminate material propertie%

bead. representing one cell or bay of the panel . . ..... . ...... .
shown in Fig. 1. The parameters of interest, which Property L.amina laminate

are defined in Fig. 2. included the bead centerline / a1) 75
spacing (CW). bead corner radius ýCR), bead V:I,. l(a 713456

,H•, •113~1121 l"

heiht iBHs. and bead/pan iAd...s ýSRI. The radius 1", 0,,
BR) at the top of the bead was held constant at -- a I - s 14
1 27 mm. Flcxural propcries f ,1) ,t)o/45 - 45i laminatc.

The panels were modeled with general shell
clements. four-node quadrilaterals, and three-
node triangles, with six degrees of freedom plane deformation, consistent \•ith the actual
per node. The material was a quasi-isotropic conditions of the testing to be performed later. A
f0/90/45/ - 451, laminate of unidirectional constant shear force was applied on all edge, in
AS4/APC2 thermoplastic composite. A sym- the conventionally defined positive direction.
metric quasi-isotropic laminate was chosen in divided equally among the edge nodes. The criti-
order to avoid cxtension-bcnding coupling effects cal buckling load was determined bw multiplying
and to provide significant degrees of both the applied load by the eigenvalue returned from
longitudinal and shear stiffness. The eight-ply lay- the finite element analysis. Flasticity solutions* for
up and the range of panel sizes were determined flat plates to calculate the stresses at the panel
by the capabilities of available testing facilities to center confirmed correct application of the load.
be used in the experimental phase of the project. Geometric parameter values and results are listed
The thickness of the laminate was assumed to be in Table 2.
1.06 mm, based on a nominal ply thickness of For the application of compressive loading.
(0-132 mm, The material properties. shown in only one half of the panel was modeled, thus
Table I. were assumed to be orthotropic and saving computational time and memory by utiliz-
homogeneous. ing symmetry. The boundary conditions were

The clamped boundary conditions for the finite essentially the same as those utilized for the shear
element model restrained out-of-plane displace- model. A compressive force was uniformly distri-
ments and rotations on all edges but allowed in- buted along the nodes of the side parallel to the
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Table 2. Parametric study shear panel geometry and results

Case Corner Pan Bead Panel NN,, , Closed- C!osed-
radius interface height width without with form form
CR radius Bu- RW load load soln. SS Aoln. Cl.

SR reduction reduction
cmý ýcmý ýcm) icml kN/ml kN/m' kNlm .kN m

PW=43,2. CW= 30-5 cm
IS 3.05 1-27 2.54 19.3 22.9 9-75 9-26 17.7
2S 3-05 1.27 1.27 204) 21.2 9-75 8-h5 16.5
3S 3-05 1.27 0t635 21-0 16-7 8-21 7.IS1 14.9
4S 3-1i5 0-635 2.54 20.6 2!-t 9.75 .16 15-6
5S 3-05 0-318 2'54 21-2 20"3 9-60 7"67 14-6
6S 1"52 1-27 2'54 22-4 22-1 116 692 132
7S 0-76 1-27 2-54 23-9 21-2 12-0 6,06 11-6

PW= 73.7. CW=61-0cm
8S 3-05 1.27 2.54 49-8 4-55 3-17 1-39 2.66
9S 1-52 1-27 2-54 52-8 4-47 3-29 1-24 2.36

10S 3-05 1-27 1-27 50"5 4'31 3105 1-36 2ý59
[1S 1-52 1-27 1-27 53-5 4-40 3-19 1-21 229

PW= 104. CW= 91.4 cm
12S 3-u5 27 - 25- 8( 3 1.91 1-52 0-531 1.02
13S 1-5 1-27 2-54 83-3 1-87 1-56 0-497 (19-;1
14S 3-05 1-27 1-27 80-9 1-79 1-45 0-527 1-0)1
15S 1-2S 1-27 1.27 8440 1-77 1.49 0-490 (0-933

symmetry axis. Stresses at the panel center con- First, for uniaxial compression.
firmed correct application of the load based upoli
elasticity solutions for a flat panel. Parameter . &lt7l, K
values and resuilts are presented ;rn Table 3. --

where for simply supported edges.
CLOSED-FORM SOLUTIONS

K, +2 1), 2

Available solutions for the initial buckling of a flat. = /-+2D3 + 3
rectangular plate were used in an attempt to
bound the preceding finite element solutions and for clamped edges.
based on an effective flat panel size. The govern-
ing different~ial equationR for a flat, orthotropic L
plate subjected to uniform stress resultants N, and ), = 4 4+ . 4
N" is

d w a, I' For uniform shear loading.
01 + 2I 1)t, + 2D,, +D1,, -ax o 0%-. -ax

4a: w de w (N,, ),• = K-, -
N, + 2N,, I/ b

where for simply supported edges (.3:5 1.
Solutions to this equation for plates with all edges
either simply supported or clamped, under both 8
uniaxial compression and shear, are well known.
Approximate solutions for all four edges either A = - 0127 +0.185 1), 6)
irmply supported or clamped are as follows:" B = 0.82 + 0-46 1), - 0-2 )D
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Table 3. Parametric study shear panel geometry and results

Case Corner Pan Bead Panel iN, (o ,cdl (Closed-
radius interface height width without v..ith frmin form

CR radius Btl RW load load soln. SS ,oln. (T.
SR reduction reduction

lc ci cn cm', ikN/rn ,kN/m kN/i in

PW=43-2. CW= 30.5 cm
IC 3-05 1-27 2.54 19.3 52-0 3.31 3,-9 13(0
2C 3.15 1-27 1.27 20-0 49.9 6-25 3-70 1 21
3C 3-05 1-27 0.635 21.0( 22.6 (630 3-34 114-,
4C 3,.5 0-635 (t-635 21-5 22-1 6-34 3-19 11.-4
5C 3.15 01-318 0-635 2!8 21.9 0-39 3-I0) 10 1
OC 1.52 1-27 0)-635 24-1 21-9 6-31) 31. 511 , -35
71C 0-76 1-27 0-635 2•-6 20-8 7-32 2-26 7-39

PW= 73-7. ('W 6 1" -0cm
81C 3(05 1-27 0-635 51-5 3-10 1-)(4 (-"557 1-'2

C1-2 1-27 (4-635 54-6 3-01 1-87 40-496 1.63
I OC 3.05 1.27 1-27 501-5 6-92 2-06 4).5S( I
I IC 1'-5 2 1-27 17-_ 53-5 6-74 2-73 4(-515 1-09

PW= 104, CW 91-4 cm
1 2( 3(45 1-27 (0-635 82-01 1-2(0 O)84 I4-219 0.-7210
13C 1"5 .. " 1-27 (-635 82.( 1-19 0910)9 4.2115 tl-009
14C 3-05 1-27 1-27 80-9 1-93 1.-07 0.-216 11-7, 39
I5(C I . I ,-2 1-27 84-1) 1-91 1- 1(1 0(20S8 O.-6,6

and for clamped edges (0-6 < fl• I'. in length and width, with a thickness of I-) mm.
K,= K, + I - -The maximum error was calculated to be I 3Y,,.

Finite clement predictions for the same panel
1=9-3 + 8-45 03 were compared with analytical results from cqns

- i7) (2"-(4). The result- for both a simply supported
,i-4- 1i3 1.panel and a clamped panel agreed within I %.

B= 1-99 + 0381, The same square. orthotropic panel with sim-
ply supported edges was used for comparison of

in which shear buckling results from a Cialerkin solution

l/(8) with those of eqns i51 and 16). The analytical- /results from eqns (5-f 7) were also compared with

2= Ia/h ,l)~I)_ i• 1(9 finite clement r,,ults. The maximum deviations
for simply supported and clamped panels were 3

2+ 21),,, 0 and 2'%"/ respectively.
'0,These results indicated that eqns (2 -1(1 \kere

1.... valid solutions of the governing differential eqn

and 1),,. 1),. 1), and I),,,, are laminate flexural I ) for the panels being modeled, and. therefore.
stiffness coefficients. These equations are valid for these solutions ,,ere used to calculate all further
the square plates (a = h) being modeled and for analytical results for this study. The close agree-
the first buckled mode shape in the form of one ment between the finite clement results and the
half-sine wave in = I ). results of eqns 2H -(10) also verified the represen-

Independent verification of the approximate tation of simply supported and clamped boun!ary
slutions ggiven by eqns (2)-( 10) for the specific conditions for the finite element models..
laminate properties was performed by comparing Equation i I ) is valid for orthotropic laminates.
the results with known analytical solutions for i.e. laminates where 1),6 and 1), are zcro. which
simply supported orthotropic plates loaded in is only approximately true for quasi-isotropic
uniform shear and uniaxial compression. The laminates of unidirectional plies. How\cver. pub-
results of eqns (2)-( 1() were also compared with lished criteria" were applied to demonstrate that.
finite clement results for a flat quasi-isotropic 0t/ for
90/45/--4451, AS4/AP('2 panel. The panel the 10/90/45/-451, AS4/APC2 laminate. 1),,
dimensions were arbitrarily assumed to be 36 cm and 0., were sufficiently small to be neglected.
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thus confirm ing the applicability of the governing 25000 -_-_-ooo- _Simpl

differential equation for an orthotropic plate as .
presented in eqn (1). j20000 sppon

Clamped

15000 13 BH . 254 mm

DETERMINATION OF EFFECTIVE FLAT A 1H. 12 7 mm
M10000PLATE SIZE o BH - 6 3 m

.5000 "

In the design of stiffened panels, it would be help- -
ful to be able to determine an approximate buck- o , , - --- ,

ling capability using closed-form solutions for a 0, 0.2 03 0.4 0Pn 06 07 0,8

rectangular, orthotropic plate. Solutions for sim- Panel it (m)

ply supported and clamped boundary conditions Fig. 3. Shear panel bead spacing and bead height effects
S(CR = 30 mm.SR = 12-7 mml.

could represent upper and lower limits to the cri-
tical buckling load, provided that the appropriate
flat plate length and width were used. _.20E0o

Referring to Fig. 2, three dimensions of the z. .Simply

beaded panel which were considered as candi- 115000
dates for the effective flat plate edge length were 2 -- CrampS• ~BH = 25 4 m

the lengths CW. FW and RW. Determination of a1oooo
the most appropriate effective length was based • BH = 27mm

on three criteria: (1) the finite element results A 0 BH =635
should be bounded by the simply supported and "

clamped closed-form solutions, (2) the length was , .........
required to have a physical geometric interpreta- 0. 0. 2 0 0 05 -0.6 - 07- --

tion, and (3) for every variation of a bead para- Panel w51h (m)

meter, the length also had to change in a logical Fig. 4. Compression panel bead spacing and bead height
manner. For this study, the panel geometry was effects(CR= 30 mm.SR= 12.7 mm.
defined such that the bead centerlines were first
located on the panel and then the open-section
bead was modeled. As a result, the length CW upon the length RW. are plotted in Figs 3 and 4.
remained invariant for certain bead parameter respectively. The finite element solutions that
changes and thus did not satisfy the third condi- involved variation of bead cross-section at each of
tion. It was also determined that neither length three different panel sizes are also shown. As
CW nor FW satisfied the first condition since, for expected, when panel size was increased, the
many cases, the finite element results exceeded buckling load decreased. However, for small
the clamped closed-form solution by a significant panels, the effective boundary conditions appear
margin. The length RW, on the other hand. satis- to be simply supported. while large panels would
fied all three criteria and thus was selected, be better represented by clamped boundary

The finite element results were modified to conditions. The single finite element solution that
account for the amount of the total applied load falls below the simply supported curve is shown in
transmitted by the beads versus the quantity seen Fig. 4 for bead height. BIt= 25 mm. The
by the flat pan area enclosed within the bead. This deformed geometry results for this case showed
was done by averaging the stress resultant along a local flange buckling or edge crippling in the area
line of nodes of length equal to RW. through the between the closed-loop bead and the load appli-
center of the panel. For panels loaded in compres- cation of the panel edge. This indicated that the
sion. N, was averaged, while for panels loaded in bead was so stiff that insufficient load was being
shear. V,, was averaged, transmitted through the bead into the flat pan

region to initiate buckling there.
The effects of the radius at the bead-panel

ANALYSIS RESULTS interface, SR, were not sigificant in terms of
changes in the initial buckling load. However.

The closed-form solutions for fnat. square plates referring to Fig. 2. SR can have a significant
loaded in shear and uniaxial compression, based impact in terms of the formability of a panel. If the

I
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70 lar material, lay-up and thickness that were
60 A modeled in this investigation, the optimum bead

A co n height appears to be approximately 1.27 cm for a
5W" bead spacing of 30-5 cm or 2 54 cm for a bead

I40 0 shar spacing of 61"0 cm, for either compressive or
X.30 A 60 k n shear loading.

20

10 EXPERIMENTAL VERIFICATION OF
200 . BUCKLING LOADS

0 200 400 600 800 1000O 1200

Stiffener flexural rigidity, ElD In order to venfy the critical buckling loads pre-
Fig.5. Critical buckling load (normalized vs. bead flexural dicted by finite element analysis, four bead-stif-

fened panels of AS4/APC2 thermoplastic
composite were manufactured and tested, two in
uniaxial compression -id two in shear. The [0/90/

radius SR is very small in relation to BH. BR and 45/- 451, panels were fabricated with a 25-mm
FW. then bridging of fibers across the radius may high bead corresponding to Cases IS and IC of
occur, resulting in an insufficiently consolidated the parametric study. Four flat panels were also
or otherwise poor quality part. Decreasing the manufactured with the same stacking sequence.
bead corner radius, CR. was found to produce Two of the flat panels were tested in compression.
small decreases in the total, unreduced buckling and two were tested in shear to verify the material
loads, properties and the boundary conditions used in

It has been demonstrated that for stiffened the analvsis.
rectangular panels of isotropic material loaded in The flat quasi-isotropic panels were manu-
uniform compression" or shear,' critical buckling factured in an autoclave at 390°C under 690 kPa
stress increases with increasing flexural rigidity of pressure. The bead-stiffened panels were pro-
the stiffeners until a limiting value is reached, at duced by double diaphragm forming at 380'C and
which the stiffener remains essentially straight, 690-760 kPa. Shear test panels had two five-ply
acting as a nodal line for the tuckled plate. glass/epoxy tabs adhesively bonded along each
Increasing the flexural rigidity beyond this critical edge prior to drilling for mounting in the shear
value produces no further increase in the critical test fixture.
stress. It was further shown that increasing the Each test article was instrumented with strain
stiffener torsional rigidity increased the critical gages at the center of the panel, both front and
value of flexural rigidity," back, to monitor the state of strain in the panel

The critical compressive and shear buckling and to determine the onset of buckling. The shear
loads calculated in the finite element parametric articles were instrumented with strain rosettes
study are plotted in Fig. 5 as a function of normal- (0, 45, 90-dog orientation to the applied load) and
ized bead flexural ngituiy, E,I/bD2 ,, in which I is the compression articles with biaxial gages (0.90-
the moment of inertia of the bead cross-section deg orientation). The shear and compression test
with respect to an axis at the interface with the fixtures are illustrated in Figs 6 and 7. respect-
panel. The loads have been normalized using the ively. A modified Southwell technique"' was used
following relationship developed from eqn (2): in plotting the load-train data in order to obtain

the critical buckling load.
K , b 1 .r2 (1) -)' 21 The finite element code PATRAN was used to

For the plate aspect ratio a/b = I used in the para- predict the initial buckling load of all test articles.
metric study, Fig. 5 indicates the critical values of The models were the same as in the parametric
bead flexural rigidity, beyond which no additional study discussed previously except for the input of
benefit in terms of buckling capability is realized, the actual test specimen thickness and the actual
The bead geometry at this point would typically outside dimensions.
represent an optimum design, for further increas- The compression test articles were clamped by
ing the bead height would most likely either result the test fixture on a 1 3-mm width around the penr-
in lower part quality or require higher forming meter, The resulting area (48 cm x 48 cm) inside
pressure, thereby increasing cost. For the particu- the fixture was modeled as a panel with clamped
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boundaries on all edges. The shear test articles
were clamped by the *picture frame test fixture on a
38-mm width around the perimeter. "'Ihe resulting
panel area (43 cm x 43 cm) enclosed by the fix-
ture was modeled as a panel clamped on all four
edges,

The predicted buckling loads are compared
with test results for compression and shear in
Table 4. For the initial set of bead-stiffened pan-
els, the measured buckling load was significantly
less than that predicted by finite element analysis.
particularly in the case of the shear specimens. In
the region enclosed within the bead. all four of the
stiffened panels were found to have an initialI ,curvature with a maximum amplitude of approxi-

Fig. 6. Shear test fixture. mately 2 mm, or nearly twice the panel thickness.
Finite element analysis, including modeling of the
temperature dependence of the material proper-
ties, was used to predict the initial curvature. The
analytical results were then utilized in the design
of a concave surface on the base block of the
forming tool.' Four panels were fabricated with

... +the compensated tool, and the amplitude of the
resulting initial curvature was found to have beenI significantly reduced. Panels 8, 9. 1 () and 1-2 in
Table 4 were the stiffened panels that were pro-
duced with the compensated tool.

CONCLUSIONS

The results of a finite element parametric study
performed on bead-stiffened panels loaded in
uniform shear and compression showed that the

Fig. 7. Compression test fixture, geometric parameters that have the most signifi-
cant effects upon the buckling load are the bead
height and panel size. Increasing the bead height

iahle 4. ('omparison of predicted buckling loads with test effectively increases the buckling load, while
results

.. . . . ... .. increasing the panel size decreases the buckling
Panel N\. Configuration Predicted Test "error load as expected. However. as demonstrated pre-

load result viously for stiffened panels of isotropic material.
-kN 'k- there is a critical flexural rigidity, above which

conpression further increases in bead height will not be pro-
I Flat 1-36 1.44 6 ductive. The bead corner radius was found to
2 Flat 1-36 1-40 3
4 -aded 1-31 13.8 6 have a small effect upon the initial buckling load
5 Headed 13-0 14.9 12 in compression and in shear. but it is important to
8" Beaded 11-6 12.1 4 note that decreasing the bead corner radius can

12" Beaded 11-6 10.5 II also be an important formability issue for panels
Shear with large bead heights.

3 Flat 2.64 2-72 3 A basis for a simplified analysis methodology4 Flat 26.6t 28 imlfe
6 Beaded 13.2 6.58 100 was developed in which effective flat panel widths
7 Beaded 13.2 6.76 9)5 and load reduction techniques were used to
9B Beaded 032 8-05 3 bound finite element solutions with the limiting
S....Headed I32 (I . . -e - .............................. closed-form solutions for sim ply supported and

tool compensated to reduce panel initial curvature, clamped edges.
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Vibration of composite-material cylindrical shells
with ring and/or stringer stiffeners
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Free vibration is analyzed for thin-walled circular cslindrical shells constructed
of composite materials and prov.ided with ring and/1or s•ringer stiffeners.
Numerical results are presented for graphite-cpoxy shells: unsliffened and stif-
fened with ring% only. stringers only. and both rings and stringers,

INTRODUCTION dimensionless tracer coefficients and on assessing

the relative improvement in the lowest natural
In many applications of composite-material cir- frequency due to ,ing stiffeners versus stringer
cular cylindrical shell structures, the use of stiffeners.
advanced fiber-reinforced composite materials
can be made even more efficient if axial (stringer) HYPOTHESES
and circumferential (ring or bulkhead) stiffeners
are used. This statement is valid for both aircraft The following hypotheses, widely used in thin
and deep-diving submarine applications. Through
the years, many analyses of isotropic circular shellanalyses, are made:
cylindrical shells, reinforced with stringers alone I. Thin wall (h/IR 1 ;. This implies no trans-
or with rings alone, have appeared (for extensive verse shear and transverse normal deforma-
reviews, see Bert and Egle' and Mukhopadhyay tion and no rotatory inertia.
and Sinha 2). There have also been some which 2. A complete circular cylindrical shell of finite
treated both stringers and rings (cf. Egle and length and having no geometric imperfec-
Sewal3). Likewise, there have been numerous tions is considered.
analyses of smooth (unreinforced) composite- 3. The vibration is assumed to involve suf-
material shells; see the review by Bert.' ficientlv small amplitudes that geometric

There appears to be a near void of published nonlinearity may be omitted.
analyses concerned with vibration of composite- 4. Orthotropic, linear elastic materials having
material shells reinforced with rings and/or the same properties in tension and compres-
stringers. (Prokopenko 5 considered such shells sion are considered.
with symmetric ring reinforcements.) The purpose 5. Discrete ring and stringer stiffeners, equally
of the present paper is to fill this need by con- spaced and with negligible torsional rigidity.
sidering free vibrations, in both axisymmetric and are considered. The stiffeners are taken to
unsymmetric modes, of circular cylindrical shells be thin but the stiffener eccentricity is
made of laminated composite materials and dis- included.
cretely reinforced with rings and/or stringers. 6. The Sanders-Koiter best first-approxima-
Emphasis is placed on evaluation of the accuracy tion shell theory and various simpler
of various approximate theories by the use of theories arc considered.
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7. The end conditions considered are simply 'table 1. Listing of tracer coefficients associated %ith dif-

supported without axial constraint at both ferent thin shell theories

ends. Theory C, (

Sanders 1 1 3 ! _2
Love I I 10

DERIVATION OF EQUATIONS OF MOTION LooI i 1 0
IN TERMS OF DISPLACEMENTS Morley 1 11 0 1)

Donnell 0 1) 0 0

Five different thin shell theories are employed. In
order of descending accuracy and ascending sim-
plicity, they are as follows: Y. z directions: ,o denotes density: and

I. the Sanders-Koiter best first-approximation denotes a2( )!ax dy, etc.

theorv." The laminated shell constitutive relations are

2 Love's first-approximation theory.' , B,, if ,;
3. Loo's approximation.' =,,i j 1.2.6 ,4
4. Morley's approximation,"' Ml, B,, D,,1 k"J

5. Donneli's shallow shell theory.' Here ,' are the mid-surface strain components. K,

To present all five of the theories mentioned in are curvature changes, and the stiffncsses are
a generalized manner. the concept of dimension- determined in the usual way (cf. Jones'") as
less tracer coefficients, as used by Bert and
Kumar.-" fr instance, is applied. The values taken " I
on by the various coefficients (C,) for the respec-
tive theories are listed in Table 1. =Z! Q, ,z dz (i./= 1.2. 5

The equations of motion, including both in-
surface and radial inertias. are:: 12where Q,, are the plane-stress-reduced material

Nr., - ('C/R) M,,. = I'll, stiffness coefficients. In the present study, it is

+76, +, , + ('I/R( M,,, +(('/!R) 1, =l,, assumed that A1 , =A If, =B , = B, _ ,, = D ,,= 0.
Therefore. the shells considered here model

+l +2M,,,, N+ .,, - N/R) =Pw , (!) exactly the following classes of lamination

Here the 11, and N, are stress couples (bending arrangement:

and twisting moments/unit width) and stress 0 shells with symmetrically or unsymmetri-
resultants (membrane forces/unit width) given by cally laminated isotropic layers (A;,. B, and

/),D all isotropic),
0 shells with a single laver of bimodular ortho-

iM,. N,) , z. I) u, dz (i= 1.2, 6) (2) tropic material,`Z
0 symmetrically laminated cross-ply shells

The total mass per unit mid-surface area is given i B,, = 0).
by • antisymmetrically laminated cross-ply shells

(B1- B,, and B,, = B,,, = W.

P=Jp(dz+ 6( ey-vpA, Furthermore, the following classes are modeled
f : approximately for the case of many layers isay, I0

+• b(x- x,)p,, 3 or more):

0 symmetric angle-ply shells (A 4,,. A",. 9)6/

where the symbol t denotes the D)irac delta func- h', and 1).,1h 2 negligible relative to other
tion. stiffnesses. B,, = 0),

Finally, A, and A, denote respective stringer • antisymmetric angle-ply shells (Bj/h and
and ring cross-sectional areas; h = shell thickness; B2,/h approach zero).
I? =mean radius of the shell; x, y. z are the axial, The total strain at an arbitrary position fx, y. z)
circumferential mid-surface, and outer thickness- is given by
direction normal position coordinates; u, v,, w are
the mid-surface displacements in the respective x. r,(x, v, z)-t,'(X, Y ) + z k,(x, v) (6
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In view of hypotheses 1 and 3, the mid-surface N,, = A,,(u, +I',)
engineering strains may be expressed as +CQR - 'U ,

=.: g=t.,.+(w/R); e =U, +tv., (7) l11

The curvature changes, in view of hypothesis 1, M u ,+B~(, +R-
are -9) w. -1?iw,, -(',R "'

S W- ,,; , w ., , + (C G /R ) ,,; ( + Y 6 ( y- v y )(E ,A~ z,u ., - w ,

, 2 w-2w,,. + (C3/R) v., -(C'4 /R) u,

Neglecting the torsional stiffnesses of the stif- M, -B,2u.A + B2_(t,., + R `w)
feners and allowing for the discrete nature of the -Dw, -I)2(tw, - R-Iv,,
stiffener spacing, one can write the constitutive .... .
relationships for the stiffeners as follows: + 7 6(x-x,){EA,z,(t,., + R -1(v

jN11, M I'i I
-E,I,,,( w., - C'R - Itv,)]

Y6(-Y,)f E,jlz}(-',+z K )bj(z)dz M,=B66(1, + '+ , )
( D66( - 2 w',Y + ('3 R -, - ( 4 R u,

(N,. M,' Here. I,,, and /,,, are the stiffener area moments of

inertia about the shell mid-surface. and - and z,
(6(x- X) Ezj(E 4+zK)) dz are the distances between the stiffener centroids

and the shell mid-surface.
Substitution of the complete constitutive

Here' z" or zI indicates integration throughout expressions, eqns (11), into the equations of
the entire depth of the corresponding stringer (s) motion, eqns (I i. yields a set of linear partial dif-
or ring (r0. b,, and br are stiffener widths, and E, ferential equations which can be expressed a,
and E, are stiffener elastic moduli.

The total stress resultants and stress couples u' 1  )O) 12
are the sum of those of the shell and the stiffeners. The elements of the linear differential operator
i.e. matrix Y. are listed in Appendix 1.

N N,=,•+N' N, :N. = •, +N Nf, = N(, w)

il = ,l+ M±'" M, = M, + M'v: Al, = M" SOLUIION OF THE EQUATIONS OF
MOTION

Substituting eqns (4), (7), (8) and (9) into eqns
il 0) yields the following expressions for the total The boundary conditions considered here are

stress resultants and stress couples in terms of the simply supported without in-surface constraint
displacements: (SS3 conditions in the nomenclature of Hoff"4 )

NIA,, c + A12v, + R B Ialong its curved edges at x= 0, L:

-B [w,,, -( ('IR ) v.I13'
Assuming normal modes. one can show that

+ •" 6* - v, EA( , -7. w these boundary conditions are satisfied identically
if the following displacements arc used:

N: =A :u, +A,.(', +R -w) - IBw u V 1 cos ax sin /3' cos at,

B- 1 K,3 (C, - I'/ ) v , I t, = V,'sin a x - Cos fiy Cos w •t, J 14

K w= Wsin a(x sin flycos w(t
where a =- r/L, n /I. and m and n are the
axial half-wave number and the circumferential

- z,( w,., - (R 't.)l mode number, respectively.

I
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Substitution of eqns (14) into eqn (12) yields a that at higher h/R and L/R, the D)onnell theory
set of homogeneous algebraic equations in terms predicts somewhat higher lowest natural fire-
of U. V and W. Since vibrations are possible only quencies than the other four theories.
if the determinant of this set vanishes, this require- The next case considered is an unreinforccd
ment yields the frequency equation. composite-material shell made of hoop-wound.

high-strength graphite-epoxy. The material pro-
perties are listed in the third column of Table 2.

REDUCTION TO THE SMEARED CASPF FOR Thb frequency rurve'ý are shown in Fig. 1.
CLOSELY SPACED STIFFENERS The next three figures (Figs 2-4) are for the

cases of 10 ring stiffeners only, 15 stringers only,
In many applications, such as deep-diving sub- and the combination of 10 rings and 15 stringers.
mersibles and high-performance military aircraft, The shell geometry in all three figures is thin (hI/
the stiffeners are spaced sufficiently close that the R = 0"02) with a moderate length (L/R = 4 ý. The
so-called 'smeared' approximation is valid. In this stiffeners are assumed to be unidirectional gra-
case, the actual stiffened composite-material shell phite-epoxy with the same properties as listed for
is modeled by another hypothetical orthotropic the shell. The stiffeners are considered to he
shell with different effective properties. smeared and stiffener parameter are z /Ih = 3 and

Let 1 and 1, denote the center-to-center spacing 1,41A qR 2= 4-43 x 10-. where q denotes rings 1 r i
of the rings and stringers, respectively. In the or stringers (s).
assumption of close spacing, one obtains The results of parametric studies for the base-

line case of graphite-epoxy shells with 10 rings
o" -- X,.)(= 1yy)= 1//, (15) and 15 stringers are presented. In Table 4 is a

study of the effect of omitting vario,is in-surface
Then the effective inertia becomes inertias. In Fig. 5, all of the parameters mentioned

S+in the preceding paragraph are held constant.
'=ph+(prAr/lr)+(PA,/l,) (16) except that the composite is assumed to be a

and the coefficients of the 3 x 3 frequency many-layer regular angle-ply layup 0 + . In Fig.
determinant are as listed in Appendix 2. 6. all of the parameters are constant as before.

except that the LIR ratio is varied.

RESULTS AND DISCUSSION

Table 2. Material properties used

Before proceeding to the composite-material and .. .. ..... .......
stiffened shells, some results are presented for P_ Material
unreinforced isotropic-material (steel) shells using Steel Iigh-,trength
properties listed in Table 2 (second column). In graphit -cpoxx

Table 3. the effects of I./R and hIR on the lowest M, or elastic modulus. I1 (4lPa 2443-4 151.I
natural frequency are shown according to the pre- M'Iinor clastic modulus., /,I GPa, 203-4 1 J.55
dictions of the five different shell theories con- Major Poisson ratio, vr, 0-2N0) ((-3I

Sh1sidered. It can be seen that there is reasonably Shear modulus.(U, (iPa 78.84 6-62
Specific eravitv 7-8- 1.52

good agreement -,nong all of the theories except .................

"lable 3. (omparion of the Iowest natural frequencies (kHz) predicted by rive different thin shell theories for various h R and

I.!R values. LVareinforced steel shell: R= 1-27 cm, m I

I hteur%, /I R 0-01)5(0 0.0 1 0)

/jR I 4 04) I - l)

4 2 2 7 4

saldcrs 41-37 10-13 3.713 3-812 0-92925 I 4-366 7

1 .,,c 41-'5 1SM-17 3-731) 3-816 1h)-k261 0.3671
I.'; 417)79 10-35 -1-173 3-831 0)-9439 (o-3746
MorIc, 42.4fw 10(-139 4-1I ) 1 35 -. 09449 0-374'1

.4 2-2'.) 100I62 -14714 3,85 I (1"-t,34 031 48
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0.4 (X6-. .. . --.
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02 02

0 1 3 5 7 9 11
133557799 1

CIRCUMFERENTIAL WAVE NOn CIRCUMFERENTIAL WAVE NO., n

Fig. 1. The first five natural frequencies versus circum- Fig. 3. The first five natural frequencies versus circum-

ferential wave no. for an unreinforced shell constructed of ferential wave no. for the same shell shown in Fig. 1. but with

circumferentially oriented, unidirectional gr-phite-epoxy the addition of 15 ring stiffeners.

(the axial mode numbers are I for the bottom curve, 2 for the
next one, etc.! (h iR 0.02. O/R 4, R- 1.27 cm).

(10 RINGS 1(10 RINGS, 15 SRNES
8 7

7.
6

.5

//

/ 4

o . L------______

1 3 5 7 9 11 1 3 5 7 9

CIRCUMFERENTIAL WAVE NO., n CIRC'UMFERENTnAL WAVE NO., n

Fig. 2. The first five natural frequencies versus circum- Fig. 4. The first five natural frequencies versus circum-
ferential wave no. for the same shell shown in Fig. 1. but with fecrcntial wave no. for the same shell shown in Fig. 1. hut •with
the addition of 10 ring stiffeners. iThc axial mode numbers the addition of 1(0 rings and 15 ring stiffeners.
range from I to 5. starting with the bottom at the left side of

the figure.?

Fable 4. Comparison of the lowest natural frequencies (kHzl predicted by five different shell theories and inclusion or omission
of various in-surface inertias (hIR 002, I/R 4, R = 127 cml. All occur at mi I, n =.2

Theory Including all Omitling axial Omitting Omitt ing both avial
translational inertia only circumferential and circumferential

incrtias inertia only incrtta,,

Sanders 0'2969 012994 013408 0.3445
Love 01"29710 01-2995 0134101 0,3446
IL.oo 0-26101 0-2633 1-30113 03(147
Morley 0-2t I I (12034 1030115 0.30149
D)onnell (13214 1-3244 0-3724 103769

I
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geometric parameters, all five theories are in

1.2 m- n=I reasonably close agreement. The analysis pre-
"sented may be used to determine the lower natu-

"" rn,.,.ral frequencies of thin composite-material shells
m-Z n-2 m=2,,n=3 with ring and/or stringer stiffeners. As such. it

-.8 may be useful for the preliminary design of
. dynamically loaded, stiffened, composite-material

0.6 rn-i. n=I shells.

0
W 0.4 m-1, n=3

0.2 1 ..
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APPENDIX I: LISTING OF LINEAR DIFFERENTIAL OPERATORS

The linear differential operators. -4, appearing in eqn (1 2) are as follows:

.11 - [,+ )1;. A.~ J d2 + A.,,-2 (C4(B,,j/R) + C2(l),/R 2)I d- -- 'd;

K



Vi'hrajtiort of comnposite-inuterial c ylinidrical shellsi 48~3

Y2(2 =-[A 12 +A 66 + C,(Bj_/R) +(C 3 -(C 4 ) (B6(,/R) - (' 3(74(I), 1jR-)j d~d,

-=Y + 6(-yJE.,AZ] d'-[B,, 2  ,-(,I,,I~dd+(1,R

d?,1 ý[A I. ±AO66 + C(B,,/R) +(C3 -(-,)(B,~,6 RI)- ((',(D/I),R21 d,d,

Ž-2ý 2 =[A66 ±2.'_3(B66/R) +('"(D6,6/R2)1 j Id ( 1 ±(')BýR QC4)/ 1 N ~ -

[EA,{1 +(('i + (,)(zrIR)1+(EI,,/R 2 ) (11 ("1 d-' -PW2

- _+ C,(D_1R) ±+Y 6(x -x,)EAr z, + C('djr,,/R d

+~X.rE~( RC, (1 R j

Y-,2 -tB,, + 2B,6 + (I2)12/R) +2C3(1)(,,/R)] d~d,

.. +[L)1 1 +Z (Y-v,,I)EJ 6(-,),,(+'] R d

If all reinforcements are disregarded, the operators reduce to those given for an unstiffened shell by

Bert and Kumar. I The operators are symmetric for the Sanders, Love, and Donnell theories, but not the

Loo and Morley theories.

APPENDIX 2: LISTING OF COEFFICIENTS OF THE FREQUENCY DETERMINANT

For a circular cylindrical shell having closely spaced rings and/or stringers (spacings 1, and lx). the coeffi-

cients of the 3 x 3 frequency determinant are:

( =2 - [A) 2 + A66 + (i2(1112/R) +( ( 3 -C(4 ) (136 JR) - C3(' 4(D,,/R2 )j afi

CIý- C), = [BI I + (EA~z,,)1 a 3 +[B1 2 + 2B6 - 2C4(i)6 ,/R)1 aO + (A 1 ,IR) a

Cj= - A 12 +A 66 + C',(B,,/1R) +(C 3 - C4) (Bh,/R) - C3 ' 4(I),I(,R
2)1 a#3
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- {[A~,1,+2C 3(B,,/R) ± C2(D,,IR2 )] a-+ {A-, +(Cj

C~;[B~ +2(,~ +C(DI1,R) +2C',(Dt)6 /RI afi+rB,. + (D,I/)+ !~(~~~ ~E1
[ B A , .+ 2 1B6 6 /R +( 'A l (1 +, I R +~ ~ ( I-j( ' A z , E R - ,

-[A., +(C,(B-,,/R)+(EA/I1) (1 + C',TrR - ')] (p /R)

C~ ~ 4/) +(J~l ~ 2^D2 + 2!)(6) a 2#2 +[D,, +ýEjI,r/~irIfl-± 2(B,,1R' a 2

+ [R./)+(EAz/IR)] p32 + (A,,/R 2) +( EA,1/CR2 - P(,)2
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The buckling of composite stiffened plates with
some emphasis on the effects of fibre orientation

and on loading configuration

J. Loughlan & J.-M. Delaunoy
lDepartment ot.Aerospace Technoloo'V, College of Aeronautics, (Cran f'eld institute o-f echnoiog3.g, (ranfield, Bedfordshire, UK,
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The bucking characteristics of some composite stiffened plates are determined
in this paper using a finite strip approach. The finite strip formulation is able to
predict the complex buckling modes associated with in-plane shear loading and
the method of approach can allow for other loading configurations whose asso-
ciated pre-buckling stresses are not so obviously realised.

Two loading conditions have essentially been considered in the paper, that of
in-plane shear and that of partial edge loads being reacted by shear. The strip
displacement fields before and after buckling arc represented by algebraic
polynomials across the strip and trigonometric functions along the strip length.
The inclusion of sufficient harmonics in the appropriate displacement repre-
sentations thus allows the distorted nodal lines of the shear buckling mode and
the complex pre-buckled stresses associated with partial edge loads to be deter-
mined with relative ease.

INTRODUCTION strip longitudinal lines which severely restricts the
attainment of useful solutions in the presence of

Many different analytical and solution procedures shear loading. The results presented in Refs 1 and
have been employed to determine the buckling 2 associated with in-plane shear loading are thus
behaviour of thin-walled metal and composite for infinitely long panels restricted to the local
constructions and these include Finite Difference, buckling mode only.
Rayleigh-Ritz, Galerkin, Finite Element and The vibrational characteristics of flat and single
Closed Form approaches to mention some. A curved thin isotropic skin-stringer structures were
method of analysis which has gained popularity determined by Petyt3 and Petyt and Fleischer'
over the years and is now being used quite exten- using the finite strip method. The conventional
sively by many researchers, particularly for the simply supported rectangular flat strip was
buckling and vibration studies of prismatic flat employed to model the flat skin structures
plate structures, is that of the Finite Strip method. whereas a rectangular planform singly curved
Although numerous investigations using the finite finite shell strip was used to model the curved
strip approach have been carried out during the panel structures. Since the structures were not
past 20 years, mention is made here of only some, subjected to membrane force actions then coup-
considered by the authors to be a representative ling is eliminated between the different harmonics
sample of the type of research covered during this of the free vibration analysis and thus solutions
period, could be determined corresponding to any speci-

The finite strip method has been used in the fled individual harmonic.
works of Plank and Wittrick' and Plank and To the author's knowledge the finite strip for-
Williams' on the buckling of longitudinally stif- mulation developed by Graves Smith and Srid-
fened panels subjected to combined in-plane haran,- some 14 years ago, was the first of its kind
loading. The strip formulation employed can deal to be able to examine the buckling behaviour of
with isotropic or anisotropic materials but is plate structures whose pre-buckling stress state
based on an assumption with regard to the com- could not be determined by simple deduction.
monality of the buckle half-wavelength A to all The multi-term formulation developed was
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applied to the problem of in-plane partial edge of shear deformation through the thickness of the
loading being reacted by shear in thin isotropic laminate are neglected. To determine the buckling
web plates. Using this formulation Graves Smith behaviour of thin stiffened plates manufactured
and Gierlinski6 examined the behaviour of longi- from layered composite material the specialised
tudinally stiffened isotropic web plates subjected technique known as the finite strip method is used
to in-plane localised edge loads. Twelve signifi- in this paper. The finite strip approach has been
cant harmonics were used in this work for the shown5 to yield considerable computing economy
linear analysis to determine the pre-buckling when compared with finite element methods.
stress variations and four harmonics were utilised The approach is considered favourable when
to evaluate the buckling mode. dealing with the initial buckling or natural fre-

Several multi-term harmonic composite strip quency characteristics of thin-walled prismatic
formulations have been developed by Dawe and structures. It assumes that the prismatic structure
Peshkam 7̀  who examined the effects of shear can be discretised into a number of longitudinal
deformation and considered also the classical thin strips and that the displacement fields associated
plate theory approach. The features of sub-struc- with each strip vary sinusoidally along the strip
turing are outlined both at the local component length and algebraically across the strip width.
flat level and at the structural assembly level. It is The geometry of a typical finite strip of layered
shown in Ref. 8 that highly accurate results can be composite material is shown in Fig. I indicating
determined by modelling each component flat of a the coordinate axes system pertaining to the strip
structure by a single strip based on sub-structur- displacements u. i' and w.
ing. The strain energy U of a layered composite

The compressive behaviour of singly curved strip which has experienced a generalised interac-
composite stiffened panels has been studied by tive displacement field is given as follows:
Snell and Greaves'~ through the use of finite strips
with regard to buckling and experimentally with I 1[1q] + 21ce'I 11A kI
regard to strength. It is shown in this work that 2 [+ ,
despite the presence of impact damage in some
cases. the difference in test failure loads between + 2JE"'rf[B3]{.']+ 2[c;] 1{Bj[y, +je; 1 ]'[A 1,
otherwise identical panels was small.

The shear buckling behaviour of finite length
stiffened panels has been examined by Lough- In this expression Iti'l and !4',J are the linear and
Ian'' ' using a multi-term finite strip with the same nonlinear components respectively of the middle
perturbation displacement fields as those used by surface strains [E"] of the laminate and [q!] deter-
Graves Smith et al.5"6 for the edge loading prob- mines the middle surface bending and twisting
lem. The panels studied were comprised of plain curvatures. Th. JA 1. [B) and [D] matrices are the
flat outstands and consideration was given to usual in-plane, coupling and flexural stiffnesses of
isotropic"' and composite material construction. the composite material.

In this paper the approach detailed in Refs 10
and 11, pertaining essentially to the simplified
loading case of in-plane shear, is extended to XU
allow for the effects of partial edge loading on thin
composite stiffened plate structures. The pre- b

buckling stresses associated with partial edge cp-

loading are determined in the paper using a linear I finitesit
finite strip analysis and any number of significant
harmonics can be utilised to represent the pre-
buckling displacement fielde t. edge z z,wj

edge 1 i
THEORETICAL DETAILS

The results given in this paper are those for thin
laminated plates determined through the use of
classical laminated plate theory and thus the effect Fig. 1. Strip geometry aind coordinate axes system.
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For a laminate with a symmetric layup configu- x
ration the [B] matrix is identically zero and since bs
we are concerned only with the linearised eigen- composite
value problem, the post-buckling contribution to finite strip 0
the strain energy is thus dispensed with at this d,.
stage to give: bs

U=; T [ciA [tJ+ [7l[D][7pJý dx dy t ~ ( )

(2)

+ l~• AJ~. dx dY Y

The strain energy component which accounts for
the effect on strip stiffness of initial stresses can be constont shear stress _S×,
written in terms of these stresses if these are Fig. 2. Possibl destabilisin s.resssvstcm actingon ,trip.

known a priori. This is indeed the case for the P

more simplified loading cases such as pure com-
pression or pure shear or combinations of com-
pression and shear and thus for such cases we may harmonic of the membrane displacement series
write: in the pre-buckling analysis. M is the number of

1 f • harmonics necessary to model the applied loading
U L'-• t•i)NrA. [e• ++{] 'l D dx dv and to determine the corresponding internal

2J membrane stress state with sufficient accuracy.
The choice of displacements described by eqns
(4) imposes some obvious restrictions on the

+ [oi '1 dxdv application of such a strip formulation for linear

membrane analysis. It has been found however
The stress matrix [a) thus describes the nature of that these displacements are particularly suitable
the stresses acting on the strip prior to buckling for the partial edge loading problem.
and these can be considered as any combination Linear analysis solves for the nodal line dis-
of linearly varying a, and u,. stresses coupled with placements of the assembled structure in the usual
a constant shear stress r,,as detailed in Fig. 2. manner associated with matrix displacement

If the loading is of a more complex configura- methods and thus the strains and stresses corre-
tion then the pre-buckling stresses are, of course, sponding to these displacements are readily deter-
unable to be deduced by simple inspection and mined. The stress matrix Ijo associated with
thus an appropriate analysis procedure is required partial edge loading is thus available for use in the
for their determination. In this paper the pre- energy expression of eqns (3) and the subsequent
buckling stresses pertaining to partial edge load- buckling analysis.
ing are determined by means of linear finite strip The middle surface strains c" are described in
analysis in which the membrane displacements of terms of the strip displacements u, t' and w by the
the strips are considered to be of the form: expressions

"MA Otl I Ot 10142 -

S+IM

'Vu 1 7u11"" (2o) ax + 2 ~ Ox+ ýa

I .. .s + + + w (5

w here i b , and the u, ti,,v, v ,,, are the O.. O l. (3O n O ll O v a' O w.
nodal line connection quantities along the edges I + + -.--- + - + -
and 2 of the strips and corresponding to the ruth a ox O It Ox 0 Ox Or
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The linear bending and twisting curvatures of the composite
middle surface of the strip which cause additional f inite strip
linear strains at positions away from the middle /
surface through the strip thickness are given in X/U
terms of w as follows:

a2w a2w _,__ 2PX'u3wnPX= 3 x2 I W%" -f aY I T xYý2 y (6) Rim, T,•
a ( edge 1 Ul""P fxk'kin

The displacements of the strip, over and above ,,
those associated with any pre-stress, i.e. the per-Z M2n,02a edge 2
turbation or buckling displacements, are
described by the following functions;

i ( [_1 - q,)u,+ ju2,,j cos -

Fig. 3. Edge force and displacement amplitudes relating to

_ 1 + ?It! sin (7x Nth harmonic of perturbation deflection series.

[1 +the vectors [F1 and( t6 as follows:w "[(I -3q-+2 )w,+ b,(n - 217 +l 7)01,,

[F• F= [Px, , P'z1 l .I I VI , Px:. 1 y f2V-

+ 3 q 2 - 2 r 3 w ,.+ b ,(r/ 3" - q - 0 ,]sin " Ir M y 2I... P xY IV, P Y I'%, P Z ,IA M y ýk .I x , I'y :

where i1=ytb, and ui, 1t'7 n, Win, O un, 11,,. W2 ,, r

0,,, are the perturbation displacement connection I " ' ) . ....
quantities along the edges l and 2 of the strip and u,'., 10I
corresponding to the nth harmonic of the buck-
ling displacement series along the strip length. where N is the number of harmonics considered

Substituting for the appropriate derivatives of in the deflection series to be capable of the solu-
the displacements of eqns (7) into eqns (5) and (6) tion of the given problem. These force and dis-
and then subsituting ihe resultant linear and non- placement vectors are, of course, related through
linear components G and c• respectively of the the stiffness of the strip and this is determined by
middle surface strains along with the resultant invoking the Principle of Virtual Displacements in
curvatures W. into eqns (3) and carrying out the the form Fr= (a U(b),'3Or) to give
integrations then gives the strain energy in terms [Fj = [k+ ko I
of the displacement connection quantities or edge
degrees of freedom of the strip. The strain energy The matrix I k is the conventional elastic stiffness
for the strip is thus written; of the strip pertaining to its in-plane and out-of-

So 1J 0) U,(+ 1.",'(o (81) plane properties while the matrix jkaI is the initial
"=( 8 stress stiffness matrix, or as it is often referred to.

where the first strain energy component is. of the geometric stiffness matrix of the strip.
course, that which is associated with the coniven- So far we have determined the local stiffnesses
tional stiffness matrix of the strip and the second {kI and [kuj for an individual finite strip. The size
component is that which allows for the effect on of these local matrices is 8N x 8 N and it has been
stiffness of pre-stress. The displacement connec- found that for shear or partial edge loading prob-
tion quanities at the strip edges and their asso- lems three longitudinal harmonics are sufficiently
ciated force amplitudes corresponding to the nth adequate to provide good accuracy.
harmonic of the postulated deflection series are It remains now to assemble or add together the
shown in Fig. 3. The force and displacement stiffnesses of all strips that model the given struc-
amplitudes at the strip edges are thus described by ture in order to form the global elastic and geo-
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metric stiflnesses [K] and [Kj, for the structure. 16 STR s-P
This is undertaken in the usual manner associated
with stiffness methods of analysis and after con-/ 17 3S

sideration of the constraint boundary conditions •
of the structure the final equations which relate to
the active degrees of freedom of the structure are
written:

3 STR1PS
S=([K] + AKj[ = (P] (1l2) 4r

The size of the structural matrices [K] and [,Kj in node numbers - 8SRS

this system of equations depends, of course, on
the number of strips engaged to model the given
structure and on the number of longitudinal har- 14
monics chosen to represent the displacement field b
of the strips as well as on the displacement con- Fig. 4. Typical structural models used for ,olution,,. a
straints imposed. single transverse stiffener: i b, single longitudinal ,tiffencr.

The parameter 2 in eqns (12) is an arbitrary
scaler multiplier which describes the intensity of
the existing membrane stresses acting on the 0'125 mm and with the following ply material
structure. The geometric matrix [K,j takes the sign properties:
of these stresses and if they are of a destablising E, = 140 kNimm-. E. = 10 kN/mm-'
nature then an increase in 2 would result in a 1 '
reduction of the total stiffness [K I of the structure. G1 -. = 5 kN/mm'. v, = 0"3
The vector [P] is the global applied nodal line The finite strip models used to obtain the compo-
perturbation force amplitude and the [A] vector is site stiffened plate buckling solutions given in thethe corresponding global di.placement amplitude. t h
It is possible to increase 2 to such an extent that paper are shown in Fig. 4. The two cases consi-
the total structural stiffness [K] reduces to zero. dered are, Fig. 4{a, a single centrally locatedtransverse stiffener for thC case of shear loading
This value of A is that which describes the critical andFgr(e sine longtudinal stenr load

intesityof te mmbrae stesss reuire to and Fig. 4(b).a single longlitudinal stiffent. r located
intensity of the membrane stresses required to at ! the depth of the plate from the loaded cdge for
"cause buckling of the structure and if 2 corre- the case of partial edge loading as indicated, O•vi-
sponds to this critical buckling value then ia large
possible to let the structure acquire the displace- extln o ea l structuralmol dtiind. It wllgmeris Wwithut ppliatin ofthepertrbaion extent on the structural model utilised. It will
mcents A] without application of the perturbation depend on both the number of strips employed

o nband on the number of longitudinal harmonics

K I + )( Rý KJ)IA]-- 0 (13) chosen to represent the perturbation or buckling
displacements of the strip and for the case of

Although. in general, there is more than one value partial edge loading, on the number of harmonics
of 2; R which satisfies eqns ( 1 3) and each has asso- chosen to model the pre-buckling displacement
ciated with it values of !A] defining the corre- field.
sponding critical mode shape. the intensity of the Figures 5 and 6 show the contour plots of the
membrane stress state to cause buckling is that general and local shear buckling modes respect-
which corresponds to the smallest value of 2( jo ively of a thin plate skin reinforced by a centrally
which satisfies these equations. located transverse plain flat outstand. The aspect

ratio of the plate is a/h= 2 and thus the centrally'
located stiffener divides the skin into two square

SOME ILLUSTRATIVE RESULTS plate regions as indicated. The buckling modes
shown have been determined for isotropic con-

Results are given in the paper for both isotropic struction and on the basis of using a finite strip
and composite material construction. The compo- model with fourteen strips representing the skin
site stiffened plates considered are assumed to be and two strips modelling the stiffener.
manufactured from high strength carbon--epoxy In Fig. 5 it is clearly indicated that the stiffener
pre-imprcgnated ply sheets with a ply thickness of is substantially involved in the general shear
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predict the distorted nodal lines of these modes amplitude of the buckle is seen to occur at about
using the finite strip method, several harmonics the depth of the plate from the loaded edge.
must be utilised in the postulated perturbation To enhance the buckling capability of the plate
displacement series. Three harmonics were found a longitudinal stiffener is normally introduced in
to predict the modes of Figs 5 and 6 with good the region of high stresses and the optimum posi-
accuracy. tion of such a stiffener is considered t) be at about

Figure 7 shows the partial edge loading of a of the plate depth from the loaded edge as indi-
square plate being reacted externally by shear cated in Fig. 8.
along the two vertical edges of the plate. The It is clear that stiffeners in this location would
partial edge loading is centrally located along the be heavily involved in the buckling mode particu-
top edge of the plate and the width of the loading larlv if the stiffener depth were insufficient to
is of the plate depth. All edges of the plate are enforce a nodal line. The deformed state of the
simply supported. The intensity of the applied stiffener in the buckling mode would thus be
loading is one unit as shown and the constant general or interactive in nature and the presence
stress contour lines indicated are those which of both local and overall deflections would thus be
represent the internal a, pre-buckling stress pat- evident.
tern corresponding to this loading. As expected Figure 9 shows the local buckling mode for the
the stress pattern is noted to be symmetric about square plate subjected to partial edge loading. The
the plate vertical centreline and to have a high
local intensity in the vicinity of the applied loading
which then diminishes fairly rapidly to zero at the ,

bottom edge of the plate. The stresses shown in .
Fig. 7 have been determined by utilising eleven 2_ _.0_-- =

strips to model the plate and six significant har-
monies in eqns i41 to represent the pre-buckline
displacement field. s t f f e, e r

The general buckling mode of the square plate
subjected to partial edge loading is shown in Fig.
8. This has been determined on the basis of the b 09

pre-buckling stresses illustrated in Fig. 7 and by b 0180,7

utilising two harmonics in the perturbation deflec- 0.6
0.4tion series of eqns 71 to represent the buckling 0.3S~03

mode. The symmetry of the mode is obvious and 02

it is also clear that the plate is more heavily 0.

buckled towards the loaded edge. The maximum
Fig. 8. ( iencral partial edgL, loading huckling rnodc

01 b

2 - - 1 b

O.' 0.2 OA1

b 0b213
01 b - 0.8

0 0 1 - 0 .6
S- 0.4

-0-4

Fig. 7. Pre-buckhng stres,% resulting from partial edge
loading. Fip. 9 Local partial edge Icading buckling mode.
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plate is now seen to buckle into two separate the basis of the structural model detailed in Fig.
regions with the stiffener line being held as a 4(a) and through the use of three harmonics to
nodal line. This mode was determined by utilising represent the buckling mode.
a stiffener in the form of a plain flat outstand For the plate geometry considered the centrally
symmetrically disposed about the plate mid- located stiffener divides the skin into two square
surface and with a stiffener depth to skin thickness panel regi•ns. For comparative purposes the
ratio of d/t= 18 and a stiffener to skin thickness shear buckling capacity of a simply supported
ratio of tit= 2. Two additional strips were used in square panel is indicated in Fig. 10I by the straight
the structural model to represent the stiffener. line whose value of K, = 13-57. Also for compara-
This stiffener arrangement is just sufficient to hold tive purposes the straight line whose value of
the stiffener line as a nodal line and thus greater K, = 14-86 indicates the shear buckling capacity
stiffener depths offer virtually no improvement in of a square panel with three sides simply sup-
buckling capacity. A close examination of the ported and one side clamped. These two K, levels
buckling mode. taking note of symmetry, indicates are, of course. the lower and upper bound limits
that the local deflections of the stiffener are asso- to the shear buckling capacity of the stiffened
ciated \with a single half-wave along the stiffener panel when the mode of buckling is local in nature
length. The results discussed in Figs 7-9 have and thus all curves are seen to lic between these
been determined for isotropic material construc- limits at the higher stiffener depths.
tion. It is shown in Fig. It. as expected. that increas-

With reference to composite material con- ing the number of plies in the stiffener steadily
struction. Fig. 10 shows the single buckling cap- improves the shear buckling performance of the
ability of a plate stiffened by a single centrally panel at all stiffener depths and at the higher stif-
located transverse stiffener. The skin is a 450 fener depths the curves are shown to move gradu-
symmetric angle-ply configuration with 16 plies ally towards the upper bound K, value of 14-86
and the fibre orientation in the stiffener is svm- which, of course, is that relating to the case of a
metric cross-ply with consideration being given to torsionally rigid connection at the skin-stiffener
S. 16 and 24 plies in the stiffener respectively. The interface. It is of note that the levelling out of the
results showvn in Fig. 10 have been determined on curves is fairlh \cll defined for the single stiffener

LI I I
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configuration and thus it would appear from Fig. the buckling mode is general in nature and thus
10 that it would be pointless to increase the stif- the stiffener is involved interactively with overall
fener depth above, approximately, the value of in-plane and local out-of-plane bending. this being
d= 0' 1 b since, clearly, there is little or no gain to associated with a single half-wave along the stiff-
be made in the shear buckling resistance of the ener length. The stiffener lay-up configuration
panel in doing so. which provides the best combination of in-plane

Figure 11 shows the buckling capacity of a flexural stiffness and local through the thickness
square composite plate subjected to a central longitudinal and transverse bending stiffenesses
point load on its upper edge which is reacted should therefore be expected to provide the best
externally by shear on the two vertical edges as response to buckling at the lower stiffener depths.
shown. The plate is stiffened longitudinally by a The order of stiffener preference is thus shoxvn in
plain flat outstand attached on one side and posi- Fig. 11 to be unidirectional, -zross-plN and 45'
tioned at i of the depth of the plate from the angle-ply respectively. This order of preference is
loaded edge as indicated. The results shown in seen to be unchanged at the higher stiffener
Fig. I I are based on the structural model of Fig. depths where the mode of buckling is no.% local in
4(b and on the use of six significant harmonics for nature and the local deflections of the stiffener arc
the pre-buckling stresses and two harmonics for again associated with a single half-wave along the
the buckling mode. The skin is a 450 symmetric stiffener length.
angle-ply configuration with four plies and the
stiffener assumes the three different configura-
tions of unidirectional, symmetric cross-ply and CONCLUSIONS
450 symmetric angle-ply respectively such that the
ratio t, t= 1" 0 in all cases. A multi-term finite strip approach has been pre-

For a given structural weight. i.e. any given sented in this paper which is able to predict the
stiffener depth. it is clear that fibre orientation in complex buckling behaviour of stiffened plate
the stiffeners can have a significant effect on structures manufactured from laycred composite
buckling capacity. At the lower stiffener depths material. It is indeed necessary to utilise the multi-

term approach in order to allow for the distorted
nodal lines of the shear buckling mode and to
determine the complex pre-buckled stresses asso-
ciated with partial edge loads.

,:: SNC s '.S ,P ,, t FE-Nc The results given in the paper for composite
,. r ,......... . stiffened plates are those pertaining to the plain

- [N ,TIFF.N.PS flat outstand attached to one side of the thin corn-
positc skin. Two loading conditions have been
considered in the paper. that of in-plane shear and
that of partial edge loading. For both loading cases
considered it is shown that an optimum stiffener

K p £r5 - , Zdepth is rcalised as the buckling mode chanes
from being generil to local in nature with incrcas,-
ing. stiffener depth. Stiffener depths larger than the

d optimum are seen to provide a negligible variation
in buckling capacity and thus such stiffeners serve

P only to increase structural weight for almost no
3 . '- gain.

b b-It is shown that for any given structural weight
b the buckling performance of a composite stiffened

plate can be considerably influenced by the orien-
b .. tation of the fibres in the stiffener. For the case of

partial edge loading it is shown that the unidirec-
of 2 3 0 tional stiffener provides the best response to
-f buckling over the complete design range covering

Fig. II. I-ftcct (if fibre oricntation in single longitudinal both general and local buckling whereas the 45'
stiffcner arrangement. angle-ply stiffener performs poorly. It is consi-
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An evaluation of the edge solution for a
higher-order laminated plate theory

M. Karama", M. Touratier6 & A. idlbiM
"Laboratoire G(nie de Production, CMAo 04- ENITBP 1629 65016 7arhes-(edex, Frame

""Laboratoire de MWcanique des Structures - ENSAM 151, bd de I'11pital, 75013, Paris. Praue

An analytical study was conducted to determine the edge effects upon a higher-
order laminated plate theory due to Touratier (Mt. J. Engng Sci., 29 ( 19911
911-16). The problem considered is a sandwich plate simply supported along
two opposite edges and clamped along its two others. The plate is loaded in
statics by a pressure upon its top surface and the load is 'sinusoidal-uniform'.

Results are presented for the transverse displacement and the stresses, using
the theories of Kirchhoff-Love. Touratier and three-dimensional finite element
computations. The results indicate clearly the importance of including
transverse shear effects. Analytical calculations from the higher-order plate
theory are in good agreement with three-dimensional finite element computa-
tions. Near to the clamped edges of the sandwich plate, a particular effect is
shown upon the in-plane stresses, i.e. the Kirchhoff-Love theory.

INTYRODUCTION Reissner-Mindlin theory. Then. the modelling of
composite structures is facilitated.

One of the major challenges in computational In the present work. we emphasise the assess-
structural mechanics is the development of ad- ment of the edge solution from the theory pre-
vanced models and numerical techniques in order sented in Ref. I and in comparison both with a 20-
to provide efficient tools exhibiting good interior node three-dimensional solid finite element solu-
and eugc solutions, notably for composite plates. tion and the Kirchhoff-Love theory. Only one
Then, these models may be used f,,r the analysis problem is presented. It is a sandwich plate which
and the design in composite structures. is simply supported along two opposite edges and

The present work is in the composite plate field clamped along the other two. The static load is
with interest focused on a refined shear deform- uniform following the direction of the supported
ation (called also higher-order) theory which has edges and sinusoidal along the direction of the
been published Touratier,' and a three-dimen- clamped edges. Analytical computations accord-
sional solid finite element analysis. This theory is ing to this problem have been achieved using the
described by the classical generalised displace- MATHEMATICA' program while finite element
mcnts (as the first-order shear deformation theory calculations have been made with the ABAQUS"

or the Reissner-Mindlin theory) but uses a cosine computer code. The numerical results indicate
variation of the transverse shear strains following that the higher-order shear deformation theory is
the thickness direction of the plate. This choice in good agreement with the three-dimensional
for the transverse shear strains is new and has a solid finite element computations. The sandwich
three-dimensional justification.' One can prove plate considered being thick. large deviations may
that this type of theory may be seen as a generali- be observed between the Kirchhoff-Love theory
sation of higher-order theories deduced from a and the higher-order shear deformation theory.
polynomial expansion in respect to the thickness As is well known, the analysis in a normal plane to
coordinate of the in-plane displacements. One of the midplane of the plate and the supported edges
the interests of this type of theory is the lack of does not exhibit any special behaviour near to the
need of any shear correction factors as in the simply supported boundaries. On the other hind.
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in a normal plane both to the clamped boundaries Only these two last expressions (eqns 17) and .8))
and the midplane of the plate, end effects are are associated with a refined shear deformation
shown by the higher-order theory near to the theory. Note that from Jemielita,' assumption
clamped edges. and some other analogue forms recalled in Jemie-

lita 'was a starting point in the Vlassov's theory
dated 1957'.

THE HIGHER-ORDER PLATE THEORY IN In this paper, we retain only expression (8i The
BRIEF boundary value problem associated in eqn 3)

with eqn (8) is stated using a classic displace-
Consider a plate Q, of arbitrary shape, which is wen (8)istat usin g a clasic dpe-ment variational principle, see Touratier.' Then,
homogeneous and linearly elastic, in statics. All the shear-bending equilibrium equations from the
quantities refer to a fixed system of rectangular, present theory are in absence of body forces and
Cartesian coordinates. A general point in this in term of displacements-we note:f =fla ,
system is denoted by (x,, xI, x3 = z). Throughout,
Latin and Greek indices take on the values 1,2, 3 0 - DBl w.II - 2(I)1, +2I),,)W~p,
and 1. 2, respectively. - _D w ... + d l I 1

The main assumptions of the plate theory - l l

which have to be analysed are as follows. + (dl2 +d ',, + I + d -

i) The domain Q is of the form: 9.
= ,. x. x- = z)e R31/x+., O-dnl w. 11, - (di, +-di,,,, I D:, -D/1' 1 1
= Z[-h/2, + h/2], (x,, x,) D
G AC R'. D > Max(x,)} (1 +

where • is the diameter of the plate. th its 0 -d.w - d, + 2d ,,,w . - D _.;"

thickness and A its midplane. +I D + D, , . -I3 I -A

Iii) The transverse normal stress o• = 0. 32) where q is the normal surface force density to the

iii) The kinematics is of the form suitable for midplane of the plate.
shear-bending: Equation "9) is that of classical plate theory

when y',',-=0 (no sheari. At the edge of the mid-
,,(x•, x~. = -w., +f ,x . _ plane A of the plate boundary conditions may be

LJ;)x,, X,. - = w)X1, x,) prescribed. These are

where wq - awi/x.. -prescribe w or Q, •,, or M,,: w, or M,,, I 1"
ivý The perturbations are small !small dis-

placements) and the material elastic. In In these boundary conditions. generalised
kinematics )cqn (3)), the function f(z may stresses in terms of displacements are for the
he seen as a 'shear function', since y,, are orthotropic case:'
the transverse shear strains at the mid- * classic resultant moments:
plane of the plate, defined by

'/), .\1)xx ± )A, 2 41•I = -- ),• , w I 2 -l•w: -I ¼~ "i'. +dz '

where W, are the rotations of the midplane M_ = -I, w , w + "+ d_,.
normal about the x,, axes. 13)

Expressions considered in the literature f[i fý) Z) refined resultant moments:
arc those of

"* Kirchhoff-Love. for whichf z) =5( M, = -1d5 wi-dllw,._+D,' +D, 2y' 2

"* Rcissner,' BollI. Hencky," Uflyang." MX,= -dwW -d,i o +D,),','., + D.y,),
Mir-dlin' for which tfz). = z (6 M' = - 2d,,,w. + !D,,,t "+ I)• 14

"* lcvinson." Reddy.' for which f(z)= * shear forces:
zc l - 4z2 /3h' )i7)

"* Touraticr.' for which f( z -h/.r) sin (.Tz/h Q, A, 5)
Q, A, y','
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Constitutive coefficients in eqns (9)-(11) and
( 13)-15) are defined by 1",(X 1. x.I = F ('x sinY') 19,

D,,,. z C,, z, X

f1,2 qx X1,V,)= q,, sin (r) 20,

D.,,,. J C,.I f (z)), dz From eqns (3). 4) and ( 12. these forms for the
S(2 16) displacement satisfy the requirements for edges
, , which are simply supported at .x, =0 and x, =a

d,,,.= C,,,{z) dz; given by (easy to verify with eqns 13i. 14 and
J ,2 17 - 19):

, I - dz
ar lsi ofiint novdb 21

where p v= 11.22, 12,66 and V' =44. 55. Coef- .1,,(O _w = M 1,.. X, M 0,. x.,
ficients ar s o i involved by M, a, X, 0'22
hypothesis (2). To obtain the classical thin plate
theory, it is sufficient to take f(z)=0 in expres- Equations 17 i-(2( are used to simplil\ the
sions 116. Note that the first-order shear defor- equilibrium equations. So. substituting solutions
mation theory is obtained by setting f(z) = z and {17)-(.201 into equilibrium eqns, 9 -I I providcs
shear correctiun factors in A,.. The present the following differential equation system:
theory, because the choice of f(7) by eqn (8) does 'D
not require shear correction factors.

+d1,,a "'F, - da 4- 2d(,,,! 1-', :+ 'l,:I

THE PROBLEM CONSIDERED AND ITS .......

ANALYTICAL SOLUTION (t d,V w- aI d,. + 2 d', .. "- F

+ a D• I+D,,,,iF,. + D F,,,[•:: AýIFj =0•
The problem considered to analyse the end
effects is a sandwich orthotropic square plate
from Srinivas and Rao."2 The plate is simply sup- -d_ it, + &(' 1 .d + 2d,,, w 4-D_': :
ported along two opposite edges and clamped - - AF
along its two other opposite edges. The plate is .... .. . 2
loaded by a pressure which is uniform following
the direction of the simply supported edges and where a- :ria. This differential equation system
sinusoidal following the direction of the clamped is linear and its coefficients and derivatives are
edges. See Fig. I for all properties of the plate constant. Then a general solution for the homo-
i geometry and material). geneous system (without the second member

The partial differential equations describing the represented by the load q,, is given by
plate equilibrium must now be solved. The tech-
nique employed to solve eqns (9)-(l 1) with W ýx )=A exp px. 26
boundary conditions (12) is the Ldvy technique,'
"since two opposite edges are simply supported, r,(x*,) IBcxp( wn-27
the two others being clamped. So, the plate dis-
pla.-ements may have the forms (a is the length of V,(x 2 ) = C exp px,) 28
the side of the square plate): where A, B. C are constants to be determined and

- X p an unknown scalar. Reporting this solution in
w'xj.x,)= W(x2)sin j (17) eqns (23)-(25) without their second member (i.e.

q,=0), we obtain a linear algebraic system of
which a non-trivial solution for p is given by

Y"II Jx CO 1I.). Lis (18)"ytx,. Xa) = . det(a,, = 0 (2q)

i k
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X3 z INZ ,0AX Cimpcd!:1
thi

A .&..I>i.-.

C12M~d edge

Geometrical properties of the square plate.

a=lm ;h=0,05m andh=0,10m

hl=0,1h ;h2=0,8handh=2hl+h2

Three-dimensional elastic material properties of the square orthotropic sandwich plate
(from [121 )

C22 1 C 11 = 0,5431 C33 1 C 11 = 0,5301

C12 / CIl = 0,2331 C13 / C1I = 0,0107

C23 / CII = 0,0882 C66 / CI = 0.2629

C55 / CI 1 = 0,1599 C44 /C1I = 0,2668

material properties of skins
= 15

material properties of the core

Fig. I. (Geometrical and material properties of the sand wich plate.

In eqn 29%. a, are the coefficients of the algebraic A(_, ) =A I exp )ix. ! + A, exp, -p xI .

system in A. B. C: +,.1 cxpp•px' 1 + , xpl -A..X:

a a + 2 -pi(t )_. + 21),,, i -pql).. 4• ,1X: +..t, CXpt ')~X

(I ='pd 1 -a--(di + 2d ,,,, ( a- + -V +.exp :1 •x. 31
a,. = -a pit/, +2d,,, p =d = tF, B exp /l1J, x + Be exp ý -px,

' = -- D R + peD,, - A31 + I, cxpp 1)x . -i 4?f, exp -p-

a,, =D + -+a4 +I, B-x. + t3,, exp -p 2

Classically. eC(n i29i is a polynomial in p. Due to -'x,!=(Cj expqpx', + ( expt-pýx.,
the higher-order theory, this polynomial has a + ( ~ x + C' exl
degree eight. and has been factored using the
MAH FtMATICA- program. This can be reduced + (,x2 + ( cxp ,
to an algebraic polynomial (bi-square polynomial) + ( Cx, + C, Ixp pj, 33
of order four. Its roots are computed from the " +

MATHEMAFICA program. For the geometrical "lnis solution indicates that roots of the bi-square
and material properties of the problem con- characteristic equation or bi-square character-
,idercd, roots have been found real and positive. istic polynomial of the differential equation
Finally. the general solution (2h6--f28) is of the system are real and positive, but roots pI and p.
form are identical, while roots pi and p' are different.
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Expi essions (31)}-0 3) for generalised dipfz- quarter of the plate due to symmetries of the
ments require the evaluation of 24 separate con- problem. A convergence studk hzvs 'ho\N i that this
stants for each set of boundaries in x.. The mesh is consistent with 600 elemcnits in a qjuarter
algebraic system in A, B, C supplies obviously of the plate (six elements follov.ingt its thickness,
only two relations homogeneous for each value of Finite element computation., have been realise~d
the root in p. to be satisfied for all x_. These give by using the ABAQUS' computer code. All
16 relations and finally we have only eight results of the computations are presented in Fig~s
unknown constants, for example. A, ... .A,. 3- 14. The following remarks are made. both for
The complete solution of the differential equation a/lh 1 0 and a/lh =20.

system is obtained by adding a particular solution WIM
due to the second member depending on the load 0-t
q,. Since this is constant. it is sufficient to try to) + + + + +Ia

satisfy the differential equation system with a -2iaa*a.

constant as a particular solution. So. we have the
complete solution of the differential equation 4

system and now we have only to determine
u nknown constants. here A, . A,. For this, we .6 +

introduce boundary conditions following x~..ah
These are, since edges x. = ( and x = a area
clamped:a

It'0) 11(a) = W .(ý0) f,(a ()=0 (34 0. (), 0ii}T .

F 0)F 1ýa ý FJ ) = -4a' = 005) Fig. 3. Variation of the deflection of thc plate follhk inc the
F, = a F~0)= ~() 0 35 line v. a,1 Touratier: Kirchhoff -Loc. C7, Ahaqlh.

This achieves the determination of the complete
solution of the problem considered. W MM

f~ P

AN EVLAINO THE INTERIOR AND:

In this section we investigate numerical calcula-+
tios fom urhigher-order theory, the classical++

thin plate theory of Kirchhoff-Love. and three- a/h.2 i

dimensional solid finite elements. The propertiesa
of the plate problem considered are presented ina
Fig. 1 . The three-dimensional finite element
model is described briefly now. The domain of the
plate has been meshed using 20-node three- Fig. 4. Variation of the deflection oft the plate following the

dimensional solid finite elements. see Fig. 2 for a lnx /.iATuair ichf-oe bq%

~ i 1  ~ 81h.10

50 a

X, 7

C..., C-$~*.:-< 00

Fig 5. Distribution of te oral stress 0, ln2 teln

F~ig. 2. The three-dimensional solid finite element mesh lor X, a (/2 and x, z = h/2. A) Touraticr: + :1 Kirchhoff -Love;
a quarter of the plate. (M) Abaqus.



ith) Mv. Karama. .11, lourtaier. A. IdLIP

0 12 I[MPaI (312 fiM'al
"140 aeg

A20'

* *$0

al-1 a a(-1

sU.0 IFý0 alh10
a0 0 *

a +
400 1
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Fig. 6. Dist1 ihution of the in-plane s~hear stress u, ,along C131 tW.)

the fine iA 3a 4 atnd Vx ý ,i ,I ouratier: Kirch- 40

hooff-Looc: Ahaqlus. h 2

'00

1 71

ihc lie % n 4. h -+m tcr n h

aa h~i 10m

n01.2 [%R

Fi~ a 0 :: :-~ ~~ jA a~ l~ huloni thei~o.0n

a I h- 00

g.; [M[mpg]

2.2

US0 s/h .2L
vaAA

'j O' 0,7 0.4 0.9t 1.0
I'h -10 +

0.50
Fig. 8. I istrihotion of the normal stress a.y hlwlo\ing the A & *A&AAAAAA

in-core rc lin v,- /2 adflli:, = c 0-3h ! A ,louraticr: t0.0++
Kirchholt--l iw: 1 , Ahaoqus.

0.5-

1.0

Transverse displacement vv, sce Figs 3
and 4.

A large deviation is observed between 4.0 '(2'
'.0 .'n;' 0.9.5 0,975 I.0(W

Kirchhoff-I ove and Thuraticr theories Mig. 10. Distribution ol the un-plane shear streo'
due to significant transverse shear effects 'o'llutwing the in-core line .%, 3a.14 and h,'I. A)
the plate is sandwich and thick), especially Icuturatier: +Kirchhoft I.ove: ITý Abaqius.



t.'ahdution :.fa h ither-order plate theory 5 1 1

CV I [MNl a23 IMNiu

a a
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a m B 2" a'hsiO • 8

e/h=TO M u a a

a! h4 2

I.~kI a'

. ah O

a U aa m

Am AQ A

0 / .• xi• a-10

4~~~I --72 a | aI "' • " ,1•1

4,y ,1 0.2 0,3 0,4 0.5 0, 0,2 Q.3 (0.4

Fig. I I. liistrihution (if the transverse shear strcs, ac, Fig. 14. Distribution of the transcroc shear ,tres, I)
daong the interface line x. - ai and _vx = z I0. , Tou ralicr: follossina the interface title .X (I 2 a ntd . 7 .-k

+ Kirchhofof-Lom e: E, Ahaqus. Iouraticr: ± Kirchhotl-L oIc: I .baqu,.

13>[MiMPal
a,,h. 20 ii In-p!ane stresses along the .x direction, see
Sa Figys 5 and 6.

alhlO A good arcement is observed btetskeen
•-I Kirchhof'-l.ove and Touratier theories toir

,a a the distribution of the maximum stress 1,
A. A" t me arid -T,.

ill In-plane stresses along the x, direction. see
Figs 7- 10.

Figure 7 shows that good agreement
..te 1 2 4!a between both theories considered k

0.. 1. 0,2 ~ 0.3,O 0.5 obtained except at the clamped edges
Fig. 12. Dkiribution of the tranwserse ,hear ,tress , where a serious deviation appears fr the
alton the interface line jL, 3a :4 aind Az - (. ' "a

Vuratier:4 + Kirehhatf-tse: i AhaLJus. distribution (f the maximum stress (..

Then. Figs 8-It) shlo\x that a good
agreement still exists between the tw•o

4 •theories compared together except near to
an edge zone in which a large dc\iation

6 appears and the Kirchhotf-Love theorx
a does not represent an 'edge effectd t otle to

. 'the combination of' the c!ianped edge- anod

•1 the sandwich material of the plate. An
a a aOanalysis not shown here upon an homlo-

geneous and isotropic plate has not given
any edge effect as in Figs S- 10.

Note that the in-plane shear stress 01

.. .. ,. Figs 9 and 1Wlb furnishes the following
1. 0,2 0.3 0.4 0.F, result: the deviation between the Kirch-

Fig. 13. )istribution ol the transversc shear stres, , hoff-Love theory and the Touratier theory
holhwting the interlace line x. =3a/2 and A%, = II. inear to the clamped edge is within a zone

'I'urhiticr le:. Ki rchhoff-- t ,e: 0- Aiaqus Uwhich is the boundary layer.

iv) Transverse shear stresses along x.\ and x-
directions. see Figs I I - 1 4,

at the centre of the plate where the trans- Along the coordinate _v, Pigs I I and
verse displacement is maximum.This dcvi- 1 3) transverse shear stresses measured
ation is available for the distributions of upon the midplane of the plate do not
the transverse displacement following the exhibit any of the well known edge effects.
x, and x, coordinates. But along the coordinate v., ? Figs 1 2 and

f



14) a clamped edge effect is observed. arv conditions such that free ede~e conditions anid
both for transverse shear stresses a, arid the introduction of thc transverse normal strain

(jNote that the transverse shear stress and stress.
oa, Fig. I IL gives in the in-plane shear
stress a layer effect of which the thickness
is of thc order of the plate thickness REFERENCES
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Reliability analysis of nonlinear laminated
composite plate structures

T. Y. Kam, S. C. Lin & K. M. Hsiao
I~eprunnt o AlchanclL~ngineering, 's\atimial (hiao ,'nim U niis'rsiti, IIsin C hu .49X)50. 1 ai wa,

A procedure for the reliability analysis of laminated composite plate structures
subJected to large deflections under random static loads is presented. T]he non-
linear analysis of laminated composite plate structures is achieved \via a corota-
tional total Lagrangian finite element formulation wýhich is based ol fihe son
Karman assumption and first order shear deformation theory. T'his formulation
is applicable for the nonlinear analysis of plate structures w\ith large rotaton
but moderate deformation and thus accurate en. nigh to predict thle behla\ior ot
the structures at the point of failure. The rcliahilit\ assessmenlt oif laiminaited
composite plate structures with random strength subjected to random loaids is
approached by the determination of limit state surfaces in load ,pace. The limlit
,,pace surfaces are obtained by per-forming a serie-. ot first ply failure in itxscs
following different load paths in load space using the proposed nonlineart struc-
tural analysis technique and an appropriate failure eniter; n. A nume~rica itech-
nitlue iste rpsdto evaluate the reiblty ofne plate. struc tures.
I 'iplesý of the reliability analyses of laminated plates u ith different lixc
orientations subject ito rantlom od are gixen for illustration.

INTRODUCTION
In this paper, a procedure for the reliability

The use of laminated composite materials in analx'sis of laminated composite plate structure"
designing aircraft, space and marine structures Subjected to large deflection under random static
has greatly enhanced the performance of such loads is presented. The nonlinear structural analv-
structures. In general, these structures are used in sis is developed based on a corotational total
very, severe environments, and for safety reasons [.agrangian finite element lormulation us1ine, the
they require very high reliability. Therefore, reli- von Karmian assumption and first order shear
ability analysis of laminated composite structures deformation theory. The aswessment ol' the reli-
has gIradually become an important subject of abilitv of laminated composite plate 1rUl`ruCt S
research in recent years. ThL reliabilty of lami- wvith random strength subecd traomlads

nated composite plates subjeccted to in-plane is approached by the determination ot limit state
loads has been studied by, a number of' resear- surfaces in load space. Numerical techniques arc
chers),' Kam and [in' have recently developed a proposed to e-valu( *c the failure probabilities of
stochastic finite element method for the reliability the layers and the plate as -well. Examples oft the
analysis of linear laminated composite plates Suil- reliability analyses of'simply supported and canl-
.jccted to transverse loads. As for the reliability lever laminated composite plates subjecotlo rani-
analysis of nonlinear laminated composite plate dom loads are o.iv en for illustration.
structures, no work has been done in this area yet.

NONLINEAR LAM1INATED C'OMPOSUFE PLATE ANALYSIS

The plate undecr consideration is composed of a finite number of orthotropie lavers of uniform thickness.
oih principal axes ofelasticity oriented arbitrarily with respect to the plaite axes. The x and v coordinlates

of tile p1 ite are taken in the midplane of the plate. The displacement field is, assumed to be of6thC foirti

IX Y, Li ) +. Z.i 1p +iV. Y, t
x.Y ,I 1 1.~ +*' tv - /\Vh, I:, 1.

,mposite %/rm. tures 026(3-5ý22 3.9 V Si 16.)))) , 1930 11 sevie r Scie'nce P'ublishler s I td, nglani . P'rint cit in ( re~tB ttn~
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where i is the time. I('%, (,. I. the displacme t',N II the .. v. direclions. Icspccli\clý. . 111 C
associated midplanc displacements. and q,, and •p, the shear rotation,.. I c f:train, In iheit \on Karnwn
plate theory can be expressed in the Iorm

Ix, 2 (3,I d "

+ + Z, +
oY 2 dv/, ad

(I Z t i/ ( "', ti -- ý, + +-

0 Y dOx a. x a d,,= ax )

"ctor ( -1 o +.

The constitutive equations for the plate can be written as

"IN I B ..V; B,] I ,- i ./= S

f~}=t~ Al I
Here 7.11tI. ()I and (), are the stress resultants defined hN,

Ihkc A,. B, 1) and A, i. = 4,5 arc the in-plane, bending in-plane coupling, bending or tiwisting. and
thickness-shear stillnecss coethejecnts. respectively:

I_,.B,. D1,1 0" (7l".:d
6

A.,U f kQ, dz

where z,", denotes the distance from the .idplanc to the lower surface of the imzth layer. AT is the total
number of layers. Q,, are material constants, and k, are the shear correction coefficents.

The basis of the formulation is the virtual work equation for a continuum wrilten in a total Lagrangian
coordinate system under the assumption of small strainsand conservative loadingv asi Ret. 5

&'ord V=- p6UTJ'd V+ J I dU'p7

fl f/O

where v is the undeformed volume. p is the mass density. 6 the acceleration vector and p te actions
acting ovcr t,•L Snef"•rna':i'ea



I he virtual \\ork equation of the plate diwicrctied into NF. elemet Io Call he \kttn I al v

6c, ()adl+I o tU 41 c[- 0~

k\herc Vu.. S, arc the voIlume1 andI surface of an elemecnt. rcspecti\ el\. [Ihe midpLanc displaccnicnwti U I
It' w,.ý,ý%ithin an clemeint are -oiveii as Jiuncti( ns Of 5 x q di~cretc flodal displaccrnicntN 1041 1d II at l'It

form thev are expressed as

"VP~ q)V

ý\'here q is the number of' nodes for the elemecnt: (1) are shapc funct ions: 1 1is a 5 x 5 Unit matlv max a idl the,
nodal displacemenrts V, are

In VIew\ Of eqjns 2 4. and 9., the virtual wNork, equation. equi 8 can he rck~irittcni -,I

0 B d ' e4 l 1 4), to d1'- 4)1pd&S, t

\~he re 1, is, the rnildplamw di id t4'in cmienivil and ar thc stress, resulai~it. -1 hri~lun tMe asciiPriOprlCs\.

the nonlinear eqIujlbrium equation of the plate nmat he expres~sed b\

F, -~ F- P 1

%\ he rc X is the unbalaniced 1k wee ' eCto . I he liltn111 trIal~ ndl i Fe_1K and aipplied nod4 tdoic h 41C 11a1I
deintled. rcspeehi~c\el. as

Ij Vao( I NV= V

anid

P=' a 10 fp d

\\here a is the cong~ruent t ranslornation matrix and glohbal nodal accele ratlo i 1 vetor. ]in cltseo
dvinamic analysis. the abic inoennlinear equilibrium11 eqluatiol nCanl be replaced I'\ the fi41o\\ king incrccnt llli
equilibrium equation.'

AF,, i ± tAFt, --APiti = 0 14

The force increments in this equation canl be expressed as

AF, =F,( +A t -- ;tý=M

AP = P~t + At) - P(t)

where the tangent stiffness matrix

K ~ 16
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I'li Solution of' the fincremnirtal c(LIlnilibrinnll ckquationl Canl be aRc()iplislicd h\ utillillinu

ýA F -A P~t

-1 he load -displacemnent relat ion of the platc is obtainced 11w usine'- anl inc rcnicnti' I ,,iatcrric mnct lid h'ascv
onl th Ncem on- Rapiphs method combihncd \ý ith constant arc lengthi 4 inclrcincll.1a I diplacemlc ntx c
In the above nlonlinear- analyses. at corotational procedu~re is adopted to acci mnn datc li rwidi Nis
rotatiOns ctwee\NCI tW ciSUCCCSSIvc load increments and iLIN u11hC itcr1n i0 i pn ccss ca; Inlk:c\c t
D etailed de1scription of thle co'rotational p~rocedu re is rcportcd )in Rel. 7, 1 hie cicnic ni cnmph i'.d in i,

I'Oulo~~i ni-� numcrical demnonlt rat io l s t he n[InC-nodc LdLaurangia ii Lc(:lemc ni pri ip SCd h'. PICA i a/. -

L~IMIT STATEu~ EQt AUION

A lam ma ited c moeplate is &as4un1eM to faJil x' hen anl\ lax cr rec~ichlcs a himit staic. klualrc: it tic lt, .is
tlicrelorc. detcrniinedI from the first ply failurc analysis. in ". hich in-planesrcsc and ain ;ipprt ipriatc
laill.re- criterion arie adopted. F.or the purpose oit comparison. thrlCC diftc10cm k~illurlC Crifrcria. n1Anci
miavrnuin vo rk. maximumn Strain and maximum strcss, "ill be used 10 constRuct file hlmit la c,1titCIUatl(M ill
the plate rcliahilit\ anT.sshe limit ',taitl e~uations bascd On difICrenlt taiinrc Criterlia are cxp~rcSsct a':

ai Nlavnimum '.\ork criteria

0 (7

A A X\ when XŽ (

.\ ( ) \hen X\' <

1) M axinurni ,train criterion

X,- r tAA,. -- - ,X,,. -'' ~}- .),A( , Li

c Miaxiniurn Stress criterion

ut X, (X A' , (1, U Y a'! ~,4-. U(

I lcrc A, . IA and S• are. resnectixely. the tensile. comnpressive, and shear strcngths (it thc
tinidircectional composite. The stres~s or strain comnponents. : l J. a, ndi I. I .ý 1, arc relerred to the
HMatrial co ordinate systemn. Fal'i!lure occurs when gý 0 ~.

RI-IIABILITY ANALYSIS

I hie rel iabil it'. assessment of a laminated co mposite plate with random stl-rength subject to randon'm loads
can he achieved by perforirnig the following integration based on the wecakest link hypothecsis:,

%khle reP I~ S reliabilIity. f; .) t he joi nt probabhiIi tv de nsity fu nc tion of stresses and st rength patra meters tfor t he
ith layer, antit( integration is performed over the regioni where g,!<() In the above equaltion the assumption
that a layer fails w hen the critical point in the layer reaches the limit state has been adopted.

In izencral. the stresses are statistically correlated and the. above joint probabIl ily density functions ,ire
not available. Therefore. the reliability expressed in eqn (2 1) cannot h- -.aluated irdHerein, the
reliability is approached bv 0'tk nýti of limtit state Surface ill load space. In the aldop-ted loald

' WlaeI( mulati()n. the limit state for any laver of a plate suibject to q randomi load variables. ýA....X



mlay he expr) Yesd as

l'he rcliabilitx of- thk iNlit Ntatc can he x ritctcn zl'

inl \\hich t 1 i' the j'oint prohaxbllit LdCIPIMi tt.1ID IIti'ti4)ole I(cMd a~rlabicN. .ANdl (Adnpic C( MfikI~ ýI~ .I;\

"~Uhiect to rxxo randomi load xarlibcN, A- arid %*,. I h(' lililt '.rtclunct HL101l !o ftII 1h1c~ it nP tii 0%
.V:-XAplanc ax shoxk n in [ixo. 1. xx hrc flhc prolhabilitx aN\Ifci~altc Nx 1Ii the iliii ic f nd A ',

IICI.elctcd. T he intcgTratif n fft ile prfbabilit\ kiktrihutionl ox Cr tile ,Ilc ol\f ( lit Iic L1 hI~bimi~
of tile lax c. It' thc )fen-,h X *.ý.....N of1 the kiacr arc ranhmil -aIlhcr than11 kkIccri ~il.t-, 11n1n1 'Litc
Itlnctionl ill load "pacec\l no li dnc c deirnhlrnrtiC All.\ hxInn it xtat1c cu rx illh ';'I xvic plcJ
1rcahiationl ()I Ithe limiit MIac Ijunction. ForamH load h pith fflC)fldii

ill thle X: A-, Plan. tile Conditional r-cliahilit\ and tile conlditionlil prohabili fli\tlui ffl 14 'adlmH~ ill
Ihat di rectifon arc I,, N. V ) and .1VUiepci cl. ti leri thc ohfu (fI conkiditinial pf;i t it ilvkd\.t'
conditional rcliahilitv l'or thalt lo ad path1 canl be obuailncd ax"

Mwreci 1), P, the iwcfdil~ltiflal rcibltxor the load path xx iiii aiiLlc 0 a~xxa\ trom11 tile A 111i I h C\:\ am-
tioll of' S-~ .O UCanl hceaxl obtainedL txile hc 1OIaoc--I ind rncthid" xx hcn t he maim urnli \\ 4,;k

Criterion of'LI Iq N is adopted In ttice firxt phý fail nrc anlalxis. It- til hc maxirlluntl xtrexx, o irai kc nt lla1 arc
aid pted. the ci fditil fla rcliablix xxunir Weibull dixtnibuti1011, on r xrcth.ix obtai ncd axI. crexpcI-

0I r

I', V, VI (
(I (t ~ a,

X 2

Failure Poir~t - l~nsafe

1 x Limit State Curve

Fip. 1. 2-1) [oatd space for dcicrrniinistic xtructturc.
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where I,:, I,: are Poisson's ratios, and uI. fi are parameters of Weibull distribution.. I icrc the po-ilar c(o-
ordinate svsem. .S-0, is used for computing the total reliabilit\ f each ply in hlad space. In 2, 2lhc
load space is first divided into N mutually exclusive and collecti\cly exhatustive sector,, wkith their xci tic.,s
mnerging at the origin. Each sector is then divided into .1( quadrilaterals which arc hounded n the radial
direction from S; to .S, , k- I ..... Assuming that a load path bisects the sector containing it and the
conditional reliability in each quadrilateral is uniformly distributed, it can be shown that the to tal reli-
ability is the sum of the conditional reliabilities in all quadrilaterals. In viac of cqn 24:. the total rcliabIlitx
in load space, I',, can be %%i iti.to in the followinlg summation form

Se- + S.. . 0 + 0Sk+ S, , o,+

wN here A,, denotes the area of the jth quadrilateral in the ith sector. T'he rcliabilitics of the , oth.r laxcr, ca:
be evaluated ,ollowing the above procedure.

NUMERICAL EXAMPLE

Before perlorming the reliability analysis of lami- 12g1 Present

nated composite plates. it is worth validatinig the Ak-v

proposed finite clement method in analyzing non-
linear isotropic or laminated composite plate
structures. First consider a simply supported . ,
square isotropic plate with lenith a = 243 8 cin.
thickncss h = ()635 cm. Young's modUl us

-0= 1(3 1 x I )• NVcmn. and Poisswin\ ratio
v=0-25 subject to uniform load q= 4-8'-2 x 10 -V .1-,
N cm-. In the finite element analysis, the plate was
discretized into 4 x 4 elements and the center
displacement-load relation was constructed...
F-icurc 3 showvs the present load-displacement "
curve in comparison with the results obtained by 5 0 4 9 2
Akay%"' and close agrc.ment between the two sets Deflectcon ccml

of results has been observed. Next consider the
transient analysis of a simply supported square
laminated composite plate with different lamina-
tion schemes sublected to suddenly applied _
uniform load q 5 10 N/cm2 . The dimen- 1 5

fs e-s) % no N

_k+>( I 7. 7\ -"=

S ,+Redd v

C ~U -

7~At
K o Present

;0 /..... 000 0 05 010

". . X Time ( sec

gio.2. 2-1) load ,pace ii ,.rutcture with random sirongilh. Fig. 4. Nonlinear trani)me response oA laidninallt.d plate".



/tl)P~l plan .... + :,

(a) 3imp)y-supported plate WI pl. -

I l~~i,•,. ~5. P'latt: .gcoll trhc•. h d and houndalr ,nd ,

St~abic i. Data used hin the, reliabilit%, analksk

- ------

(a)p .i pupp.rupp ( ad,,ilc'.U,) p pl.-

(;conictr\ a=i cin iJn

h 0.34 Cm 11' 4 Ili

Matcrial propcrie,, 1. 1 1 ,1 3 '"K + N cm 1. H) l. .- t N ciii
(, - N cm (1, 3 -4i',7 N cm-

024, v, -0-1k)

NhaDp: paiamccr S " I ' 0 5 t-

Stalc paranctcr - I 1a, ýi 1 54" 375 t3 0ý,=,s,'s_1" 1
S(1 9 P, a -1, 1, A 4 3

Parainctcr', of \\ctbulf di,,tribution for random strcti th,,.

,,ions and material propcrti-s are assumed.
respectively. to be: a ih I, a h1= I 0, :/, 2
G,;=( 51, .P, - ,0.-2. 1:=.25 and

o= 2-547 x 1() " Ns-icm In the finite element C
discretization, a mode I of 4 x 4 mesh of nine-node

elements w/as used. Figure 4 shows the plot of the
center deflection versus time for txvo-laver, 0'° -
9(0°. cross-ply and two-havcr, !45/ -451'. anic- :3 0
PIN plates in comparison with the results obtained
by Reddv.tN It is showan that the present method
can yield very good results,

The forcmentioned reliability analysis V, s then M -ax Work Criterion
applied to the reliability study of two laminated = Max Stress Criterion,it

composite plates. The geometry of the plates is L- A Max Strain Criterion

shown it) Fig. 5. The dimensions, material pro- ,
pertics. and strength statistics of the plates are 0 45 90

given in Table I. The simply supported angle-plyý vn i IPly Angle 0-
rOnd- 0/O/-Oj square plate was subjected to a
randorm uniform load with mean and standard Fi. 6. i-ahurc w\ith probahility of 'imply-'upptcd plltc

deviation. q= 25 N/cm2  and ,; 5 N/cmro, n harIOu" plyar,.Ic,.IOtnirmal- . .l~rtafl

respectively. The reliability of the plate was evalu-
ated lor q having been treated as a lognormal normal always yield higher failure probability. It is
variate or normal viriate. The resuul for the also noted that the maximum work criterion and
adoption of different failure criteria in the ana- the stress criterion give almost identical results.
lyscs are given in Fig. 6 for various fiber orienta- The optimum fiber orientation is 450 for the cases
tions. It is shown that the cases where q is log- considered. Next, the reliability of the svmnmetri-



Ii x in a l ()Iu a ( .nI in 4,11 I/lit:

\t~.'x .'t Ito <In iIt, rln (iccs t Iac tkllM tltltIjoý Ol tht.7 Ic'd i t\

( pnirml lk pi on~m nIat n, h r thc p)Litcs \N crc dctcr -
C nmiiicd.

AI(N'O\` LPGEMUNI

ths'I 11 dx 'd asu\ppoteftd [t hc 111 tlltoaa~l "cfl~cA

(7 Coincil 0 tile Rcplt(1lic ofIt Thiiii fi t tli ~a~

111v AriJ!.-

calk\ lanunatcd W)-- 9, cantilcvcr plate in IP nm~ pfzlr" . ~ic -l'k 111-1,11,1 ",(I
1)\ubjectcd to tx'o random loads at the ends ttiltntt ( om. S111.. 15; iol 1 1

"A\ asc01sidercd. 1-hc T\\o loads \\ crec assumed tonbhl~ c ntK~~
he h-\arialcd locmormaI with mean 1), =~ 15ý () po~tt Loww 1/p,'' 1/( Ri ,!
N. slandard d;:% ultion (Jr. fill N. and co- -4 Knol. 1.I I t N Rch.iI'aIbIi w,tIj \ ,'I

COCllclt or corrl-Ation1 Op -0(12. ih1c faZilur lfp 2 I -'(' "

Prohahilities of the plate madeCI Lp~ P ill %t&Ocrcntit K.. I,, la III';; dnn m I,
pI\ orientations \\ecre ohitalind for various faýillurc mit.Ic~tic' lit.. c~'~r
criteria and the results arw ho\\ n In [ig. 7. The lot( . R. W'~ &Itin J.. Ittt '~' o

optimal lamination is 2: 5 fo2c .hr all th1 ceý Nfc7. ~ m-.NI. Nc\ 1 in) I( .. I,)vc-;~ ictitI~kk

cons"idered. h\i nnmi ~ untic l~oiii'ntI total 1Ityn~ti

U)\( I1 SION's c; I i. -V ýO ,1 R. I. & I I iniito 'it. I . I ti I 1 1,l11tcni I III,,I-

A inethod fo r the nonlinear anlakssis ot, lainilted 20 3 1

'co m n itc pla I true e has been presented. ll~c. A.dIi~i~t M. 'Ic linmt. lIi( 1 .1 /'110c a t11,, t.

Numerical examples were Iz1'cn to \alidatc the 107 1(17

accuracv o f I he prop~osed n~icihod. A procedure i1. AL\- kox . t .. I )xnlianc 1,110c ;ntlakIN I I I11uic. u'n

lo r reliabilityv aswsqiess nt or lami nated co mposite flu xd fmiitc:ccins omurN11u.11 1"i 1. It 9-Si 1
randtnn~~~~~~~~~ 1' ujc ~rcd- I. Redth. J, N., ( oni)ci rical loix lunIincar I rani'. mak .ia~

plaics \x~ rando 4rcniothubec too lag de min narc m '. cp t..l 1, % .1 2 1 1 11

llecti( in has alsi i een pro posed. The application 02 1 .9.



Analysis of local bending effects in sandwich
plates with orthotropic face layers subjected to

localised loads
Ole Thvbo Thomsen

I ih palper pre'cnt, tl nicihiid toii the ap)prmiflli:t mlaklt IiI It IicAihiiih
clttýt c ill a miidi\icli pla~v tck~iih 11cci'all 4in hoi iiipic : c f a \ct rLi ' ýicci SAI cO0 I0

1( cd Ijc c(\Ic xIern til iiiad. I1 l oc al hcnltCtid n 2 a ix I i ,I ha~cd iii , Ihc1: ýIXil I IhIh, 1
thaiI tic r-clamti icfdctc ioin kit the iiiadcdi iacc: OWita n 'i thy cicciii (it 01'i. Lit.
1101 1k1IIai~d cMn hl: 0I MIcc 1 ptcuai i ChlaýOC htOInTaI61 Mn a00-~ 1 ti1,
I, chlcx Cd 11t Iintiidiicing, a iwo-ptiramcmc cla"Iic tokind'v lul ntmici \\ Itict

tiIkc. mint acchlini tile ,hcayim-i ntcractioll ctic..i, hcmxccil thc 1tihidcd ictc tihi
,ilk c01-c 1nicnial. An appliixmaic xi lhtil. toi tiile ci mplcic p1 'hllcmI
achic'cd hN Nuplcr-poisiion (Ii the Nical ollitiiiin anld ;11 Iioi,ti11l ()imIIiwil dc-Tm\cd
h\ Aipplicationi tit Cla"SiCAl "and..k cl pit.'la tht .I rco . Ihe c ,c'mi .I'l;1iiii acit
c tnt parcit k .\iiIiII himic dc mcii MMlII0i l' iC' mmit. ;miiit a0 1 gi 11d ~iil I M~c c\t.Xl ch III.

hcndjn~ cltcl' arc '4r amj mr Iittmmnc pa\mi ic nmm 1idtih lhi\\ .inI thcthck i

liit thc 10tlkmdcd fayc

I IN! RODI (lION' face int tile co re material (it thcQ ,ank\\ich plat c.
thus causing high lo cal cscincnra t

Sandy.kich stIruCtures, have 1-ccomic incrcasineL Rchitivclv lc' rct'crcnccs ha\ C ccn rci tre nc tht:
po~pula~r tir stri[CtUraýl dICsisn11 purposcs, oVer the p rohlcrn of local hondi oi effctix In sad 'Ichk1k1

last 310-401 \'ar, d-fil to the possýibilitx of obtainini, prnels.Anmont! thcsC. k lcsiman-13crmtn C/' Id.
\Crx hlichstffs to weight and strength ratios. and \lcvi-I P icuint! sumcse thc usc: ofI an
llom\ ver. although thc sandwich comncept haso clastic foundation niimdel Ior i hc loadcd face and
been atccepted as an C.Nccllenlt "am to (si11 hc supporting core matcrial. i.e. to coinidcr- til
,,tront!-. durabic and 1ii-,htwejtlht struct ure',. w\hich relativec deflection ol tihe loaded facc au'ainsItile
arc2 cspccla II cfficient for t ransferringz bending filtC not1 0loadcd toi heue k1 med 1w ah\ n Cla'Iiic f1 inn -
and buck-ling h toads. a numbecr of problcms havc dation model. Both analvscs ' ýkcrc bascd oin the
bcen lcft morc or lCýs unattendedl. cvC1n 1W cla- Clasical Winklcr foundat(ion modcl. wkhich ci i-
\sical texilbo iks much as, those b\ A\llen Iand rcsponds(1 to tilc mnodelling of thc Core 1aicr ial as,

Plantrnt a. continuousix disiributcd lincar tenhion comprcs-
A~n area ol'fsignifican t practical impo rtanlce. andl '.lonisprIFILI.

hhlminu~in-z to this class of morc or less unattenlded O.ther investitzations analvsis oif loxx ýefocitN
problem~s. is thc so called indentation problcem impact onl sandw~ich pancis suoch as FrostIwv ('I ill.

ass iniacd Ni th local bcnldino effects which arc and FKricsson and Sanikar') uscd a fOrmulat io n in
often cxpericnced in conncction with introduIction which thc corc matcrial was, modellcd as at \pecial
or akc-outi of external loads into sandwich type of solid. whicre onk tilc suiffncs's In tlecrn~
pancis. vecrsc direction is accounitcd for.

It is, a -w-cll known fact that sandw~ich panels alrc '['\( rccent papers. ' 1w hyhe author (If tile fire-
nolorim usl' sens~itiVe to failure hk the application writ paper, also considered the loical bending
of h )alkcd~ loads such as point loads, line lo ads ir problem, and tihe approach suggeested vý\as also
dit ri butcd hloads o f high i ntensity. Thi~s based in tile application of, anl elastic foundation
proinounccd sensitivity towards thc application oif, lornulation. Thc method suggested. \%i~xc.~as
localised loads is due to thc associated induce- diffe-rent from thle analyses intiroduccd in thle
mciii oif sigznificant Ii ical (lIcnections of' the loaded relereilcesý cited i s the s~ggested elastic iuna

( ii;/.!t Stfim flit' I! ,.i, 1,e Q0-2 i)IrIi (vtO 914)) F'kc~cr Stcicacy Pubihimxctx I ill, I ntgkind. Pnnictd InI ( iat Britaitn



nion m~odiel accounts for thle existence of shecarine1- take intho aeciO11 111 he estence` "Iha nut

interactionwhich ntaen tile upadaed ao andt the corea ato ~tNc ielae aeal]fi-,pofn

oC load application. I-or certain cases, these inter- sandwich plateC Co nsidler " (-;!It ti subteccted
face: shear stresses are attributed si,,enificant ai rhitrari lv speciftied surtace loiads q~ q/-a
im11portance tOiether %N ith the interface transverse its upper surface.
nlo rnial stresses, in the onset and development of' It is sugge,4ýsted that thle elastic res~po nse, h llt
failure. suppi i0rti ngŽ co re material is exspressed hý the: tl-

T he elastic fonmdation model su~ggstcd- is a lowkini equtii ifl. %\ hich relate thle def~let iin in -i .
two- para mete r elastic foundation model, and it iv of the loaded lace ito the intertatce sn ess, e~wna-
has been emiployed for sandw~ich beamn analysis. portentS 0 T. T

\k lireas it haitn, riot been used for ,,,ncral sandkk ich
plate a nalvsis. 1' he results obtained for sandw-ich ~
beanis. ht\\e\ er. have been verified by, corn-
parison xx ith finite element results ats \\ ell as Kux. ,
e\pcnmcnteta1 investigations." Thus, it has been2
dell) onst ratled that thle elastic foiundation
aippro ach is capable of giving a verx go d estimate T, u 0.0- 1

of the *.trcss concentrations induced hV local l
benrdinz, in svindwich beamrs w~ith -ver\ little corln-
puLt~ittonal effort invlveOld, where K .K . K, are flthe lundani n mi ~dhIt.

No ne of the references cited above tives an Xý.% 1 is tilie lateral dipacmnto thle I(Wd~ l~d
explicit desc riptio n of' thle inset and deelopmntcn face. i N. A,. -. 1 2 is the d isplaccnicnt It the h ixxci

if lOW N r. Intewad. they all restrict themnseles it fire iof thle loiaded lace: in thle Y di rectim in ad
the decx ekipmen t of different mrethi ics for st rue- it .A. v. -12 is lithe displacen11ien of fitheIi',r
falral analysis based i n the somewh0at unrealistic flhre tiif theC loaded face in thle .1 direct ion
assuimpt aon oIf linear elastic behaviour of the con- [he coi ire ateria is assumed toi lie Isot ropic.
stitntwl materials. Thus. the results obtained di., honio0Cn)COUs, and littear- Vlastie and thle hloaded
rbiot reflect the actunal sequenICe] OIf events, leadinzg to i ace is assumed To be specially irti it ro pic I.e. theý
fail nrc if the c insidred sandwich panel. but t hey principal material di rctu itt' coii nidte "xith flte
dii) have the pi nentia V (i Oving vat iabe infora- edge of the fAce plate and liear elastic. It is sup~
tiiin ahi mt [the fundamental mechanics of, thle local tgested that thle foundation tnloimdli arte cxpi e~sed
bendting pr hiblem as well as the pqiralnou%'r coin- in aec( ~rdane "it I \Iaso and I c nit 'c tin

ligthe inset if failure.
Vihe purpose ofi tile present paper is to eXtenld

thle lxx 0-paramecter elastic foundaition approiach.
p~res'ented and( tested for sandxxich beatus.' toi
the analysis. oif tectangular sandxxrch pilates %xitlh
special lv irt iitrpie syrnmetric: arid bailanced. if'
lamlinated laces, are us,1Cd l~a liew lastie face layers,.
f hc coire material is a~ssume1d ti be iso troipic.4
hi mu gencowin and linear elastic.

2 fEIA.-411 FOU NDATION ANAL.OGY

2.1 Formulation of governing equations using a \ p(vn

three-parameter elastic foundation miodelNV A

I he present formulation is based (in thle assumnp- fig. 1. 1 Ilaicttx .ltpii '.pi rttxdiltiiipic tLicý' A'

tion iof ant elastic foutndation model. M itch does, Ickrln!"'Iitar sa;rItkicti thic~
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In eqnŽ. .2 and 3. )Pfieýdl oft p tc

CIýC i i"i the \\ide", ftl1 (dthe plate.'.
iýý:. dependen(ktil on -the .rpre of th

the caiclKirchhot I theor\ ot'lbending, of, pilaes.
T hu". it is assumled that normaks to the un-

deforined middle plane 4f the: loaded Lace remainl
straighlt, norinial and incmtensi(nal durinv 'lefor- u
mat n n, s( that t ransscrsc normal and Nhea rine, h- 1. h it h. .2

,train, Ila\ he neg-lected in derimin the p~late Vh lt osiui cain r onuae
II incilatie reClations". ' i lt oiItt~ - ,111,t-1H M .t

Referring To ig 2 l( r notation and ,ig co suin-iia latead pcal ihto
behaxit ulr it' laminated faces are ued. t he\ aIre

vcntiofl. the face plate equilibrium equationls ~can aIssumled to be mxinmectrie and bala need
be written in the formi differentiation with respect

1)the ,patilal coordinates is denoted by a comma ¶

(2. ~ T + (2., T,-( 'f

.11. U 0 1 1) /J

Al 11, > 1 /, 4- T, rI , UH I

The plate kinematic relations may he written as Th A i.i 1,.2.01 in 71 are the extensional
stiffnessecs of the loaded face, and the 01,'s

'urito' denotes middle surface displace- (ij= 1. 2. 6 1 are the bending, stilfnesscs ithe ,1
ments.: 1),,, components c-an be derived from classical

4 z/~ , 3,wlaminate theory'

(5) quations (1>1 -7 represent the complete set of,
equations governing the mechanical behaviour of

T[he middle surface normal and shear strains. the elastically supported face plate. From these
andl curvature and twist components can be equations it Is Possible. lw proper manipulation.
writtetn as: to formulate a system of three coupled partial dii-



tcr-cnial cqJuatn in, it) il I litcc LnIAMM1i~ llL,' JL0 t )n~niirac ndrC1idlcr.ti( Ill %N ill t\ picali\ , h ak ;t
'r\.COMfPOlflt'. 0 T . T.M 1 illtcrilai\cl if] le, 5tcfl dtcay ',() that Il the a Kindii clicclN , 111

1. S ~~iiot intrtcrc "it h t he. cducc f cc'..

1) -~ / irni the abloc ifleititmcd cu-nikcr~itinit in'

ty - .concluided that al clo~scd fh rir ",u](1 hdiCd 4)Isti

A / the ýltsUMItiflpt Ot Jilflf~l\ supps rtfCd 0Ics) thic
K.0 T, T, 7 7h(md facc plitic. xx ll be alhIC Ito 111A dl tL it calI

hendinm. problem aisatr ntm mis p-actica'
prohcnl.1 Thu'.. iti" is 'unicld that thc WCdC ()I 11 hc

coilMidcrckt face platc are Nirfpl\ ,uppmeftd. indi
K, that t he to called S2 boundarI, c ondirion'. arc

prewcft ,c Fig.

v=~ 0U J:.*~~*~ i/ V l I

2, q It thc external ,urlacc Iktod aIre expanlded Ini
2k .1K- -. doublc Foimricr scis Ias dox

*1 >1. . . T T q. A Yj oI0 Sll ff k silln ý

I hci )LUMIctc tche )r1-naiu~l O then0 1,Cti (If 0.11.1&

'W11n cxrOki'linQg the pro)bleml tOf 0C laStiL-aly .,l) 41, A.a sl COý
'tic.speciali\ y tholro)pic !a'.1' pIlaic Su~bjcclCd

2.2 Deri~ation of local bending solutimi

A, Illeli(iocd. the sctl ot C(JUatiOfls ý', rCp)Clclcn it is scCil that sCraivAhc soltit in', 11( the NCO (it

thiCc .:()Ll)Cd PartKIkial di Cllcntial C(i1LIM1i11lN ill tlk Cc.n1atitmns 84 xs hich ako satisfics Ilk' 'C mkd-
kitkno\ss UN , T r.and 1()r arbitrarxr ,uizice 1bid t''n ,pcJ'.iicd~ b\ UCanllX 1Cptsd inll
And bIL'indaro, conditions it is os.iK to ob1tain a ItotIll:
nMciMC11A s'Wilution h 11w appClcaion fit, (Or' iilstincC.

o.Ifi1C ditClclCC souinSChCltic. ( losCd 101-111i LI5)

dui n.hoxxcx r. airc ()il inbtainablc twr pro)-
hiciln chltaractcriscd by x clr sirnpl, Ixpcs ot
hImondars cmiknLtwit inimple stupport conditions.,

f- it thc. class,, ofl problcms, coiisidcrcd in flec r i

prcscnllt pa pct r hial hending, effect,, ill sandXwich
platc'. ,uhiccited to liialiwcd h tad'. - it turns out
tha tIhc. actual 1t\ PC t boundary condition" () Il rh sill (I I- Civ - . m o
cm miiidcrcd prolicm ;N is f no impwrlancc. provided
OmThat tl. rca ()I externial load iippficaliaU is I',r
Aassa tna thc cdgcs At tc sandwich piatc. "I Ihis, is lInsrtion of - 101 and I I into) ' x'ilds t htcc
Incm' w thn 1k act that the local hending effect". lincar algebraic cquations. tralm x hich the
iiidnccd by higzhly conccnirmicd lo)ads. really arc tinknowtli Fmiricr ,cric'. ctwtficicntls A *.. 1

kica I by t hcir cr na tu rc ;;s xsill ic (demonnst rated ( ,canl bc detertmined.
1;ilct- . I t1 Us th Oc ical distu~arbanes oil the mcrall ']'hcexpcso dcrivcd 1()r .1 I I?. (< canl
ben ing amid ,i~cmri-ig state in Whe sandwich plalc be \\ rittecn in thc foIrm:



- 11 / ~~ /~ tl2.3 Deik nietn coft comlefte solut.ion I tem ¾

c'Il Ael Compltei ýtheproi l~l It)n paper.'

2.3 Iherid hi-n (0f h\plt solijaIon

here til -. 1 Ac1 up r o i tion l d m dýld 1)o c ,1

tiol overall oniirc "aitd '-h piitig c m x e1li " ch

=K Ia 1, it /'1 celiscicu Iun il. the ctalo ticd c lack mid ej t '.cc 11cl'Il
the I L eci 11 T~ ltite loa e ilaii and Ilic LX e it 1 11 ,cf L c h

t ~ c avo te ocdIl II I :i 0 il Tl~~i 'I ii

the copre11tc'\inca111 (cno 11iiohnimcttlin k
q),ir .1101 M\x It 11 on0 filrhe t e i ýC c i' l~ Ic

/1=/K.I c. .. 1' . u ." p ck.tednL of the loaldeld[TLacIn. h ~iclc
hetcc th Ic prcadd poicandt c of cbitc rI,

t no .cnliwa nlrntwatjo prid' cctaiied alcuhlt- the
b, K), 21,~ 2 , 1). a I) tti\ theC ýF i'0 l.c betuli ti l etec del() t Cli thro

Ofhc CoUle% iiCteI)Ial StIijCtC L1 ntoif~itc I' ro\ iocilahle
A (I A. abolut Is etiher thaed f.r ace i the lic\a r \Iceet of

tile are of etherlnal benid apictonad.i

K, int 'erface ins l til rafac e arcidd thle cre~u~. rih

''ie aplrxiate coimpleted to utironc to loAl

I A A a/1 sIecilic problem can bie represecnted inl thle hmin
Ic: ¾K. displaccemenlt,. Iin-plane face stresses,. and inter-

K a (y '*14

II / A T, cc, Ti\

[bus, tile soldution to the problem of local hending r, fr
(if the loaded specially orthotropic face mt a rec- + .ýrfi

tanigular sandwich plate has beef, derived in terms
Of the interface stress Componentls (Y:. ir, r, Fromn [orf the purposes oft the present paper. tile overall
these, tile other quantitles, oif interest, such as (he Solution part 1denoted by Nubscripf anerall Inl
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Mau e 4 'shox~s the I teral deflee Iuions m it, (Ath
Lipper and Ii m, er laces alonge thle se-ct Iiii deb iedi NAi

b~0•.'k-• a2 25)): Vi-h 21) 1 hm _Q h_~ 41 1 1~
is observecd that the I-:I1 NI and 1:! s olutions, coni
pare N cr\ \% Cl1 for thle Upper- lace of thle sa"n.> it, ii
plate. even though the [-T solti.tioti preCdcts thle7 If

nMaxinmunt deflcoctio n to bie s( nmeXi hat la rger than
the MIK N oluion. [he reason for this may be tirei
fact that the 1-1KNi model ik made " ith eiyh-nc ie
"si lid elements,, whIch actulal ý are ih it ciii id 0 -~

e nouegh tor describing the local bend inc statec near I
the centre ot the plate u A ith only IX'0 aer of dle- -1 -

mnclts t hroiugh the_ face thickness. Better F I N
resuls w ould have been obtained if 2(1-node soldid -2 -- --- --

elemntIIs Vxk ccUsed instead. l-IA\;2XICver this \%,I,,(1 50 100 150O 200 24'

not possible ý ith the ANSYS 4ý4,, Xersion at xIMM]h
hand dutc to sex ere restrictii ins xx ith ieoa rd it) the 1, ig .Olfuw)2
pn iblelni/ch allowed maximumi in core wax e .

front allo,,\cd: 50W.) Nex erthIess. thle H K N
results arc expected to be quite rboodl except X er\
near the centre: of the plate. F'igure 4 also shiot\\,,
the vt distribution Of thle lower face ats obtainedl After theC peak \ alluc haI beeneri CItUinflIctd
fromn the I FTNI soluti in, .and it is seen that thle very steep) dCCaý (t T' takes1 lc.1ar1d %,'I
resubsI, ae-rces, ery wel xi th (ATS results. ite the rapid l 11 the utrtw hcc sersIrs c trrj

-ia if the lo cal h ending effcts cI= Ir nth rmuh idcdbI eabedinfades iu 011 0111p1,110
the -ore material is comiplete. which again meansll 1-1tom1 bi th thle I:* and the, T ds bti'
that the stress state iQ the b ix' r face is unaffcited curves it is seen that the claisto ic rspill, inll 111'th
b\ the local bonding ()It the upper face. oreC mnaterial po(ssesses,. a xax\har1n](I mut naure

1- enre 5 shintx the distribution of' the trans- aloig, xxit h a xer\ steep) deea\I . xx hich nicaris tha.1
verse ni rmal and shear stresses, at the interface theC defleCtional MOde pa tern1 Call be a t ibItteUd
!etween the loaded face and the core material sonmc characteristicx ae-nth
alone, the section W) x, a . 2 -_f 2 i Y = W2 -. 251). The last 011nlp~iatiaC resultsl to be 11incl1ded ate
Sroim Fio 5 it is obserx cc that the match hetxx cii 6i'en h\ Ho e 6. whfich shinw bx se dus ibut i in Ai

the predicted wJ'' distributtons isxcry close. cx en benldine, stresses o, in the pcankm 1,,
thougih it should be remembecred that the [1K I oW ie loaded face aloiie W-_: I a 25f). A
siolution is obtained lnir a poinut load' sittationi 2 -250), Also \\ ith respect to thle (j' distrIibut~ions,
xx hreas, the [FT son lut ion is ibtained fi r tF~e case agit iod match bet xx ecu thle [H.NI and I I-siiuti n
of a distilbuted load mit very highl intcnsi-y. I he is obset Xed, ( otisiderirreL, the r:sults oibtained 1)r
ox erall tendency observed fromn the two solutions the uipper fibre, it is seen thatl sexcrc] stecon-

theor cleatre. ofe peCak xal uC if W.'" is situ~ated at ccii)rat ions are present at the cenltre inof the p)late.
be Cntr ofthe plate, arid at very steep) decay is [he resuilts obtained frontm the F.[ solution pre-

seel rias the distance frrom thle plate centre is diets the peak x aluic of a Ito be about
inicreasedl. Abrout 1F5 sandwich plate thicknesses -107) NIN "a Xheroas the ('SF siniution predlicls
thickness of sandxx ich plate: c -+-21 =36 mm) the pen!v aluIc to be --- 35 NI Pa. I'ltts the local

away fro the plate centre the decay is complee. hetnding 'if the loaded face increases the pealk
and no (list u rhanIcS in~duced by lOCal hI~ig of %-eo (' ýi factor m of nearlyý 5. The

thle Lipper lace are seen to be present. The inter- ['1KM results are very close to the 1KV results, but
face distribution of shear stresses r'is also again attention should he Ibeused oin the load case
shown in Fig. 5, and again it is observed that the modeclled in the 1FMA model. %xvhich is at 'Point
two solutions match each other reasonably well, load' case. This load case should actually provide
At the cetntre of the plate no interface shear singular stresses tin the loaded face at the point of
stresses arc present (due to the symmetry.k andl the load application. buit due to the relatively crude
peak value of r!'ý' is situated some distance away mesh atnd the application of eight-node solid ele-
from the centre of' the plate (about 1()-- 1 5 mm). menits, the results obtaineod lie very close to the 1KV



.solution obtained for a load dlistributed Uniforn1l% sented for the case of' Isotropic face mnaterials,
oN er at small area. , / /1 , , I = i)ntd for the case o)I face- nuicrials

('onsiderintc the or', distribution ý1_ the lower wvith L 1 ,1-= 4-0.
fibre of the loaded fce a \i Jose match Fliz-ac.urt hx the peak values- of the interliace
between the solutions is observed acain. and a transversc normal stresse~s u and the Intle*-
characteristic feature of the results obtained is faice %Ihear -,tresses r against the modular
that a tensile state ol'stress hias been induced near ratio I Iand the face thickness, 1 t=). .0.
the centre of the plate. 410 mm, foru tlie Isotropic faice material /_ F

From the results included in Fitys 4-0 it is seen H'); case. 'The o)verall ten~denic\ is that the hWihcr
that the match between the FENI and I -: solu- the value of the modular ratio I-,,/- the 1oss cr,
tions is very convincine., and. it is concluded that the -value of the peak interface stresýs component,,.
the elastic foundation approach is capable of sup- i.e. the more flexible the core material. compared
plying quite reasonable results. i.e. to give a1 Oood to the face material, the lokner the peak \;aluc o)I
estimate of the severity of' the stress concentra- the interface stresses. Furthermore. It Is observed
tions induced by local bendline effects. It should that the peak VALues of' the interlace srse
be noticed that the local bendingv effects C011- decreases .i4mificantiv as, the thickness, ofI the
tribute ,i,-nificzmtt\- to the stress state near the loaded face i ncrecases. i.e. as, the flexural rioridit\
area of' external load application, thus implying oif the loaded face increases.
that ('ST'-solutions. mdil seriously underestimate C'ommenting on the results, sho\\n in F ig.
the severity of the stress concentrations. attention should be lo)CUSed upon the flact that the

elastic foundation approach becomes, inadequate
3.2 Parametric effects for handlinc, the local bendinu, problem for defor-

mations of %cry short w\ave`-lngth. whlich cor-
In order to illustrate the influence of certain responds ito the combination of %very low%\ values of
characteristic parameters on the local bending the modular ratio F1 4,.and lov, values of the
effects,. the results of a brief parametric study will face thickness i. 'The reason for this inadequacy js1

be presented. TFhe problem considered i's the the fact that ,,hearing interaction effects become
loaded face of a sandwich plate subjected to at unit increasinglh important for deformatio)ns \k ith
load! P II - N ,distributed uniformly over it small short wave-Ieneths, and even though the tvw~-
area A1 = 4-) mm'. 'The loaded face is assumed to parameter elastic faundation model does include
be composed of one layer of specially orthotropic shearing interaction effects. the model is sophisti-
material. In order to illustrate the effects of alter- cated enough for describing deformations w\ith
int- the degree oif orthotropy. results will tie pre-

3.5,

100
EF, tower fibre

50 FEM, tower fibre

2
0

~ , EF, upper fibre

r t=4.0[mm)

FEMd, upper fibre W-5 =4.0 Imm]

50Q, a, ik I.OfMm a tx=2.0Ojmm]

-200 -. 0 200 400 600 800 1000 1200 1400 1600
0 50 100 150 200 250 E /E

x InMIi Fig. 7. t (;1)k(,) vru mo~dular ratio P Iand

Fig. 6. tDistrihwtion of u', in the Upper and lower fires of fact' thicknessp / for isotropic face materials, 1 = 0 T
the loaded face: (1•xfýa/2 =250. v h/2 = 2501. with unit load distributed uniformly over an area 1-0 MM..
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very short wave-lengths. However. the overall 5-

parametric effects illustrated by Fig. 7 generally 10. m'nl
hold to be true. 4

Figure 8 shows the results of a parametric
study similar to the study shown in Fig. 7 except
that the ratio of orthotropy is set to /, L 4.).2
The overall tendencies shown bv the curves of , '• •v.<,T t=2.0 [rm]l
Fig. 8 are equivalent to the results shown in Fig. 8 1 -t=2-0fmm]
as well. The only difference between the results 401mm]

shown in Figs 8 and 7 is that the peak stresses --

tend to increase about 30% as the ratio of ortho- -. - --

tropy is increased from Kg!E/.&= 1-0 to E,/ -/ a t=4.0 (rnm]

E_ =4'-0. u t=t.0 Imm] a t=2.0 [mml]
To conclude this section, it has been demon- -2 ......

strated that the local bending effects are strongly 0 200 400 600 80 1000 1200 1400 1600

influenced by the modular ratio EI1 /E, and the E,/E

face thickness t. Other parameters. such as the
core thickness c and the sandwich plate span Fig. 8. 0"o VIA r 1 ;, ,, u modular ratio I I and

pace thicknc,, for \pcciallh orthotropic lace mlatcrial'i /
widths a and b. of course also influence the stress L,--= 4-ti: ý\ith unit load distribulcd unitormls o%,e ant atca

state in the sandwich plate. but as they primarily a.4 mm

exert influence on the overall bending and shear-
ing of the sandwich plates under consideration in
principle their influence is covered by classical "lhe applicability of the suggested solution
sandwich theory. CSTý they have not been

included in the parametric study presented in this procedure has been demonstratd b analvin
paper. the simple case of a quadratic sand%%icli plate \k ith

specially orthotropic face layers subjected to a
central lateral load distributed uniforml\ over a
small area nearly a point load . The results

4 CONCLUSIONS AND FINAL COMMENTS obtained have been compared to a finite element
solution ,point load case, and a very. good match

An approximate method of analysing the local between the two solutions has been obcrx ed.
stress and displacement fields in the near vicinity Thus, it has been demonstrated that it is possible
of localised external loads applied to the surface to estimate. with a high degrec of accuracy, the
of specially orthotropic sandwich plates has been severity of the stress concentrations induced bI,
presented. The suggested solution procedure is local bending by application of a suitable elastic
based on the assumption that the relative deflec- foundation formulation.
tion of the loaded face against the face not loaded A brief parametric study has show\n that the
can be modelled by use of a two-parameter elastic local bending effects are strongly influenced bh
foundation model, which takes into account the the modular ratio i /LJ., for fixed value of F
existence of shearing interaction effects between t as well as by the thickness t of the loaded face
the loaded face and the core material of the con- plate. The peak values of the intcrface ,tress com-
sidered sandwich plate. Furthermore. it is ponents become very large for small values of the
assumed that the face behaves specially ortho- modular ratio and the face thickness, and it is
tropic and linear elastic, and that the core material further observed that the peak interface stresses
can be considered as an isotropic linear elastic decrease rapidly with increasing values of the
material, modular ratio and the face thickness.

The local stress and displacement fields To conclude the paper a final comment about
derived by application of the two-parameter the limitations of the elastic foundation approach
elastic foundation model can be superimposed on is appropriate. Obviously. the application of the
the stress and displacement fields derived by use elastic foundation approach for describing the
of classical sandwich plate theory'-' (or alter- local bending of the loaded face is not generally
natively a FEM solution based on the use of sand- justified, as it is not possible to specify constant
wich plate or shell elements). values of the foundation moduli iK,. K,. K,',
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which arc appropriate for det'ormations of' any REFERENCES
wave-lengths. The reason f'or this is that the shear-
ing deformations of the core material tfoundation 1 I A[fll n. I 1. (, ". Anall No and A-Igti' q; .`il? wat 11trdn tab IF

become v'erv influential for deformations with P~anels. Per , iamon Prc'o. ( xtori. t 6I
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Eigen analysis of fiber-reinforced composite
plates

A. M. Abd-el-Raoufa E. E. El-Soaly, I S. M. Ghoneamc & A. A. Hamada'
+tnIJgineering anrd .hachine I)cpartment. I'achvy l-Engineering, ehnotaia I niverw\. Shehm Li-kom. Ietnl

".%Iechanic.s and -hastijit I)epartmentt. .I.( . ( airo, litpt
PI'rodut'(ion i:n5'ineering and Machine I)esiiti, A•etnoutia 1'iiier.sittv Shchin lH-Keom, I/ýgVt

Composites plates of varioUs orientation and thickness with fiber-rcinfowced
plastics ,-RPý find increasing applications in aerospace and automoti'c struc-
tures due to their high strength, stiffness to weight ratios. and high damping

characteristics'- Determination of the dynamic characteristics and the ins•estca-
tion of such structures are essential not only in the design but also in manutac-
lure development.

In the present paper, the eigen analysis of laminated square plates milh
%arious fiber orientations. various boundary fixations, and different slacking
sequences has been presented and discussed. The experimental analvsis and
finite element techniques are utilized to study the effect of fiber orientation and
boundary conditions on the dynamic characteristics, of frequenc% and mode
shapes. The vibrational system technique is utilized for expcrimental
measurements. The results show agreement bctw.ccn experimental and theorc-
tical invesligations. Also. these results show a close connection hetmeen damp-
inm and stiffness characteristics in glass-fiber composites,

INTRODUCTION primary consideration. The fundamental develop-
ment in the mechanics of composite materials, has

Composite plates of various orientations with been documented by Tsai and Hahn" and Jones.'
fiber-reinforced plastics 1FRP, find increasing The basic theory of the mechanics of compositc
applica:tions in aerospace and automotive ,truc- materials. particularly for laminated plates, has
tures due to their high strength. stiffness to weight been widely used in finite element formulation,.
ratios. and high damping characteristics. Dctermi- Thus. it is common that existing isotropic and
nation of the vibration behavior of such compo- homogeneous finite elements also have the cap-
nents is necessary for either their design or ability of trcating laminate composite materials. A
engineering applications. survey of recent research in the analysis of comn-

Studies in the area of the dynamic behavior of positc plates including finite element method,, can
fiber-reinforced composites have been carried out be found in Reddy.''
by many investigators, and these have been Choice"? has done limited studies on the
reviewed extensively in review papers by Gibson dynamic response of planar frame compostite
and Plunket.' Gibson and Wilson,' Bert 3 " and structures using analytical and finite element solu-
very recently by Plunket. Chelladurai et at.' have tions of simply supported beams. He shows that
carried out limited studies using a finite element the finite element results are in very good agrcc-
method for square and rectangular orthotropic ment with analytical solution.%. Also Sun ti a!e .
plates of constant thickness for two boundary present the development of an efficient finite
conditions. for obtaining the fundamental fre- element model for the analysis of- laminated
quency. composite beams treated by a constrained visco-

During the last two decades. the research and elastic laver. Thev show that the dynamic
development of laminated composite structures response is substantially improved by the use of
has grown at an extremely rapid pace and it damping treatments.
becomes an obvious trend that more and more The activity and the effort in this field are oin
composite materials will be used in the design of the increase for laminated construction, and on
structures when the weight and strength are of the form in which most of the fiber-rcinforced
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composite nmaterials are emph Wed. linid.dit ion14
the\, provide enough flexibility to the dce'jLencr to
v'ary\ the material properties, significaritiv 1by
changing the fiber orientation as ,vcll as thle stack-
ing sequence ol'the different lavers of' the compo- -

-,itc laminate s tructures. 4
In the present wxork, five specimens +RI'ý of

square laminated plates with different types of ---

orientation and boundarv conditions. are studied
and the correlation betwxeen cxperin ental and
numerical results is in\vestigated.

Trhe measurement of eigen parwaeters and
damiping properties. onl laminated s( ,uare plates F*ig. I. F- inite d knic nt gzrid MInd rnICirJ~ pU1111 NIýIII
kk ith various lamina orientations, are carried out
at different boundary conditions. 'rhe f'reqluency
response function FRP, of the specimens used element geometr\ and1) i~sancelasticit\ rfatri\of
arc recorded. hence frequency and amplitude are laminated plate wihich can be computed according'-
1mcaUred directl\. and hence the Jamping famctor to Ref. 5i. for djifferent lamnina orientati& m and
is calcudlatd LiSillŽy a half' power band \\Idtll layer thickness. The fleXUraf coefficient 1) i-
method. expressed in terms of layers of stiffness, as

FINITE ELE MENT FORMIULATION_

1lie present formulation is based on four1 noded w~here
qu~adri!ateral plate hending, elements wkith three i ste111n~ 1 i~r,
dcu~rces of' freedom, at each node. Numerical i sthnubrolaes(_., is the transformed reduced] stiffness.
results, have been computed for various orienita- hi is the thickness oftheli kth laser.
tions and boundary conditions. The data pre- , a~re the indices varvinu, from I to 3
sented here include both the frequencies and
mode shapes. - Cnsqcil h asmti f h lmn a

A typical square plate of dimensions 150f Cneunl h asmarxo h lmna
mmr x I 51) mmn. with different fixations, ('FFFL be formulated as:

SSFF: *'SpF. ('(FF SSSS along the edges of' '1 n I" o 'v! dx 11
plate. is shown in Fig. I1. The figure shows the w\here nis density o'fbr'ovse aiae
finite element _,rid with nine quadratic plate d~c- pllaiertoleseelmnae
ments used. Thie clement has t-welve degrees of' pAte. ue rgrmhsbe d~l dt
freedlom A~ compute prorram has beendo forel~ to

woe am ]-ith , three nder s of. fhreedom fcore tea formulate the present compos Ite plate elemient. 4S
no e naeiu n /. w ee i e oe h degrees of freedom in the case of FFFF Of fOur
vertical dellection and 0, and 0, denote the slopes edges of plate. 30 d1egesffrdo intecs
olv~oiv and -aii'/Ox along y- and xv-directions, of(F 4 e rees of' freedom inite case o

respectively. T he stillness matrix of the element o'CFFF. 24 degrees of' freedom in the case of

can e frmultedas:CSFF. 32 degrees of freedomn in the case o`f[FSS

K;' = i B~ I)!' BI dxv d' I and 20) degrees of freedom in the case of SSSS.

k~hce tis hicncs ofplat, '?I stainmatix [he elimination of it, transformation. ain(] the
"where i th ic ns fpae h tan m ti partitioned form of' the stiffness and mass

matrices are given respectively as

-0 /ax 1N JKJ1
-/O

2 a . lviay tnK

N=1C [/IA where I NJ is the matrix of the By the use of the condensation technique. the final
shape function. I CI the interpolation function, jA j results for the condensed stiffness matrix lk are



andge fixations of compositeor plaes Th program l

orvencgevaue and Thenetos Itt"eilciIsa"!ac1-111aciJL
K , ~K , A side length 15 ki1 nd 0I ll~kI 1 5I11`1

computingWIL111 th rootso V, All" '1eS AM)kCnc

mtin anoi iteratiue manne tith anl\ accuracy of

for fie fixtionsnamela ('EF.Material~stud Nhe l efCairof fiher nicntat ion properee

iquckForra land SSSe. The elemeant cofputhes athe dsnynamie behaiotr ofle al tlaite. diftetentl
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10pefrimen fisatmounte inamtelyt rigF and F eTcte study thle effect of fiber orientation sequence o

S F KF and S xite. laThed almets the c ientra l the dynamnic behavior of iqar laiinate.diplaien'
co p fe heincetstipfanes ~anr nall matrides woul budiffreny nd condi n jr tnipons foml anl epeci-'

excited .i the Apendxciato si11nal leeds the \na mc n bcmuational pVICl int o11t vex On te
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resonance peak in the magnitude of the FRF.1' Table 3 shows the variation of fundamental
where frequency, amplitude and damping facto r for

Q- wiwdifferent lamina orientation at the same five lay-
ers: it can be seen that the amplitude of1 the ,peci-

The resonant frequency (w,, and the width !w, men [45/ - 45/61, is relatively low compaied with
can be found from the magnitude diagrams using the others. T his is due to the maximum stiffness at
the reference cursor. The value of the damping this orientation.
factor ' is plotted against frequency and the effect It can be noticed that the amplitude of the spec-
of lamina orientation and boundairy conditions imen:0/30/0/ - 30/01 is relatively high compared
are studied and discussed. with the others, this is due to sma ll stiffness value

for this case of unsvmmetrv. F-or cases, '()I and
i9015 the frequency must be equal in val .ue Itheo-

RESULTS AND DISCUSSION' reticallv. Table 2 shows, a differenicIe ~t\\ecn the
values of 2"" in the case of !SSSS!.

The resonant frequencies. mode shapes and Figures 3 and 4 show mode shapes for itfa
damping factors of square laminated composite selected cases of specimens. Figure 3 shoxws the
plates GRP) have been measured and analyzed first mode shapes for specimen ý45/45,J1) for
for different lamina orientations and boundary different boundarv conditions. Figure 4 Live, the.
conditions. The measured and computed values first seven mode shapes for ,pecimcn 4 5' 4~ 51)
of the frequencies are given in Table 2. Compar- simply supported along the four edi ecs SSSS')
ison betw%,een the experimental and numerical As expected the measured natural frequencies
results of the frequencies indicates good agree- are inversely proportional to the damping factor
ment. as shown in Fig. 5. In genelral. the damping factor

I'able 2. Nalue.s of fundamental frcqtuencv in Hi for laminates for different boundar% conditions (experimental and finite

- ~element results)

Boun:arN N C -- "IN
0 flditiofl\ I -

Method ts\p. FLt LXp. Fl: [~p. I, F. IsAp. FF Fsp. I'l

4i - -45 0 32 334 2 64 1 -S- 96 97-6 144 145- 245 131)
0I 3WO4 28 3-56 44 4612 S4 86-5 124 1 2(vS 240 2141 -5

052 65 36 38.4 66 68-2 114 I t6-2 -1tS 2185
9052 22-6 32 33.4 59 o2-i 96 98 216, -IS8
0 31)-t 30,1- 18 21.2 24 25-I 36 38-4 72 74-5 4 164 1654

Table 3. Values of fundamental frequency. amplitude and damping factor for different boundary conditions (experimental
results)

-------------- .. ...
Itoundars ( J

conditioin's S- S.F- I
-5--4;VFrequencý 32 ilz 04 liz 96 lIf 144 1II, 248 Hzi

Amplitude 48d(B 3o6dB 32 dB 24 dB 20 dB
tý amp. factor 01-156 0)-06 0-02 0-013 011004

131'Frequency 28 1Izl 44 H/ 84 Hzi 124 li-I 240) lI
Amplitude 52 dBi 41 dtB 35 dBi 27 dli 22 dli
t)amp. factor (0-196 1)1(7 11)04 (W-24 0-006

(5Frequency 24-z3 t 66 Hlz 114 Hlz 21 IStt~
Amplitude 59 dB 44 klB 3S dB 29 dB 24 dB
D~amp. factor (122 0112 01-06 0-035 011)09

90;5 Frequency 20 Hiz 32 1-1z 59 Hz 96 H-Z 216 Hiz
Amplitude 68 dBi 64 dBi 52 dB 38 dB 27 dBi
Damp. factor 0-25 (118 0-084 0)1046, (1-015

300 0/ -31/01 Frequency 18 F-IZ 24 liz 36 Hz 71 Hzi 64flz
Amplitude 79 dli 65 dlB 57 dBi 4(1dB 32 d B
D~amp. factor 0-33 01-2 01-106 (-)6 (0-024
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in composite materials is relatively high relativ e to interface either fro m relatk i , itppinrg or frt )m
bulk materials. It is difficult to control thle value by local stress co ncent rat ion- hc tiinite elemevnt
variation of thle nmass and stiffness. From Fig. 5 it resuilts are typically higher than the experi mental
can be noticed that mhininmum values of the clamp- ones, as Lliven in lablc I. and this is because of the
ing- factor occurF inl the ease of' simplyv supported effects oýf clamping pressure. atir danmpini.u, and
SSSSI plates with different types of lamina orienl- itran sduLce rs,, aind disipati( n &)f enere at the

tation. matrix-fiber interface due to friCtio n Ofr impact
Inl all boundary conditions. it is observed that which are not taken Int considerathinm inl the, ti ite

the damping factor is small for orientation 1-15/ element model.
-45:;0!, compared with other orientations. This
iN explained by the fact that fiber orientations cinlUSl-
these directions are expected to increase the plat c )(USO
stiffness, and result Iin less energy dissipation. For InI the present study. tile dx namnic aiialx sis ()I
orientation Wt30/0J - 310,/0! thle damping factor is vr~slmn rett ts4casp vsc
high Compared w\ithi other orienitations. The laminate1s is inves Imtiiate loermw ta, and pokcen
unsm~vnietr\ decrease,, the platte stiffness, where fied analte, sical ,lyuigathe fxc-initte l alm nt Netin
thle maimumIILII energy dissipation results inl a large'
systeml damping factor.'arospeiesodifrnIamnarin-

tos are fabrica'ted Utili/1ing ai hanid lax mtt tech1-Inl addition, damlping as a kind of energy disi- niqe
pillion Ilia\ be priniarils due to Coulomb friction Th r- ,lý bandfo h icdue to slIip inl the unbonded regions of thle Ih eut bandfo h rsn ti
titheC- matrix interface and one or a Zcombination indicate that;
of the followýing,: I thle fiber. ii, the mnatrix.; ill' the I The laminaii orienltatioin plI\ do)linIillt
fier - matrix\ i nterfaice. I hie fibers do not e mt ri- role for estimatiling- the 4tiffn'lC.S ol laii
hute ito thle danmping of at Composite beeause of nated comlposite plaltes and ait Iughcr ltc
their lovm damiping capacities 1bu1t at large, propor- stiffnessý gives, a higher frequene\.A
tion of' the stored energLx must bie in the miatriv A Afillitc clement tmrmulat~ikn v. presentedC
1-.nergvT dissipation eanl occur at the fibL r natrix as mtIlode l or thle analx Sis of laminmated
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Fig. 5. T1he variation of damping factor with fUndamental frequenicy for different lamitia orientations.



Composite plates. I igenvaIutes and(. eituen'- 3 I~.(\4.I)Ii'I1 ) l 4~l. idilt I ~i
l It I N iu A /it k w 1, 1 ' 1J1)1CIrw IC, 1. 8 111 t c

vectors arc directly obtained fromi the (na 19. 6 V I ;ipi uil'i n -IIIXLI ~iit.
lv'sis. These results showN aj' . ieemniit 4. IkrIc 1 .iIi t- op~ I t, nkýh1, ,,
x'ith the experimental method. I an I I .. ihi'bA aitl I lrt duijui / iun''' 8 1 1 N CIOik

.3 Iampirwe in laminated Composite plate, i" a .iir.(.W.(rput iira~ iVI\u ap

_'R 1 n g d iss ipat ion due to the 4aa il, o tihcr-rc i VCtCd collpo~lc,.' III )uuq'tul"K
matrix. fiber and matrix - hbe r interlace. . 1 ;plh( '4(411I fii(u I lbhi pit'? ( atl 1/, ,'.kl ,' I. I k

either from relative slipping or from local AS Ni >IAI) 1.H138 N 41 iciiibci I '/I

sress co ncent rationf.f~Bn.Adtt(C M. NW.. \'i~arien wll at P~npic ru't a,~ 'a
4 The specimens of orientation sequencc July\. 1 9x5I.

'4' -45/11M have at relatively hi Wh fre- P I~l kcin e R_.[ t)am pi it u mcc hani ý i I [it: I-rt i n I(lic
;- latifllatcN. 'I/44(" al ~' ( 44144'4(' thu,' jt'

quenev compared ikith the specimens of . telal, cN. (Is~ ''1llt%

other orientation sequence with the same 8. ( hclladurai. I., shsndVx, 13. V' & Ralo. (I'. V. I licc

number of lavers and boundary conditions. IihCV LrifClitaiitll ht haiiu of41 o41441 h41trollit L:i~~

Trhis is explained by the fact that such an p1) tc1 I'bhc .Sc'1 WlI' C1111d/I'4( ha 414 C. 21 1 Q,'4 I

orientation sequence is expected to make Ilwta A1ccintimirc Puhtiblinluiv(a I ;imnacaki ',\,
the plate more stiff. I 9)5I)

*5, With the proper choice ol liber orientation. I It .ono:>. R. Mi.. 1144 hjjiij, 44) 4)/1f)4411 Ilawi,u4 k t~ii
Boolk ( 'o_. Wa~l ni-,tol. I)X("'o-

fiber and matrix miateriaks for the compo- 1. RCLI(t. J.M., SUIrAC\ tit rcccnt TL'ýC/lVth in tcI~l1.1 'mki' (i
site. higzh values of the system damping ct anp 10ili c ptatcv ( 4//q e14 '1)4 km P!/ <'ý' A' w4 1'.4

factor for the various n'Uodcs of' symmeitric I 52. ?i~'cnt I1~fI~ Cp41 Lkam oiI'Vicl
vibration of the composite plate rna% be thorcd R cmp4ItC 'tnt:I~i,. P''4ýl(i1C I11

obtained. .Ui1 ( 4411.l_ \i Ma. 19,)-.
13.. Sun, ' I'., Rao. V. 'S. &X N'ikai. IB N_ I ilmic .'Itnitk

REFERE NCE 11 dH 1l511
/ictic kic\% ic/, ( ). ( '.& I d\ -h i. R. I .. Ihe/ i lf(4)4 I "Iý

I ri~i'iiio . k. I I'lunikci. R.. D~lnua iws ,fili~cs, alnd XWchlw/ -fill CCII. Nk'(;ra" -1 till. Ni>x\'4Iik. I N)
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APPENDIX: ELEMENT STIFFNESS

The coefficient of the stiffness matrix k,, accord~ing~ to eqn; I , Is given by:

B I1 B) 'k dxdv i.j 1. 2..

and according to eqn 2, the comnputcul results of the coefficient 1),, k); the llexibilit\ miatrix 1 ), for each
case of the five specimens are as follows:
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[llcmcnit m manti x for rectangular platc of unit thicknc,ýs wNith sides a and h:
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Large deflection initial failure analysis of
angle-ply laminated plates

G. J. Turie
Engineering tOepartnent, Lancaster U,,ivemrsv, flailrigý. Lanucier. U K. L.417?

M. Y. Osman
Mle( hani(aI Lniern l0epartmnem. ( ullege of flugiik'cripig. N') Box 2(). Aifarau .(Ndnh

A~ large dlefleciion initial failure analysis of square angle-ply laminated plates
subjected to uniform pressure loading is dlescrihcd. Approximate numerical
solutions of the Mlindlin laminated plate equations arc dernsed using finite
difference in conjunction with the Dinamic Relaxation D)R technique. t he
solution,: are sealed to satisfy, the Tsai-IfilI lamina failure criterion. The effects
of plate slenderness, in-plane edge restraint and lay- up on the initial tdii nrc
pressure and associated plate centre dL2tlection arc quantified for ý4`4
I .unta tcd plates kkith sirnin Iy suppo rt ed and clamped edges. It is sh~ ms i. parnkiu -
larl\ for thin plates. that in-plane edge restraint increases the initial failure fire,-
stire substantially. t houc-h changing the plate edge cond itions tri m sinmph

uprtdto clampe~d does not alw ays increase the initial failure piressure.

NOTATION xLamina surf'-ice number
11.1, Displacements ill the X anld V

a Plate sde length co-ordinate dfirections
.1 i. i = 1 21( Plate extensional stiffness, n' )efleetion and Centre detlectioii

I i -J Plate transverse shear stiflnesses respecti\ elN
%1 Nalrix oflpiate extenisional still- X. V ('arteyjan co-ortlinates

nesesA~ Y Ionoziludinal and tranlserse
1'!Matrix oif plate tt~insverse shecar tctnsileickiflpi~cssiVC xl renitths of'

stillTiesscs a. uni-direetional lamitna
i 1 .2, Plate coupling4stifinesses

B Matrix (if plate coupling stilT-
nesses

1);: Q~ 1 I.2.6 Plate flexural slilfnesses (=13N Non-dimensional Plate slend(L i-
.)Matrix of' plate flexural stiff'- [less
nesscs TI ime incrementt

/,,Plate thickness I. Plate mid-olane strains

k L amina number r .Plate mid-planec trans\verse
k,. D~amping f'actor associated with shecars

the x co-ordinate direction eC~tor of' plate midk-plane
Al. l.A, Stress couples, strains
MVector of stress couples Vector of plat mid-ln

*V"A" Stress resultants transverse shear straitns

A Vector of stress resultants K, K. 11 P[late mlid-planle curvatures
q Transverse pressure J Vector of- plate mid-plane

() QTransverse shear resultants curvatures
()Vector of" transverse shear v?11  In-platie Poisson's ratio

resultants Put Unit mass associated with the
R.N. 1* Iransverse and in-plane shear x co-ordinate direction

strengths of a uni-directional (it .a1  Longitudinal and transverse
lamina lamina direct stresses
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stitutive equations. retain their separate identities. Likev"isc. the mid-plane curvaturce, and tMi1st arc
It is. therefore. convenient in what follows to expressed in terms of derivatives of the rotation
introduce these equations individtallv. components as follmos:

2.1 Equilibrium equations K-,-

Ox
The five equilibrium equations itwo in-plane and
three out-of-plane) arc as follows: 00,

K , =--

a\ V \ ONx () V
aL + _- = 0ax a Y0 ,, + ag

a,\, ' &, ax aY
... -- = 0

Ox av
ac, a (.., a , a- I- , w 2.3 (onstitutive relations fir angle-ply lai -ups

Ox av -x , ax (xv The constitutive relations for shear deformable
w angle-ply laminated plates may be expressed a,

+ q =0l follows:

5Yl NI 1A P iI't + 1)1 KOafi, + ,,i i 'All Bj~r`" + Dj K"! 4

ax av "*

Oma,, am,
-- + -c" - () in which the stress resultant. shear stress resultant
ax aY and stress couple vectors are:

Note. in the third of eqns I I above the linear ': I , , , L 1I = 1 11
forms of the equilibrium equations are obtained
by deleting the three terms Wi(. Q,

OaIw a'i a , . , and the in-plane strain. curvature and twNist and
A. -1 " adxv V - the transverse shear strain vectors are:

1 F "' " 1 K~ Ki

2.2 Strain and curvature relations * ; =

The direct, in-plane shear and transverse shear and the material stiffness matrices are:

strains of the plate mid-plane are expressed in FIl , oA ]
terms of derivatives of the displacement and rota- A]=•/A. A,_ l
tion components as follows:L ( .

F + (ow!
o (a., Bo,]i~ B,,

=a. c~: +w Odw 1)= 12, 1). (), a _... + at--- + a... .W• aw.

+" O ax Ox 6Y o-I)0 ,

0, +=A, A ,

a = W The individual stiffnesses, A.... ,1 ,,,. H,.
Ov D)11..l,, and A,,, A*. are evaluated in the



Usual way as described inl Ref'. 1 2. Note too. thait in Nwhich the Strength cl)Clicicflt,.I- are delined

of prescribed values of the displacement. stress and the subscript,,. t and] c. denote tensile and
resultant. etc.. component,,. For laminated comp~ressiv.e strenoth values, rcespectivel.
Mindlin plate,, five conditions have to he defined
alone, each edge. In consequence, it is possible to
define several types of simply supported and 4 DR SOLUTION OF Tilt' MIINDLIN
clamped edge co-nditions, depending upon hilch LAMINATED) PLATE: EQU ATIONS
particular displacement. etc.. Components aIre
specified along the plate edge. As far as the [-he governing, eLuaions I-4aesle
Present stuld\ is concerned the plates are con aip~rximnaicl using the D)R algorithmn. In) order 110
,idered to be`either .simlplN Supported or clamped he able to apply thil, algorithin. the equiLlibr-ium
alon1W al des0for 'p s o imlpl supported and equations have I Iirst to be rendere-d quasi-d\ n-amie
two t\ pes, of clamped edge arc considered. Ho\ throug.,h the addition of inertia and damping, terms
cx er. t\\o of the sirnpl\ supported edge conditions toterreihn sds bs o xample. lithe
SS3 and SS4 are only used in the computations first of eqns 1 becomes:

unldertakeni to verify the D)R plate analysis. The o1 iupotConditions' used in the largc detLetion LUIS of la U d
failureIF stud\ are designated respectively as: SS1 Li
SS2. CCI and( CC'.I Ficure I show~s tibe six sets of
edge conditions. Fhe principal difference between in which o, and A-. are ma~ss, and damiping terms"
the type I and type 2 eklic conditions is that in res.pecti\ely,
the former ease in-p-lane dlisplacemnent,, are The accelerationm and veloeit\ termsl in the
suLppreC'Ssed. where1-as in the latter the\ are not. abhove equat ion may noxs be replaced byý the

floigapproximlations:

3 [SAl-1HILL LAMINA FAILURE ofda\ Id?

A\s showvn previously by lurvev and Osrnan'
there are a number of' lanmina failure criteria wNhich ai l i
may be used for initial flexural failure anal-vses. T . n di
For, the present study the following criteria "xere o -2 d o ofi
used: Maximumn Stress. Maximumn Strain. Hloff-

ma.Tsai-lIlladsa- .Hoeessilr and after re-arrangement the followin,- velocitv
failure pressures and deflections were obtained equation is obtained:

ot ) I + k,, ~ ')+(' LH S of Ia Ia,
with each, it is convenient to restrict attention to in which the superscripts, a and h. denote the
just one. Thus, all of the results presented in the values after and before the time increment. A/ and
paper have been derived from the Tsai-Hill1 k.* = ,kAifp '.
lamina failure criterion. rhis criterion may be The remaining four equilibrium equations may
expressed in terms of lamina stresses as follows: be similarly transformed into Initial value format.

P11 , yi a - (2+ ,(~ ,'- In order to integrate the velocities and obtain
Oi± 1 2 1 ±k 4 a+ L ulz displacements, an appropriate integration formula

+ [')f U2 = 1(5) is required. The following simple formula is used:



l.ar'e d•'lhectUo initial fiuihu" anahlvi.s ,•o lamiatwd plahtes

I)R analysis solutims s, crc in ch sc agreentcr
It,! = u•' +A• with these solutions less than 1, differcncc pro-

vided a 5 x 5 mesh over one quarter of the plate
FhuIs, the velocity equations, i.e. the trans- was used. Where syimmetry coUld no0 be exphItitetd

formed equilibrium equations, the displacement a I (× 10t mesh os er the whole plate gave results
integration equations, together with eqns i2i-(4i of similar accuracy. Biv appling ()II a small
and the boundary conditions constitute the corn- transverse pressure. it was possiblc to obtain ,,mall
plete set of equations for the application of the deflection initial failure rcsults with the I )R anal -
DR algorithm. A somewhat more detailed sis. Thus. a serie, of small deflcction initial failure
account of the DR algorithm in the context of analyses for single-laker orthotropic SS3 cdt-c
Mindlin plate analysis is given in Rcf. 8. conditions, and two and four laser 4 - a nti-

To obtain numerical solutions, the equations symmetric anglc-pl'. square plates \\1ith SS,3 cdge
have to be discretised. A conventional central conditions see Fi,, I, were carried Out. The
finite-difference scheme was chosen. The finite- plates \\ere assumed to be laminated from uni-
difference DR algorithm operates on the system directional (FRP material wsith elastic modular
of equations sequentially until the velocities and strength ratios as listed in Tables I and 2.
become negligibly small and the static displaced Exact solutions. bacd o, Fourier serie,, aal',,s,.
configuration is achieved. Rapid decay of the were also comnut,., for the same range of plate
velocitics is ensured by appropriate choices of the lay-ups. IThe I)R approximate and f-ouricr exact
damping factors and the use of fictitious densities. inlýiai tailure pressures and associated plate centre
Further details of the latter may be found in Ref. deflections are listed in Tablc 3. Clearlk. the DR
13. initial failure results agree reas nabl v wcll %%ith

the exact results. It \was. therefore. concluded that
the I)R analysis could be used with reasonable

5 INITIAL FLEXURAL FAILURE ANALYSIS confidence to compute the main large dellecti"n
initial failure results of this stud\.

The approximatc solution of the Mindlin
laminated plate equations constitutes only a part
of the initial flexural failure analysis. In order to 7 INITIAL FLEXURAL FAILURE RESUrI.S
determine the initial failure pressure and asso- FOR -_ 45$ ANGLE-PIY PLATES
clated plate deflections. it is necessary to deter-
mine the particular approximate solution of the As mentioned in the Introduction attention is
plate equations which just satisfies the Tsai-Hill focused on the effects of plate slcndCrness., edge
failure criterion. i.e. eqn 5). at one or in the case support conditions and lay-up antisvmmctr\ on
)f svmmctry at several) points. This is achieved by the initial failure response of square ('FRP plates.

scaling the approximate solution. In the case of a Thus. computations have been made for: plate
span to thicknc.-s ratios in the range I10-50 ) i.e.small deflection solution, simple linear scaling 1

may he used as explained in Ref. 9. On the other the practical range of thick to thin plates:., two
hand, it is necessary to use an iterative procedure types of simply supported and clamped edge con-
non-linear scalinge with a large deflection analy- dition and symmetric and antisyrmmetric ±45

sis. Details of a convenient iterativc procedure arc lay-ups. The large deflection initial failure results
also given in Ref. 9. for the above range of parameters are presented

in Tables 4 and 5 for the simply supported and
clamped plates respectively. Also included in

6 VALIDATION OF INITIAL FAILURE these tables are the failure initiation locations as
ANALYSIS well as the values of the square of the dimension-

less plate slenderness,
A number of check analyses were undertaken to
establish the accuracy of the initial failure results [X
derived from the DR finite-difference solution of p = E
the Mindlin laminated plate equations. These con- h,
sisted of comparisons of DR elastic small and
large deflection solutions with alternative exact In order to appreciate more clearly the effects of
and approximate solutions. It was found that the lay-up, slenderness, etc.. on the initial failure
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Fig. I. Ldge conditions for simpIl supportCd and CatUMped p1ttes.

lahle I. Elastic properties of a uni-directional CFRP 3 (initial failure pressures only) for clamped
lamina plates. Focusing attention on the initial failure

pressure results first. i.e. Figs 2a and 3. it is clear
GI (I (G, that the dimensionless failure pressure increases
,, -, F- with #'-. However. for both the SS2 and CC2 edge

. ............ conditions. i.e. the in-plane free conditions, the
12-31 0-526 0-526 0-314 0-24 failure pressure appears to show an almost linear

-.. - increase with fl/. irrespective of whether the lay-
up is symmetric or antisymmetric. The non-

response it is helpful to plot initial failure pres- dimensional initial failure pressure versus /32

sures and associated plate centre deflections relationship for plates with SSI and CCI edge
against 13'. This information is presented in Figs conditions, i.e. in-plane fixed edges. is quite differ-
2a and 2b for simply supported plates and in Fig. ent, being markedly non-linear.



Looking at the results for simply supported [urning, now to the ass~ciated plate centre
edgye conditions in more detail, it is evident from deflections for simply suppo)rted .- 4 5' angle-phý
Fig-. 2a that when the lay-up is antisvmmetric the plates shown In Figi. 2a. It is clear that although tin-
difference between the initial failure pressure for plane fixed and free edge conditions result in lar~c
in-planec fixed and tree edge conditions may he differences in initial failure pressure,, for thin
very large. For example. in the ease of a thin tw-o- plates. this is not reflected in corr-cspondingl\
layer plate. i.e. 32 10- 1 75. the initial failure pres- largec differences in plat etedflcin.Io
suires differ by a factor approaching three. Uven the four-layer symmetric angle-ph plate. i, IN

,when coupling is diminished, as in the case of aI evident that the degree of in- plane edge restraint
four-layer antisyntmetric plate, this factor still does not affect the deflection ait sý hich lailure
cxcC,-:'As How,,%er, in the absence of initiates. Similarly lfor slender tv ti- and foiur-laiser
bending-shearing-1 coupling (cf. the four-laver antisymmetric anglc-ply plates in-plane fixitvs only
symmetric angle-ply plate ). changing the in-plane increases/deccreases the associated centre deflec-
ed,& restraint from fixed to free in a thin simply tion by a few percent.
.supported plate ý i= 10-1 75 increases the initial Considering now, the initial failure pressure o~r
failure pressure only by about 50'% and this effect clamped angle-ply plates. i.e. Fig. 3.it is, cleat 'tha
diminishes rapidly ats the plate becomes thicker. the samne general trends as, for simpl\ ,upported

plates aire eVident,. viz. increasing the degree of In-
plane edge restraint raises, the initial failure pres-

Table 2. Strength ratios of a uni-directional (CFRP lamina sure significantly for thin plates. Hoesver. lor'
clamped plates, there is no significant difference

A I .R between the associated plate cc:ntre deflection"
y i. v y. regardless of the degree of in- plane edge, restIraint

and whether the plate is moderately thilck or- thin
;4*(~ ~ /' I-(1(() .S4 I~ k)84 seTable 5.

It is of interest to compare the effects of tiexurail
f edge restraint on the Initila tailure results, for these

Note: 245Thangle-ply plates. Thus. referring to Figs 2a and 1.

I able 3. Comparison of D)R and exact %mail deflection initial failure analyois results for unifornil. loadrd~ NqlujiL linale% i4ith
simptipl supported edge conditions (shear correction factors 0

I .~-up- APlat~e etc(Ikh, (I U ondI I ionsl

i'6 9 0.0 19 04- 0-3 1 3 0. 1

()rthotropic i'7N54ý 0(-08 12 045 o.3 I 5
I 5498 8015, 04- 0-.3 1 3 oq)
i5().20 1-St109 14 ),2 1

3')212 0145744 ()414 0.04 1

4ý- 4. 3-322 444495 0_ I 4). I 1 S
794476 1.2467 0.0 0- 14 0 -40 2
83-296 1-3241 44-1 0.-1 1

7.4S8 (-04777 41(1 (H-) I 4

41" 45 "/;45-/ 7-277 0-07761 042 04-2 t I 554
180177 1.5213 04-0 (H-4 I I (HC4
1 88-97 1.5974 (42 o-2

'A tamnina numbcr~ starting trom tipper loaded plate surface).
)-s tammia failure surface; I denotes uipper and 3 lower surfaceý.
D R approx~imate analysis results-

`D)R results computed with a 5 x 5 uniform mesh over a quarter of the plate,
'Ei-sa analysis iseries solutionj results.
I )R resultsý computed] with a 144 x 1(4 uniform mresh over the whole plaitc.
I)R results, cormpuied with a 1t0 x 144 uniform mesh over the whole plate.
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Fable 4. DR large deflection initial failure results for uniformly loaded. square. simply %upporied ISSI and SS2 edge
conditions) angle-ply laminated plate% (shear correction factors -* )

Laa1 Iz pi X X

10 4-5106" 0)-0593 1H) o-2 1 I 41.4W'

3-198W' 110570 (H)0 I -) 2 3
201 18.191 0-2000 1-0 0-2 1 I 16-o

12127 (1-1959 1.0 10 20
45. -45 30 43-4 79 0-3980 0.2 10 1 1 31 663

25.86 , .0-400h 1l() (0 ,0 1

_40 89-661 0-.240 0-8 0-0 I I 65 "
43.672 o)6415 t).0 (0).) 2

0 171-3,6 0(8643 .t 09 I I1 1 10
05-581 0(8988 0(-0 (010

10 2-530 0-0279 1 J) 10 t 1 ()4-
2-5,12 0.0277 1 -(1 1( 4

20 9-433 0.0876 0)-I) I).l 1 I In21
9-32() (1-0874 (0-0 (H) 4 3

S 45 -4545 31) 21628 ().I S173 1)0.) 0-0 I 1
20-570 D-1858 1.0 I.H) 4 3

4(0 41-363 0-3245 0-0 (0-() 1 I 65o 2
36-467 0-3226 0()0 ()'1) 4 3

51 '4-428 0-.4(167 0-0 1 )H) I I 1II17ý
574(70 ) '0,4931) 0.0 (0( 4 "

10 8-171 0-0796 I<-5 (1.5 4 4 0- 407
7-388 10-0767 I- ) 01(0 4

2_) 32-=• 28 -2 33 0-5 i.5 4 - I. ,
27-83. 0 11.2446 (1-0 (0.0 4
32-828 0. .2 3 4) ().5 -43

-~ 45: 45 - 45- 31) 84-9 )-. S 190 -0-5 W(- -

58-914 01.491)3 0-0 ((-0 4
40 194.5() (1-8417 0-9 0t-i0 I I (65(;2

99.744 0-79 1)0 0-I0 ()-0 4

5) 383-9() 1-1604 0(-)k ().(I I I II( 10-
148-3 I- 1 (170 (--) - - - -- 4 -

SS-1 rcsults.
""- 82 r\I'C l t\'.

Valuc'. computcd k•ith a 1 WI x 1(1 uniform mncsh ocr the wkholc plait.
Value,, corputed %kith a 5 x 5 unitorm incsh ner a quartcr plate,

- \altuc. co)mpulcd %kith a 1(0 I10 uniform mesh oýcr thc v, holc plate.

it is noticeable that in the case of the symmetric In the last figure of the paper. i.e, Fig. 4. the
four-layer plate. changing the edge condition from effect of changing the liexural edge restraint in
simply supported to clamped produces a very the presence of full in-plane fixity1 on the asso-
large increase in the initial failure pressure ciated plate centre deflection is shown. In all
!irrespective of in-plane edge restraint and cases, the deflections at the initiation of failure are
slendcrness, The situation for two- and four-laver larger for simply supported than for clamped
antisymmetric angle-ply plates is markedly differ- plates. For example. the centre deflection of a
ent, i.e. changing from simply supported to simply supported four-layer antisymmetric angle-
clamped edge conditions produces a reduction in ply plate is nearly twice that of the corresponding
the initial failure pressure when there is full in- clamped plate. The differences in deflection.
plane fixi!y and an increase when there is no in- though substantial, are not as large for the other
plane restraint. two lay-ups considered.
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Table 5. D)R large deflection initial failure results for uniforml.* loaded. square. clamped ((CCI1 and ((2 cdge conditionI) angle-
ply laminated plates (shear correction factors -,

Ii. aLaN-up hetI t., ta t,

10 4.1t2- 0-0(3 19 fH) 11,0- 1 (A 1l7
4"285' i, '0341 W -4 I-.f 1

20 7. ) 1 10 (. 1044 0-4 1() I 1 .1 i ,
17-237 () (05f) 0.-4 1- )1

45ý; - 45•c 30 41 -4I)(1) (-2324) 0(- (HI I
•.176 02261 0-4 II ) 1

40 80-3001 04001 1 -o ()5 1 6 i2
71.50(0 0(4021 0-6 I-0 2

50 1i0-40 ((-6237 0.0 ) i( I I 1 -5
1 15i60 0-6279 (0-4 (H) 2

10 633 0-038 1 0'6 1 I 1
6633 0-o0381 0,6 '(1 1

2 32-201 0-1234 0.6 1-. 1 1
_-V99 (-1232 0-6 " -

45 -4i" 45' --45 30 79-133 0-2658 1 0 0-0 1 1 -I,
76-4 r8 0-652 0(.4 I0.0

(( 5S-on0 ((-4t685 ((.-4 it f Iu-'- 2

14 2-20 -4668 ((-6 -(l

50I 2S;7-.3S 0.-7148 .(( (1.4 ,
2 fl-34 f1'7 (6 ((-6 I-If

0A 3- 7 1' 1 tfl-) I) (1 (1-0 1 1

45 -45 45i - 4.-- 3I 74494 ((-2480 .,-6 0.f) 1 3- fo72.268 ((-42 ff,

143,-28 ((-4-52 (I-)) (V-5 ,,I
132. -h8 (.424 S., IH) .(-6

, 5 .,,�'-8'-) (-066 7 (f-S ((.( I ( i
21536 00-749 t.) (0. 0 0

(VI rc-uhis.
C( '2 rcsultýt.

a)IucN L I computed ith a H)! x- I( uniform 1i el c r til h .' holc plate-
V'1lue, cnlltIputcd with a 5 x 5 unitorm mesh u,,cr a qllirmer plate.

taltc -computed %% th it 10 > 1() , unitorm mensh O cr Fhe vk hlc plate.

8 CON(LtUDING REMARKS suppressing in-plane edge displhccnientý. !-0r
clamped plates the associated plate centre dece-

The authors have presented an approximate large tions arc not influenced by the degree of in-pl:mc
deflection initial failure analysis, based on Mindlin restraint at the edge of the plate. Perhaps the most
laminated plate theory, of uniformly loaded significant finding to emerge from the \tuld, is that
square angle-ply plates. The results of a param- when the plate lay-up is antisv'.mme rrne. ch~rig,
eter study for thick and thin ± 450 laminates show the flexural support conditions from simp!N
that the initial failure pressures are increased supported to clamped does not necessarih resull
significantly by suppressing in-plane displace- in an increase in the initial failurc pressure. Onl]
ments at the plate edges, especially when the when the Ilexural support conditions are changed
plates are thin. It is further shown, in the case of in the presence of full in-plane edge restraint does
simply supported plates, that the associated centre this arise, otherwise a decrease in lailuir pressure
deflection at the initiation ol failure is either occurs.
unffceted or is marginally increased as a result of
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Static stress analysis of composite spur gears
using 3D-finite element and cyclic symmetric

approach

S. Mohamed Nabi & N. Ganesan
\hlathie !)vntonics Laborujorv. Iepartment 01'Applied Mlechonics, Indian Institute of •echnoloty. Madras WKI YM3. India

It is more realistic to include the effect of adjacent teeth stiffness while evalu-
ating the root stresses of a gear which is a rotationally periodic structure. This
requires very large core and computational time. In the present analysis an
attempt has been made to compare the root stresses with and without considcr-
ing the effects tof adjacent gear teeth stiffnesses using the concept of cyclic
symmetry. Further, an attempt has been made to study the performance of a
composite spur gear using the above approach. It is found that the root struc-
ture predicted by the method of cyclic symmetry is less for both isotropic ýind
orthotropic spur gears.

I INTRODUCTION bine blades and alternator end %kindings. The
above authors have used conventional solution

Fibre reinforced composite materials are being procedures, whereas the entire stiffness and mass
used for different structural components in space matrices are assembled and used in the solution
vehicles, aircraft and automobiles. Transmission procedure. This type of analysis requires larger
gears made of composite materials have been core (memoryj for storage. Finite element analysis
used in some types of washing machines. gear using a two dimensional element and the cyclic
pumps. etc. It has been reported in the literature symmetric approach for an isotropic spur gear
that the life of a heavy duty gear pump in a chcmi- was carried out by Ramamurti and Ananda Rao.-
cal industry showCd an increase of 100I) h when the Single tooth finite element analysis of composite
conventional material is replaced by reinforced gear was done by Vijayarangan and Ganesan.i
composite material.' Because of this and other In the present work an attempt has been made
advantages such as lower weight/stiffness ratio, to ana!vse the variation of tensile stresses on the
composite gcars may replace conventional load surface. which are responsible for the cata-
material gears in power transmission systems. In strophic failure of a gear tooth. Isotropic and
the literature it is found that the boundary condi- composite materials arc considered in the
tion used for the study of gear tooth stresses is analysis. In the finite element model three dimen-
that either the base of the gear tooth is fixed or the sional eight noded brick elements with three
sides are fixed, or both, none of which is correct. degrees of freedom per node have been used.
In reality the base of a gear tooth is fixed and the Usually the structural stiffness matrix of any svs-
sides arc subjected to the internal reactions of tem is in banded form. In the present case, the
both teeth on either side of the teeth under study. analysis uses one gear tooth with the coupling
Analysis of gears with such a boundary condition stiffnesses of the adjacent gear teeth. This inclu-
is possible only by making use of the concept of sion makes the stiffness matrix fully populated.
cyclic symmetry. But the use of a conventional full matrix assembly

A cyclic symmetric structure is a rotationally procedure is inefficient and the core needed for
periodic structure. Such a structure may operate such analysis is very high. Hcace to solve this
with or without cyclic symmetric loading. Wild- problem the out-of-core technique. namely,
helm' derived this principle and applied it to the Potter's scheme has been used in the solution
vibrations of a rotating regular polygon. Thomas3  procedure. which uses the partition-wise assembly
has used this approach for the dynamics of tur- technique.

541
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2 STIFFNESS ANI) FORC'E EVOLT-tION too'th and /ero loads onl all o~thcr teeth leads ii)

asymmetcric loading. A method of anal . i, ()I

2.1 Stiffness description asymmeitric loading, has been presented in Ret
and is explained here. T[he lo~ad acling on that

.A -,car wheel is at rotationally periodic structUre tooth Is expressed as, sceier-l 1-muiner harnm( ics.
having at number of identical Substructures equal For each harmonic thle anlsi f the rcpeaitint,
to the number of teeth in the gecar, This periodicity sector ;one to oth; is Carried 01,t. '1 lbe IJ
of tetLear teeth is explained in Fig. 1. Here, N is response is obtained as, suml of the idi iidUal hat

th iubr ftet n h cear an ii uhro incresponses.
sýtations considered in at single tooth. In the pres- Since the stillness of' a exelic synmniitric srruc-
enlt model at gear tooth is divided into six II ture- Is in polar coordinates, the forces ati alst
radial divisions. The number of' nodes in each expressed in the sane o )ordinate s\ystemi.

division w.ill bie different as, explained in thle figuuef.fl t+
A, described earlier, in the present ease the stifl r. z/ c" - c. e ... -- I,

nies,, matrix is at fully populated miatrix and it is at "here Ir. c are coellicienits corrcsp ndiiih t

licrmitian matrix also. The static eqUilibrium11 for the ith harmonic and /1' Is the axisx nimeiric comn-
the gear wheel analysis canl be represented asfl Pone n t

I fol-.it bif b- h...1 arec the loads in the repeaied

is 1 a structure~s \.2..,Athen the corrcesponding,

where Bis i symmietric submatrix of at siniole
staionconideedin a substruIcture n A. Is at Th Fourier coefficients are to evaluated for each

coupling stiffness sulbnatrix hetween two adjacent structural detiree of freedom to determine thle
stations,. g, and -., are displacement and force vec- load vector corresponding to each Individual hlla--
tors of atsn-l station. monic. 'the load on each detgree of' freedom can

kI=c1,:k, Ik 1 and i = 1,2. b. e represented as

u4 is the angle subtended atl the centre by the sidesI
of the Lear tooth uinder consideration which can c4 =Kt 4
be obtained as 2rN

where c is the component of- thle Iourier liar-
2.2 Force and displacement evaluation monic and elI I'll is the factor that links the force

of the system of one structure to another.
In the present case, at gear wNheel with unit contact In a spur gear thle load acts on only one tooth
ratio has been assumed. The loadingt onl one Lear ýin this case, as contact ratio unimIty~ and is

uiniformily distributed along the line of contact.

and

4 fiA 4 f2A ='ilu =PIN/

2 6(n) IUsing the procedure as prescribed in the next
section, the displacements of the gear teeth under
consideration are obtained. These displacements
are extrapolated to the adjacent teeth based on
wave propagation theory in the following way.

FiV. 1. Finite element model. 141 = e"'4( 14,. 0 (6)
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The tot.1l disp~lacemn1lt Of each tooth is arrived at tic hre
by SUmmnation oif all the displaccm-ents obtained '1 4 1i 0, (/, A ) '
for different harmonic loads. The real and nimagi--
MiarN parts of the~ dipaeet bandN-1 l I p

(oeAireal mode onIk.
similarly

3 SOLUTION PROCEDU1RE d, Pid

F he static equ~ilibrium of each station can be
represented as fOIlows." For the first station B -( I I .-

id" ~ ~ ~ ~ ~ ~ ~ h aboIe equa=,I7 -- 1 ZNCCL1.tion canl h c ~ ri tten 10rr the 11111
where B, and A I arc stiffneCss SUbmatrices of the station

stat iolr n.C IS tile coup1-fiM2 st iffness miatrix
bexhccr. suiccessive stations. (I is thle n1odl1 dis- PI ' (,1

placement. It, Is thle force \vector. I ~quation ,7 can ALq uation 1 3 il can hc1subtitLi ted Ill I
he rittenl In mienral fotrm ,,d±

(I d d -,I' (I d: Comparing Cqnis 1 3 1and I cl can obtainl

S. 3. 4 ...... /I I; I -- I P qI lkj - I ). 1

7'~uan a11nd N car bie modified 1o Stubstitu.ting1 Veqn N') inl Cklj IS ' 2canl arrivc 1t

and iciw ns.

4 RESt TTS AND) DISCUSSION

The aO)M e OlUti in prOCCduie1 is Used 1o s l1Xe a
"static equilibrium11 Cequaitio.i for al earbo1-,icel

B, -vIn atcrial and na lass-cpox'N material spilr tIcar.

B, I. heir material properties are ui\en in T.hibl I,

Th Aua. toh paranimtcl-N Used In thi, \\ork arc
P'-I B- P I' -,iven in '[able 2. A unitlorml load of24I 2 N mm11

a (I icIlenth of the tace Nwidthi of thle 'Milr tooth wýas
assumed to act at [the tip as shown[ inl Hui. 2. Ibis

8' -1 i 2. it(. unikrml-1v distributed load w\as lumipod at the
nodes T hc load and node details arec cxplailled Inl

-1 hC cqni librin nt at thle I/t h sta~tio n is (the sanie figure. Filhe co tlsi(Icreli spur gee ir sector

t, ah I ttr~Ipo 1 rh

liccause id cyclic s~rnmmetrv ae1.Mlraports

SIM1 '-d,- pox

I I Vnimm 2i 1 -(i! i) 1 Stb'ti

A N mm 7'i z54 04 1~t

I IX smi kgc'mtni 75 10 1 -I I I li

I quat u ns 7 .and iS after simplification give 0t A Irm 3

(1 ) S A ýNinm n 370,'
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r'able 2. Gecar tooth paramneters an adjacent gear tooth hats resulted in a reduction
- of gear tooth stress 0,S. N o. Parameter Value

A spur gear made ol cornposite material class-

IPressure an-d 20- epoxy) with radial fibre orientation has, also been
2Module 1mmn 1 analysed. 'The displacements obtained u. nt'. It-

Ad1)dendum I-2III have bee~n plotted in [Figs 3-5. 'The maximum11 dis-
Rootlilet ~djs 03 m placements from tip to root along, load ,urface

6Rimi thickness 1.25111 have been compared in 'ltable 3 for both the e'clic
Numbe1hr of teethi -(I symm-etric and the sinitle tooth approach,. 'I'he

SFace N, idth I I In
......-. .- .. stresses along the fibre dircction L-!. the other

two perpendicular directions 1'. /ý and the shear
stresses in the Lf 7Z. /1. planes, are transformed
from the calculated] stresses alonLe the ueemetrical

- -4~-~-i xes. The stresses are plotted in Fis6- 1 1. It ma\
268 W ese rmteefcres that the '%ariati(1n oft

200 -<displacement and stresses of both st':el and C0 ni1-

'32 .

't7 able 3. ( rnparmison of results o- clic %%rnkricrc approach
64 .9andgm4le tooth fmnite elenment analvisis

,n cII II
S I 254- Ill 4p2421-

'.41. li-)) 1 0l 241 - 1 1 11

C 4-5 11- 2 not (1

Y

'S 1) s4.401 (1, (43,s o1 (12

( 1-4490141 02 jI -4" S- o2

S (I S6831 012 0 4Y

in the cyclic s-,immetrie approach has an included I l-'5 tII N)5 ioI it I

ancl.c o)f I," i' ii. 'The stiffness matrix of the s\vstem () ,, ''- __2 III) ( hIl ofW It;

i,, Obtaine~f In usiMe hight noded brick elements S 7 1-') (1( wI -'1~l

,sit h iredegrees of freedlom per node. Theliy are I >2 41(. 0I

it. v and It- displacemtents along the th ree miutuailk S-. mild Meet: ( . ca 'mis "die ,Iie, 1:11l

perpendicular directions. I- irst the analysis ti) at
steel spur gear has been carried out. [The caIlcu-
alatd stresses, are comnpareVd w,,ith the existini .

A(MA aNI\..nalvailcal method and with convenr-
tii nal sitIleC too th finuite element analysis'- A cet i-I
parisl n (A1 obtainedl maximumn (j of three
mecthods aire sh wn belowý

iAnalytical met hod :Agrnai equationII 1401 -

ýii. Single tooth finite element analvysis: 1 22

Ii (N vlic symmetric approach: 97-2 N/mmn'

A co mparison ol displacements in the iu and] t
mnd stre~sses In the ,cerpendicular directions, arc V11mo.3. 1 \ k;~~uo ]ih c ;It) .1if, ') NaI) iiaaw

~'vnin -VThblc 3. 'The inclusion oA the stifý':ess, At -1 t I i
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approaches are:

------------------ k--i, (Conventionall atpprotach: 1 -40001
-ii ) CvJh. svmmeti-ic approach: 1-55 13.

5 CONCLU SION

The effect of adjacent teeth stiffness on the still-

ness of' the ,car tooth under cons~ideration haN
~ ~ been studied. It is f~ound that the inclusion oI the

- --.-. aove tiffess esults in a reduction of normal

Fig.10.Varatin o oxxih diwnc t'orntipto oot stress in the fibre direction. The normal streswN lit

I~g.10. arla on '- oloa ,I/ tlrfktlcc.1mtp oro the other two directions are f'ound ito increase

slightly. But the f'actor of' safety calculations pre-
dict higher values, for the cyclic syminmetric ap-
proach than the sieetooth finite elemnent

- -~- --- - *---- - ------- zinalysis.
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A damage mechanics tool for laminate
delamination

L. Daudeville & P. Ladevieze
/ ahoi toh, 'tr Alt;( tip I niqc et I t'( Itob(ýv u It'. I AVS t ic ( a n/u A XR) ( ino Vt 11i c i rw I)I r ic ep1 tt itut I 'u~tti. 'U I if F!, .

94235 m hap~tt( cdt' k. I'tn

A- simplified niethod based upon dioniai.!. niechanics for the detarnitaiidin'
int yis of catin - resin co nfposte sis i presented, In t he nc igh ho irhot td t ita

linninate st ructure quas,-straiight edge, dai~antu is taIken concentmrated on tht:
intertace hctsmccn Ia~ers. Fht: finite element code I-DA. acting is apot
processo r ofit n ctastic lamninate shell comrputation-l at los' he t n 5c andi
piropauial t mii lrecast of dtctanjnai ion. F- irst numricalct s irnu an t in of dctainitna -

cnMe-I% e and comI~pared %kith ex .perimnental results frnt ltinIle rature

1 INTRODUCTION laminate shell computation. ihev are associated
to criteria based uponl the average of normal

l hC degradation modles of carbon-resin lamii- stresses along- at characteristic distance from the
nate's -cL.e 1300-9 14, can be split into two classes. free cd,_,., Progressive deeradations are not \eo
(On the one hand. intritlaminar damages: trans- taken inlto a~ccount. In addition. delamination does
verse matrix cracking~. fibre-matrix debonding. not alwas s occur "here stresses are maxima and
fIb-re ruptures. On the other hand. delamnination, thle intrinsic feature of thle distance fromn the free
i.e. deuradation of the link between lavers. Lami- edize can be discussed \\ht~i i-,cometr and stack-
nate structures, beino thin iplates or shells . the Ing sequence vary. Linear fracture mechanics. i.e.
stress ,tatle far away from the cedIg zones ;free Computation of an enertN, release rate G and] it,
edt!Qs. zones of force application, Iis plane stress comparison with af critical value (t,. is, generally
state, ,k hercas the stress state can be three-dimen- used for crack propagation studyr." Nevertheless.
sionatl in the edge zones. Thus. delamination, fracture mechanics canrnot be used for crack onset
af phenomenon of layer (Iebondintg due to possible study.
stresses, that arc normal to the shell surface. Prog~ressive degradation m~odelling! allows one
occurs, principally in the cdoe zones of laminate to predict accurately the structure behaviour until
sit rtc tures. rupture: that Is damage mechainicsý of- cornpo-

Numerical rupture simulation of' a laminate sites." Numerical methods, based upon damage
structure. taking 'into account all the progressive mechanics proposed by Ladcveie." acting aý
degradation phenomena. leads, to a time depen- post -p rocessors of' an elastic laminate shell Coln-
dlent three-dimensional non-linear problem. putation have been developed for the forecast of

voadays, finite clement calcualtions under at 1i rupture far awa\ fromt the edgec. lii rupture in
classical lanmiate theory and combined with the vicinity of at circular hole, and ,iii 1dclamina-
stress, criteria.' are generally used for the rupture tionl near a quasi-straight edge.
forecast far awav from the edge zones. Such an Method fili is presented. The general ideas of
approach can be discussed because such criteria that computational tool .vere first presented in
canno)t well (describe the different damage pheno- Ref. 1 2. We present now\ the development andI the
menla. first results of this simplified miethod that allows,

Uor the delaminaimon analysis, more especially the forecast of delamination onset and itspoa
for the onset forecast oif at free edlge crack. compui- gation on at short distance. D~amage phenomena
tation methods of' elastic edlge effects-' ' arc -are taken concentrated on the interfaces betw-een
generally used as post-processors of' an elastic the layers. The edge is quasi-straight. thus the

(ti w ipt -t %Si iot I tns (026 3-K2 23 "J 3/SI 6.01 (1ý 1 993 F I sevier Sciencec Pui h blihe rs I itdL I ýngland. PriI nedt in ( i neai rt it it I
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Initi i I th ree-di mensitonal problemn becomevs aitv mk
dIflflcnfionl one set iintoa binid perpendicular toI

I lhe harim ate is modelled as at stackine of4 iaver - -

1101n0i-encOltis elastic laykers cOnncctcd by elastic h.~
'\\ith dimnaye interf ices. Hihe in terflace IS a
t'x o-dinicrisional entity w~hich ensures- Stress and(
displacement transtfers betvý ccii Iayers. I lie / is 1ht'/uill asminiw 111cUtuWII ~ I
degradlation effect IS taken inttO account throuvih inftluence ()I the ald'acent la\ Cts On tlheii1 ICI -

the relaitive variations of the interface elastic faice dajnia,_c e ha\ I iour Is taken in t ;ce in C(ili
moduIl1i. An interfaice w\ith damage has, also been throt.ugh the fibre directio n bi1sectt r, 1i' hat a
used rcent! v b\ Schel leknis' for delamnination StLpp()oSd to be fil direct it' Ofs tMd11)li11'01rt"ts,.

siuaIn tf a lainate tunder tension. [he inter- '[lhc conjSjl utijel'\lnkrheniti

face modelfingy of this author is principally stresses it the 'unit (If displaccencitn
based Upon numerical considerations. The inter- bet\\Ccn) Ias~ers. its expression1 In 1l"iit ~
face mnodelling we propose has alreadv been pre-
sented. In the previous presentation. I-o tk the

prt~iculr example of at double cantilever beam 0 2) 0
1)(13% .a link has been established betxeen o k

damnage mecchanics oft the interface and fracture
mcchanics eii~a mechanical interprctation to ith
that modeffin-. Note that the crack length w~as
considered large compared with the beamn thick-1 I. uN --. N
n ess. In the piresent p aper. the numerical sirnula- jumpci ofdslaeetew en 11c'ad
tion of' the l)C1 test IS pcrfi()rmedl with no initial - laers
crack. The finite element method is used. D~ue to
damage. the structure mnay present a critical state. Nt h atclrcss
A method"'' in which crack opening displace- k. ~k'- ~k 0
mient is Cointrolled. allowxs Such a linmit point to h opeedeodn eexcnlsr
passed.

Numerical simulations of delamination. com-A k
puted with the post-processor edge damage arialy- perfect bondinl,
,is FI)A . arc -i\-en in the framework of Jia
D( B beam: studyv of' onset and propagation of' * D)a~llage 's INl/ildhi'rtl ill /he( .? (/Uct lI iii fo
delamination, and ti)ita specimen under tension: tenratohehlldecIonmd
study, of delamnination onset near the free edge. therei nordmagote underf comression.ýmd

TVhe proposed numerical simulations allow a corn- *ldU.V/~lfh lSibCNaete/u

parison with experimental results from literature Reaievlail-.o~ifiesaete(4fig

for the identification and the checkint (of' the indficators three internal variables if are
modelling, associated to the three stiffmess rnoduli k'.

Di 11W 011Cr/ace behatiioir is aI'ssumedl to /)c'

elastic w'ith d~amage - that is at first, an

2 I)ELAMINATJON ANALYSIS BY DAMIAGE inelastic behavour can also be introduced.'"
MECHANICS The thermodynamical potential is the strain

energy:

2.1 Laminate modellingI-aY ki~

The laminate is modelled as a stacking (i) of' L 2  k', C' I-J~f
homogeneous layers, and (ii) oif interfaces con-II
necting layers (see Fig. I). + U -+ (

All damage phenomena are taken concentrated k''(lI -de, ) ký(l d
on the interface. The principal features of the
interface are as listed below. + ) denotes the positive part.



I he variables )',. that are similar to the energy 0
release rate introducedl in fracture mechanlics. are '2A 1

miode Iý m~odIeI

I Ix I, UJ Note that mod(es L and I are here rclltik k to the

A k 21 k el axes of orthotropy. contrar\ to) the t ractureC
mlechanics, classical appellati m that rcocr" (

mode I MOd~c 2 crack- 41-tfling directionls.

I..1 I. fli~t choice fiw [he dwalliae ert/uhlol hll,
The evolution of the three damauzc variablesý is linked because the ,anic micro-cracks participtet

dme.Daniage evolution is a,1ssumed to be ,ovcrncd bv

Y =sup 1,: + Y1),I+ Y, P. l coupling lactors

D'L1amaeeC eOlUtion law is

(1. Y it' li/ < 1 1 I othecrwNise

Y1= if' <, I and It, K 1 (1 = I otherwise

d, Iv if' (, K I and ci, K 1 (1. = otherwise

" ith

xhere 1,is threshold enerizv. V. is critical encrozv. ii is characteristic parameters of the daman,:c eolutiori
law\ of the Interlace.

2.2 Link with fracture mechanics

Classical tests of fracture mechanics" allow us to obtain the three inter-laminar fracture toughnesses (Y',
(Ill. Gfil relative to the modes 1. 11 and Ill. Gk'. G.l are different."'

Uinder the assumption that Q~ is .i consta~nt parameter Ochre is no k-curve effect). Q is at characteristic
interface parameter. G, can he interpreted as the necessary work per unit surface for the intcriface
debonding. Then, it can he dependent (for instance under pure mode I -=mode 3 on the characteristic
parameters ol the interface modelling.

G, o u.1df uit wi th it, I, it, the interface is locally cracked

(4, is. therefore, the area under the curve it, I (~see Fig. 2)~. In pure mode I one finds

)'. + Y - Y

I-or the identification under pure modes 2 or 3. one assumes that the crack opening direction coincides
with a bisector of adjacent fibre directions. In that case one finds (mode II mode Iand mode
Ill = mode 2):

G . (Y 2 \ Y 'I t Y ? I I ( Y , Y w ith li = 1 . Il

"The above relations allow a first identification of damage evolution law parameters.
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Note that delamination modelling through an interface with damage includes the notion of proceýss
zone given by some authors, because damage varies continuallv in tile vicinity of the crack tip. lhe
process zone length depends on the structure ýthe damaged zone at the crack tip is different for D(B
beams with layers at 0' and 9W).

3 NUMERICAL STRATEGIES

3.1 The boundary layer problem

3. 1. 1 Prob/em forrmidation itt elasticity

The laminate shell of thickness 2hI. occupies the domain Q = Q, U Q. scc Fig. 3.
When the thickness 2h is weak compared with the transverse dimensions, the three-dimensional

displacernent-stress solution (T. 0r of the elastic problem set on Q can he written as f1llows::

v7U + with (U,, Orp): solution of a shell problem

a"= '• + or, l(U-. oru i: solution localised near the edge 6Q,
Notably because of the laver constitutive law discontinuity, the following boundary condition is nk it

respected on the edge aQ2 :

-Z i -J It o1pi-n=F'Vz,

where F and n denote the force density and the normal. Hence ,Ii•. .r, is added to the valid solution far
a'iav from the edge oQ,f U., oC i such that U, oai satisfies the equations and boundary conditions of the
three-dimensional problem. U1 .. or,) is localised near ?a,. thus the edge effect solution, . or, can be
computed in post-processor of a shell computation set on Q_. If. in addition, the radius of cur\ature of the
edge d•2, is large compared with the thickness. the variations of' Ut. - at along the tangent direction, v
are negligible, the problem becomes set into a band-. of which the length is in order of the thickness 2/I.

The problem .,A i to solve becomes: find (UV. .v)

ii! UE// & ,.A/V = OonO3Q nA

,iiý ýfVC//.f, oeE(V)dS= I RV ds

.iii, o;=T eU 1

The force R applied on the edge aQ, n) , of the structure is the residue of external forces and of the shell
solution:

R = F - opn

.'ii means that (U, - OF) is localised and (iii) is the constitutive law.

00 k3 0

IFit. 2. Interface clastic with damage behaviour (modc I
traction). Fig. 3. Boundarv layer.
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3.1.2 Solving the boundary layer problem in the non-linear case
In the proposed modelling of the laminate, only the interfaces can be damaged due to edge effect normal
stresses. The interfaces taking no part in the computation of (Up, a, ), it is possible to apply the principle
of superimposed stress for the computation of (U.., a,;.

The problem (.4 ) to solve becomes a non-linear time dependent problem set into the band ..
We compared the damage states near the free edge obtained by two non-linear computations of a

specimen submitted to tension along the x direction (see Fig. 4).
The first computation C, has been carried out by resolution of problem (.40 ). The second one C' has

been a reference computation because it allows us to have the exact three-dimensional solution by searching
the displacement under the form proposed by Pipes and Pagano.-2

IW( I , ZI +,rx
SZ)

(C and C, results are rigorously equal. That confirms it is possible to apply the principle of superimposed

stress in that particular case where non-linearities are taken concentrated on interfaces.

3.2 A Riks-like method

Due to damage on interfaces, an instability point may appear. That critical point cannot be passed with a
Newton method that pilots the computation in terms of 'force' (see Fig. 5). A Riks-like method' " allow"s
to control the computation and pass such a limit point.

( Ctrrent step:

,,,F- fBy the Newton method: 0=(0I .A, + 6A, By the Riks method the load factor is released, it is then

constraint: g(,)= 0 necessary to impose a constraint: g! 6A,) = 0

Riks' and Crisfield "' propose a constraint g('bA,) = 0 that concerns the norm of the global vector 6. Such
a global constraint may lead to a non-convergence when damage localises. To ensure a good convergence
we propose to use a local constraint that considers only the more significant degrees of freedom in the
increase of damage.

Note a is the closer node of the Gauss point where the increase of damage has been the more important
at the initial step (J3 is the node located on the same interface but on the adjacent laver). n 1. 2 or 3 is the
mode of principal damage (see Fig. 6 .

The local constraint consists in imposing a constant value for the jump of displacement between a and
/3 along the n direction.

o 'o-),ý 0=( for i > I

F
Xi F -

koFF r UI

110 tJi U2
Fig. 4. Specimen under tension, Fig, 5. Rik,-like method.
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3.3 A method for a large number of layers

The operator .A', (see .1' )) can be the tangent structural stiffness matrix.V"/ or the ,ccant one i.e.
computed through an elastic with damagce behaviouri. Solving i: can be carried out wkith tile direct
(irout method. In the case of a large number of layers, that method may be expensive because (,dA
matrix size. We propose then to use the conjugate gradient method with use of a conditioner.

In the iterative Riks algorithm. the linear systems to solve can be written under the form

• ,gl X -- R with ,Y11 =.X',*,,, +-At,,t

, and.,,, are respectively the contributions of lavers i•', is a constant matrix and of interlaces .A•'

is a non-constant matrix because the interfaces can damage . The con'ugate gradient method consists in a
series of iterating resolutions of

The matrix.,., i{conditioner) being diagonal bv units, the resolution is parallel on each laver.

4 NUMERICAL SIMULATIONS OF the mode Ill ispccimcn SCB,. The use i' tough-
DELAMINATION ness values issued from literature'" is difficult

because those values can present. for the samc
4.1 Identification of model parameters material (for instance. T ')(-520(18 K. an importanl

diveroence. For the following simulations. \kc
The characteristic parameters of the interface identified the parameters bN comparison xxith
modelling are kC. V. 1;,. Y. n, y,. y7. experimental results.

The interface can be considered as a rich resin
zone of weak thickness el compared with the layer 4.2 The DCB
thickness e( . By this analogy and by considering
that e,/e( <ý 1. the interface constitutive law can be We have simulated the DCB test \ith the FI)A
expressed as program for a comparison with the experimental

k 0 0 juresults"' (the simulation of the DC(B test is not a
, ( k' [lul u,]boundary layer problem).

a, 0 k' 0 The .studi d structure is constituted of 48 la\yers
0 0( k of thickness e, = 0. 1175 mm and of T300( fibres

with an M I0 resin. The numerical simulation has

261

with k" 2 (I) .... -

Fig. 6. ('onccrncd nodes lby the local consraini.

where G, (;,, E3: elastic moduli of the rich resin
zone, they can be chosen equal to the homo-
genised layer moduli. - I

The identification of the other parameters can 2h

be carried out by the use of classical fracture h

mechanics tests 2
1 results for the mode I (specimen

DCB see Fig. 7), the mode II (specimen ENF) and Fig. 7. DI'B test.
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been carried out with no initial crack, whereas the which is large compared with the thickness 2h. The
experimental specimen had an initial crack of important point is the numerical simulation pre-
28-5 mm. The authors" found (G,. = 450 Ji/m and diets this result even if the crack length is short.
the following elastic moduli (the elastic moduli
relative to the normal direction 3 are supposed to 4.3 Delamination near the free edge of a
be equal to those in the transverse direction 2 1. specimen under tension or compression

F, = 123 680 MIa We compared our simulations of delaminatihm

F_. = E",= 8990 MPa near the free edge of a specimen under tension or
=7 1=77(0 Ma compression isee Fig. w 4, ith first experimental

results 5- for mode I delamination ion the mid-

= 0-2= v-" plane interface) of a T3( 0-5208 material see

We have chosen ký by eqn. I TIable * 1. Then. we also compared our results with
experimental ones' for mixed mode of delamina-
tion of a T1(300-I034C see Ta-blc_ The

1 =-•k - 3-27 x 10' NIPa/m

Y2. i. n values satisfy the following relationship: 5

U4
G,= y,+ , y- y E

11 41 ± 3-

In view\ of numerical results, one finds .2T

"* the numerical simulation predicts quite 1Iwell the experimental results since the crack
length , simulation reaches the experimental 0 2 . . . .. e '4 "

initial crack lenth: a.,r

"* I_ 1'. n values have an influence on the F-ig. 9. (, -a cur\c

1F *" curve f see Fig. 8). at the condition
these values satisfy eqn 2 j,

"* bv the knoxvlede of the load F associated to "Fable I. Mode I delaminatiim

the crack length a. it is possible to compute
the critical energy release rate GK bv the
area mnethod''. t -150. Q0. .53 -53

4 .1-,5 0"3s
4- 45 1. tI ), -- i3t, '3.:

One finds the experimental value of (/I, and +s . 4-. L) . 0.0,6, ,.,
one verifies that the critical cner,,v release rate is 4 0. --• 4 -. 9, .5-1 Il,

independent of the crack length see Fig. 9). This ± 31. ,(1 (-3,) 1.43

result has been verified experimentally"' am1 , . ... ..
theoretically established" for an initial crack Data lakcn h-ome Rci\ 5 and 23.

Fable 2. Mixed mode delamination
16

14larninaic imeflt~i~mc
21 ± +45. (9. W, 9(( o-71 (177

10 1()1 ý. ± 30,• 3o. 3( 1.2' - x l1-2S

8 90 + 15,i 15. -15 -11,34 - 11'30
,,, 0- , 3) 3 , - 30 -- 0((.54 . 5

EL - ,I) ± 31•,. 30, - 301 -- 35 - -.0

4 .± 3(0 ;, 3(1. -3 (1-8 ,"o5 -73
2 W. ± 15, 15, -;. 5 I --,5o --( 10

.). ± 5, 15. -- 15 --- ).35 -(145
0? 04 06 068 10 0-. ± IS, IS. - IS 1)57 11-S

O (MM)

Pig. 8. 1- : ciirc. "Data taken from Rdt. 25.
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autthors>> propose the same elastic moduli for putation. Note there is no, mesh dependency
both materials T300-5208 and J-100--1t034C. because the treated problem Is plan,: and damnagec

/--, = 1 38 (100 MI~a is concentrated on interfaces. The first cornpari-
sons of numerical ,,imulations v, th experimental

t:,- I-,* = 97001 MPa results are quite good.

GIJ-,=(; = G, 0,3 5500 MI~a

v0- t)3, v 0- = t16 REFERENCES
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Carbon composite repairs of helicopter metallic
primary structures

Michael L. Overd
I estland Iiellicopiers Ltd, l4estland I'orks, Yeovi!, UK BA202 YB

The main load path of the EHI01 helicopter fuselage consists of l- and C-
section frames and beams. machined from light alloy forging. and plate. A full-
scale fatigue test of the airframe is being carried out as part of the structural
substantiation programme. In order to minimise the fatigue test down-time.
Westland opted to use composite materials for the repairs of fatigue failures.

Repairs use a wet lay-up of ± 45' carbon fabric for shear N% cbs and pre-
cured, bonded-on unidirectional carbon-epoxy strips, for the flanges. Where it
was necessarv to use fasteners in the flanges, ± 45' carbon fabric was intro-
duced. In this way. complex frame shapes have been accommodated. Such
repairs can be generated rapidly and applied in situ. in the test rig.

Fatigue testing of the repaired airframe continues. The oldest repair has
experienced the equivalent of 16 4100 flying hours of low frequency
manoeuvre, loading plus O'6 x t 0" cycles of high frequency rotor generated
loading. To-date. none of the repairs has failed.

Four case studies illustrating the simple methods used to design and instal
the repairs are presented, together with their fatigue performance to date. The
case study experience is then translated into general design rules svlhich couldbe used in service. The applicability and limitations of the techniques are also

presented,

I INTRODUCTION (i) Low Level Manoeuvre Loads. follo\\ing
an assumed flight profile.

The main load path structure of the EH 10 1 heli- ii) Medium L.evel Manoeuvre Loads. which
copter fuselage consists of I- and C-section frames are 1-3 times higher than low level.
and beams. machined from light alloy forgings (iii) High Frequency Loads, which are applied
and plate. A full-scale fatigue test of the airframe to induce fretting of joints and simulate
is being carried out as part of the structural sub- blade passing vibration. In this case the tco
stantiation programme, excitation is limited to the vertical axis but

TO minimise the test down-time, carbon corn- the vibratory amplitude is adjusted to give
posite materials have been used to repair fatigue representative strains in the two main lift
failures. This paper gives examples of the various frames.
failures and the way in which they have been
repaired. The repair design methodology is
described together with the fatigue performance
of the repairs to-date. The case study experience 3 REPAIR CASE STUDIES
is then used to generate general repair design
rules. 3.1 Lightening hole failure No. I

3. 1. 1 Failure details
2 AIRFRAME TEST CONFIGURATION Figures 4 and 5 show general views of a shear web

failure with two cracks propagating at 45' from a
Figures 1 -3 are photographs of the test showing lightening hole. Several examples of this failure
details of the airframe and rig structure. There are mode have occurred on the test due to the inter-
three levels of load applied to the test: action of shear bending and direct stresses.
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Fig. !. Side ic%" of the [HI10)1 Airframe Fatigue Test. NOWi/ J 0
Fig. 3. Top srucure of the ElI I 0 .ýrtrame Iatigiuc te~t.

Fig. 2. Internal ,ic\ ol the E1:H 10 1 Airframe F-afigue Test.

Detailed finite element modelling of these failures
has demonstrated that the large lightening hole 0

size relative to the shear web causes higher than
expected stress concentrations. Figure 6 shows
that the upper crack propagated along the juiilL4
tion between the outer flange and the web.
Similarly. Flýi,,. 7 shows the lower crack propa-
gated along the junction between the inner flange 0 4
and the web. A small central U-shaped section has
then torn through the inner flange as shown in F;g,
5. This crack propagation behaviour is due to the
presence of Brazier loading associated with the
flange curvature.

3.1.2 Repair design
"The requirement was for a repair which could be
easily installed in situ, restore the load carrying
capability of the web, prevent the adjacent holes
from failing and also stop the cracks from pro- Fig. 4. View of lightening hole failure No. I showing

pagating. Wet lay-up 833 style woven carbon at damage to shear %%eb and inner flange.
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it(Clic ',%1111 nteric appn acht: 97-1 N tttin

m id N it cc s , c N i n t h e I c r p c n d i C U l a r d ir e c t i o n , a r c . 1 ,i zb 1
"wonr ;: 'Ibl hie inclu~ioln ()I ~the 5 .-

(,111b1)t, comosite5vi resiirýs o! fiefi qpieir fincia/It( frimanr strio Iuri'

f ig. 5. \,'iex% of lightening hole failure No. I shov, ing crack Fig. 7. Vie\% (if lightening hole failure No. I shoN% ins crack
t rajectories in u cl'. propagaition ailong, in ner flanCe.

± 450 was used f'or the webh repair. The initial
repair design philosophy was to reduce the local
strains bN a factor of' approximately two . I here-
t'ore, the total thickness of repair patch reqluired
was 4 mil compared. with an original web thick-
ness of' 2-5 mm since the wvoven carbon has a
slightl%, higher shear modulus.

The 8-NV curves in Fig. 8 compare the fatigue
performance of the \kct lay-up repair with thle
f ra me mnaterial. This figures shows the frame
f'ailure point. It can be seen that a Factor of Inour
reduction of' local stress is required for the repair
to be acceptable. This is achieved b\ completel\
covering the lightening hole and thus eliminating
the sircss concentration together with the increase
in thickness of carbon against aluminium. This
confirms the carbon repair thickness.

The 55ý min thick inner flange: was repaired
using pre-cUred unidirectional (u/d) carbon strips.
totalling 4 mm thick. cold bonded to the flange
using paste adhesive. This thickness was chosen to
give a w(i. King strain of 10001 ± 1 (000 jstrain
assuming the carbon to take all of thle flange load.
The endurance level of u/d carbon is approxi-

Fig. 6. Vic" if lightening hole failure Ni. I %howing crack& match' ± 3400 pstrain at R =0 in moulded corn
propagatioin aloing outer flange. ponents. The chosen repair working strain level
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allowance for: 5 nim of u, .I'd carbon is more than ;K1CdcqIIlC pri,
m liding that there is suffiieCnt n Md ar-ca to1 rilSlcr
the load. The nican Litigue ,tcScnith ofI cold honId

bh) moisture degradation. adhesives is about 5 + 5 %MIPa and thi,, figirc iS
ci temperature deradation, used to size the bond area. With all repairs, thc

plies alc slcpped off at thi shalhb ,csi anglc that
3.2 Lightening hole failure No. 2 space allows. ,kith 5 mm Steps taken as a mini-

in urn.

.'.2.1 Failuredetails The ,hear %%ch %zis repaired In a ,imilar
Figure 10 shows another shear wvcb failure with manncr to that described abo\c. l14(\cver. cight
one crack propagatino from the lightening hole. plies per side of \wet la\-up It '(M \%owocn Carbon
Unlike the previous example. this crack did not %%ere also applied to the wkcb close hl thC flanrc tII

propagate along the web to the flange junction restore its end load carrying capabilit\. 'I he X\kc
duC to the absence of significant Brazier loads. lay-up + 445 shcar plies ekerc then applied oscr
Instead. the crack propagated into the flange caus- the (0ti90 plies. [Iigure 12 Sho\' s the repair.
ing, its complete failure. This failure section is sub-
ject to higher direct stresses than the previous 3.2.3 Repair prccsx
example and so a slightly different repair tech- 'lhe repair pr•ccSs x as ais in Seclim 3. 1.3 Cxccpi
nique vas required. that the t0!9( \\oxen plies \\ crc btuidcd i rst. 'I h.

+ 45' pcit,, \\ere then applied o\er the (V 90 plice.
3.2.2 Repair desijzn

The failed flane \\was 7.5 mm thick and was
repaired using 5 mm of pre-cured uid carbon
Strips. Figure II compares the fatigue perform-
ancc of uLd carbon with that of plain lightly , I''. ,,A,,i,
notched 1)TD 5 13( plate and illustrates that

f;I(I

i 1

0\
£ 7. AI Mv"\l)'"" .. .' 1.

- p2

0' {) 1•• l I C' i C)" 0 II

IFin. I0. V\'Iv, ofI li~hcnjnt hoh., taihIu. No. 2. F-ii,. I I. (ontparitcn ol) I) I I•5 30 vitt cith c arbon.
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EN~D VIEW SIDE VIEW

I o I iI1K

G IT 4 'IIIA 4

SECTION AA

Fig. 12. Repairiot li.'htenino hole failure No.

Fig. 13. Vjew of curved flange failure.

TOdate this repair has survived the followmifl

I At2icu test cy'cles:.

H-Iigh Frequency (1052 x 10"~ cycles
1.oxk lev\el Manoeuvre -24 45(1 cy-cles
Medium I ,e~eI Malnoeuvre - 2_207 cycles

'I his 'Is equivalent to approximately 98001 h mean
life' wit hout applying co m posite facto rs.

3.3 (uried flange failure

-lu re 1 3 shows, a failure fro)m the edge of- at
curvecl inner flange: where it joins with a vertical
NItIfen-cr.CF A threec dimensional finite element
Model demnonsirated that the failure wais caused
1w ýi curved beam effect. The naturfil tendency of'
Curved beam flanges is to warp out of" plane. The
vertical stiffener wkas preventing this from occur-
rinu leadine, to a local stress concentration as

sh uin Figo. 14.

({2Repair de'~i n
I~he re pair of this failure w as very similar to thatL
described in Section 3.1 .2 above. The flarroc
thickness wa,;s 2 inm andl 2 mm thickness of' pre- Fig. 14. 31) f:1 INA rcsults ,fioxiru- strcs coricL'ntvatioll at
cured u/d packs were used. Wet lay-up woven curved flange failurc Point.
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carbon at 0/90' was nested into the web/flange to the outside face. This was to achieve a factor of
function to react Brazier loads and then eight plies 2.0 reduction in strain in the aluminium. Eight
of wet lay-up woven carbon at ± 45' was overlaid plies of wet lay-up 0/90 woven carbon were again
into the web. Figure 15 shows the repair. The nested into the web/flange angle. Since most of
repair process was as in Section 3.2.3. the shear web was still intact only four plies of

± 45' woven carbon were overlaid into the web.
3.3.3 Repair performance The repair process was as in Section 3.2.3. Figure
To date this repair has survived the following 18 shows the repair.
fatigue test cycles:

High Frequency - 0-86 X 10 (" cycles
Low Level Manoeuvre - 37 038 cycles
Medium Level Manoeuvre - 2207 cycles

This is more than the original structure achieved
and is equivalent to approximately 14 800 h mean
life without applying full composite factors.

3.4 Tapered flange failure

3.4.1 Failure details
Figures 1 6 and 17 show views of a failure at the A
thinnest point of a tapered flange. Only one side
of the flange was failed. Strain gauge results have
shown that this area is subject to higher-than-I expected out-of-plane loads.

Fig. 16. View ot tapered flange failure.

3.4.2 Repair design
The repair was similar to those described above.
The failed flange was 3-5 mm thick and so 3 mm
of pre-cured u/d carbon strips were cold bonded

SIDE VIEW / 7

LI.

AA

P H,

END VIEW

PINY M:- , F M'7 Iu w fa fne r
5ECTION AA

Fig. 15. Repair of curved flange failure, Fig. 17. Close up view of tapered flange failure.
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S --ficient. If. however, the crack has reached the edgc
U ,-- of the shear web or propagated into or alhmg the

"Q k t, t "flange, then 0/90' % oven carbon is alst required.
"This should be applied t, form a nested angle

P 1; between the web and flangc. The thickness
requirement otf ti/9)() is the sanme ais that of 2, 45

" 4.,••' iPlies running into the web ,hould be stepped off
at a minimum of 5 rm.

4.3 Flanges

Flanges may be repaired using, prc-cured ud
T strips cold bonded in place. The thi,,ies,

required is 70(% of the original flange thickneis.
The bond length either ,sidC of the failure mut be
at least 16 times the flange thieknes before the

. -, •plies start stepping off. Plies should be stepped oft
S: P V!,W' at 5 mm pert ply. If the failure location does not

Fig. 18. Rcpair of tapercd tlanlgC failure. permit such a large bond area then fastener,, must
be used to transfer the load into the repair
material. In this case ±45ý woven carbon plies
would need to be interleax ed with the uid strips to

3.4.3 Repair perforinance give significant lug strength. The same thickness
To date the r-pajii has survived the following again of ±+450 would be required, doubling the
fatigue test cycles: total repair thickness.
High Frequency - 0.64 X 1f0"' cycles

Low Level Manoeuyre - 24 450 cycles 5 IN-SERVICE APPLIATION POTENTIAL

Medium Level Manoeuvre - 2207 cycles

This is equivalent to approximately 9800 h mean The case studies illustrate the types of failures
life without applying full composite factors. which can be repaired by this method. Most of the

geometries have been complicated three dimen-
sional shapes which would have been difficult to

4 REPAIR DESIGN RULES repair using metal. All have been installed in sim
at room temperature. This makes them ideal for

4.1 General in-servicc application.
In addition. the repairs are lightweight: the

It is desirable for the design experience gained heaviest repair weighs 0.82 kg to reinforce a shear
from the case studies (and other repairs) to be v, eb 600 mm X 125 mm. However, the repairs
translated into general repair design rules. These described above have all been conducted on
could then be applied to similar failures without primary structural items in which exist a high
the need for further analysis. The following sec- degree of damage tolerance. WHL do not con-
tions, therefore, propose conservative design sider that these techniques are currently applic-
rules. Clearly, however, failures may vary widely able to GRAI)E A VITAL parts such as dynamic
and so sound engineering judgement is required components.
when applying these rules.

4.2 Shear webs 6 LIMITATIONS

Shear webs may be repaired using the original 6.1 Bond strength
web thickness of wet lay-up woven carbon at
t 45' applied to each side of the web, i.e. a total of The limiting factor of the repair technique is the
twice the original web thickness. If the crack is strength of the adhesive. Where insufficient bond
contained well within the web this repair is suf- area is available, or the bond is subject to peel
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loads, fasteners are needed in addition to the have failed and consequently no data are available
bond. These may introduce stress concentrations regarding possible failure modes. The failure
into previously unnotched sections and so careful modes may be slow and progressive or instantane-
design 'is required. ous. Consequently an approach based on either

damage tolerance or safe life may be appropriate
6.2 Process control depending on the results of further testing.

As with all composite material applications, pro-
cess control is very important: to ensure good 7 CONCLUSIONS
bond strength and consolidation: and to reduce
material strength ariabilitv. ('omposite repairs nave been ,uccessfull\

installed on the F.HI1I main load path fatigue
6.3 Inspection Test. Repair designs were quickly genera'ed and

"%ere applied in situ. The design experience has
Repairs should be readily inspectable to ensure been translated into general design rules. The per-
that they have been satisfactorily installed and to formance of the repairs to date indicate that the
monitor their continued integrity. The fatigue test techniques are viable for in-service use.
repairs have generally been inspected by coin tap'
but ultrasonic inspection has also been used.
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On design methods for bolted joints in composite
aircraft structures

Tomas Ireman, Tonny Nyman & Kurt Hellbom
Saab Military Aircraft, S-581 (V Linkiping, Sweden

The problems related to the determination of the load distribution in a multi-
row fastener joint using the finite element method are discussed. Both simple
and more advanced design methods used at Saab Military Aircraft are pre-
sented. The stress distributions obtained with an analytically based method and
an FE-based method are compared. Results from failure predictions with a
simple analytically based method and the more advanced FE-based method of
multi-fastener tension and shear loaded test specimens are compared with
experiments. Finally, complicating factors such as three-dimensional effects
caused by secondary bending and fastener bending are discussed and sugges-
tions for future research are given.

I INTRODUCTION vanced methods for analysis and failure prediction.
The simple methods are used in preliminary design.

Mechanically fastened joints are one of the most optimization and to sort out critical joints.
important elements in aircraft structures. Regard- In Fig. 2 the overall design procedure for the
less of material combination in the parts joined, case when FEM is used in each step is presented.
the joint is a critical element whose design is vital First, the internal load distribution in the joint is
for the overall structural performance. Improper determined. The more important the joint is con-
design may lead to overweight or structural prob- sidered to be the more detailed modelling is per-
lems and high life cycle costs of the aircraft. For formed. Then. the local stress distribution around
joints in composite structures this is even more the fastener is determined by a detailed FE analv-
pronounced because of their inability to yield, the sis or by analytically based methods and the
low transverse strength, the anisotropy and their
sensitivity to temperature and moisture. AP--,

Typical applications of mechanically fastened
joints in composite aircraft structures are the skin 7'

to spar/rib connections in, for example, a wing
structure. the wing to fuselage connection and the
attachment of fittings, etc. Examples of such joints Skin to sar attachment Wing to feax atchment

from the fighter aircraft JAS 39 Gripen are shown
in Fig. I.,..,.,.kin

Mechanically fastened joints are difficult to
design due to the many parameters and complex
phenomena such as contact and friction involved - "
in the behaviour of the joints. To include all para- ,
meters in an analysis of a general joint is almost
impossible even with the most powerful compu-
ters of today. It is therefore necessary to reduce I ,
the problem to manageable size by conservative
assumptions and proper design rules. (.,-%p--

In the design of bolted joints in composite struc-

tures, as in the design of any structural Fi .1 Fxamplcs of bolted composite oints mi JAS 39

clement, there is a need for both simple and ad- Gripen.

9n567S~~~~( wq>mm,,%f>'ru• tmrcA. 026 1>-822 3t93/S()6,00() 193 I eIjeJ :lcir Science Publishers, I td, 1-nlglanml, Printed i11 ( ire;It Blrinamr
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strength is predicted using appropriate failure model that the hole is omitted. This makes the
criteria, contribution to the fastener displacement from

In a secondary joint or in a preliminary design the parts very mesh dependent. If the mesh in the
the load distribution is often determined using parts is refined the net becomes more flexible and
hand calculation methods and the strength predic- a stiffer 'fastener element' is required to obtain the
tion is performed using design diagrams. correct fastener displacement and. in the case of a

multi-fastener joint, the correct load distribution
between the fasteners.

2 LOAD DISTRIBUTION ANALYSIS Considerable improvements in the prediction of
the fastener displacement and secondary bending

The purpose of load distribution analysis is to can be made by modelling the hole as shown by
calculate the load distribution between the faste- Edlund.' The price of the improvements is of
ners in a multi-fastener joint and the load distribu- course higher modelling and computing costs.
tion around a cut-out part of the laminate around The other part of the load distribution analysis
the fastener. There are many problems associated is the determination of the loading on a cut-out
with this type of calculation and the purpose of this part of the laminate around the fastener. If this is
section is to point out some of them. The discus- done by hand it can be difficult to obtain a load case
sion below is concentrated on load distribution in equilibrium with the limited information from a
analysis with FEM because in a joint with compli- coarse mesh.
cated geometry and loading this is considered to
be the best way to determine the load distribution.
However, in the design of secondary joints, preli- 3 DETAILED STRESS ANALYSIS USING
minarv design and design of primary joints with ANALYTICALLY BASED METHODS
simple geometry and loading, hand calculations
based on equilibrium considerations and simple The method of complex functions developed by
computer programs may be sufficient. Muskhelishvili- extended to anisotropic materials

Load distribution analyses are often performed by Lekhnitskii' and Savin' has been used by
on large structures which result in rather coarse
meshes and simplified modelling of the joints. The
contact between the members in the joint is
usually ignored in the model. The hole is reduced
to a point and the fastener. or a group of fasteners. -

is represented br a spring or beam alement. If a,
group of fasteners is represented by a sintle. If '"--
sprinz, or beam element it is necessary to nerform - ,-,p-.
the load distribution analysis in two steps. 0. JAS.-,-G-ip//

In order to make a correct prediction of the
load distribution, the finite element representing -
the fastener must be given the correct flexibility +
I /stiffness,. When determining and using flexibil-

itv data some difficulties occur due to the approxi-
mations presented above. To be able to predict
the correct fastener displacement, it is not suffi- - h) Load distribution analysis

cicnt just to assign an experimentally known fast-
encr flexibility (bolt constant i to the finite element
representing the fastener. The fastener displace-
ment consists partly of the fastener deformation,
partly of the deformation at the hole edges of the
parts. In the same way the 'fastener displacement'
in the FE model depends on the deformation in
both the element representing the fastener and the
elements representing the parts. The latter does 0) Loccal stress analysis
not represent the situation in the experiment
because of the simplification made in the FE Fig. 2. ()0crall dcign proccdure.



D)esign methods.ibr boted joints in composite airca-ft structures 56 9

several authors to obtain the stress distributions in u = 2Rc(lp, 01(Z, +
plates with loaded and unloaded holes. In the case
of a rigid pin in an infinite plate, a major work was
performed by de Jong5 who also included friction where the primes denote differentiation with
between pin and plate. The additional complexity respect to z, and
with an elastic pin has been considered by Hyer et
al.' Finite geometry effects have been considered p j =/t !T+ 2 -

by using the collocation method7 and the boun- p2 = A•1 ' + AI. - A0,/
dary integration method.' The basic equations of
the anisotropic theory of elasticity for an infinite A I.,u7 + A, - A,,
plate with a circular opening are reviewed below q ..

and the solution of the frictionless contact prob-
lem of an infinite plate loaded by a rigid pin is A ,,u'+A" '. , 2

presented. q, P_

The general form of 04ZA i for the solution of the
3.1 Basic equations stress problem is

T he t wo-dim ensional stress field in an elastic • kIz•)= ,t nZ I + B AZk+ b ,? Zi- " !
plate can be found by determining Airy's stress A+

function. F(x. v that satisfies the biharmonicequation for anisotropic materials where A,, B, and b,,' are constants determined bvthe boundary conditions. The last part of cqn I I

F a f,, a can he identified as the holomorphic part which
. - 2A, - V+ 2,v + _/l,,/ i ax2axvI is single valued and tends to zero at infinitv. In the

case of an open hole in an infinite plate t he con-

all-,F -1: stants Ak are zero while in the case of a loaded
2A, " +A - = 0 1) opening in an infinite plate the constants BA are

3zero. In the first case the constants B, are deter-

mined by introducing the remaining part of eqn
where A, are the laminate compliances. Airy II) into eqns (5)-(7) with the condition that the
stress function can be written as stresses at infinity should be recovered.

FV x.Y j = 2Re(F•z z, + FP,(zn I2)

where F, (z•, and V-(z) are analytic functions of 3.2 Boundary conditions

the complex characteristic coordinates -, and C2  In order to simplify the treatment of the boundary
defined a conditions new complex variables ýA are intro-

Z=X+IuIA. k= 1,2 ý3) duccdas

where ,uI and p._ are the roots to the characteristic Av-+ 2 I - +
equation associated with eqn ( I I. ., A : - .1 2,

By introducing the complex functions R( I -ipý

where R is the radius of the circular opcning. The

04ý z4 ... 4) transformations in eqn (1 2) have the feature that
dz, they map the contour of the opening to a unit

circle in the ý, and &. planes. i.e. 1- = = - " = (
the following expressions for the stresses and on the contour of the opening.
displacements can be derived from the definition For the case of a loaded opening in an infinite
of Airy's stress function and the kinematic rela- plate- eqn (II can be written as
tions

a, = 2 A5-. =. ,? 13)

u,• = 2Re(o',(, 1) + 0',(,-,, ) (6) where the last part is the holomorphic part denoted

r, - 2Re (pj(z,) + :p, ,(z,)) (7) 0", in the sequel.
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The boundary conditions for the external Identification between eqns 1 3!, 1 17 and 1 8
forces can he expressed as gtives the following expressions for the holo-

morphic parts in terms of the coefficients ,z ainc]

2 Re qti, 1 0 X, ds+ k 15 -19

where X\ and Y, are the exteral forces per unit oil ~ 4(,

area at the edge. s is an arbitrary arc length on the-
contour~ ofteoeigadk n - r ner- In the general case of an infinite plate with at circu-

tion constants depending on the start point for the tar ope~ning, with radius R, loaded by at pin with
C, radius R,. different boundary conditions should

In the case of at pin-loaded infinite plate the be satisfied in different regzion's of the loaded edoe
multi-valued part (Cln!: will yield the resultant ~ ~ i i.3
forces P, and 1I, for a complete cycle round the In the different reoions the follo%% in,- boundary
hole boundlarv. Together with the condition thait conditions apply:
the dlisplacements mu-st be sini-1e-valued when No-slip region:
completing at whole cycle. this gives the necessary
equations for determiningz the constants (iilol -!l - cos ai - A R iI -co,, (i

I)~~ +~ - R,+A/ ý'in It2

Slip-rcoion:

rIII)IT iul"1  6 cos A - R I -cos It

\here the Iars dlenote the conjugiates of' the0
marked qu1,antities and iis the laminate thickness. where

B\v Usine the first two parts of eqns ! 16 and A ~(! 24
expr essino~ the holomorphiic part as at powe\r series
in (Y tlhe b1oundar\ co nditions 1 4 1and ,1 5 tcan tic and
written aN AR=Rk, R,-

whre o,,-, and f~,aecet cins trP th 0 rc

in in at he ege. ',, nd Y,. ~is te anzle orno 'li li~pacnntu
+pidn 17 , i~ .I)itrn cima inpaI ncrac
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i.e. o is evaluated at a(= 0 and AR is the radial clear- is symmetric and P, is equal to the hearing load.
ance. The subscripts r and 8 refer to the radial and otherwise the component /P, of the bearing load is
tangential directions respectively and P is the fric- determined as part of the solution.
tion coefficient. The distribution of the contact area and the

slip-region if friction is included are determined
3.3 Determination of the contact stress through an iteration procedure, An initial contact
distribution area is assumed and the unknown coefficients a,,

in eqn (26) arc determined by the collocation
As in the work by de Jon-ý it is assumed that the method in which the contact conditions are satis-
pin and the hole can be in contact for angles in the fied in a finite number of collocation points corre-
interval 0_<0<,7 only. To be able to express sponding to the unknown coefficients ai. When
unsvmmetric contact pressures a sine-series is the coefficients a,, are determined the contact
used in the interval (0.7"r together with the condi- stress distribution obtained is examined. If. for
tion that the radial stress should be zero else- example, tension stresses are obtained at the
where. edges of the distribution, the contact arc is too

large and a smaller contact arc is tried.

NV.sp,, " a,, sin nO (1_ <0_<7 26)

4 SIMPLE ANALYTICALLN BASED DESIGN
V S .=O -r < 0 < 2.7 271 METHOD

Fquaitions 26 ad 27 can be expressed by Ca 4.1 Simple stress analysis using a fixed contact
stress distribution

... = _ A..4cos mO + I,,sin 28' In order to simplify the stress analh sis. a fixedI contact stress distribution in the form of a sine
The Fourier coetficients A1,,,. l,,, are then easily distribution is assumed. Thus eqn 28, takes the
expressed in terms of the coefficients. a,,. in the form
sine-series. By introducing eqn 28 into the boun- 4
darv conditions,. eqns(I7 and i18). it is possible ,\'0.. sin 0 311
to relate the complex coefficients u,,, and 13,,, to .7

the real coefficients A,,, and B,,,. wxith

R

4 Int P 31

R
AL.= A,, -A .. B,, B,,, 29 wvhere /P is the bolt load. d is the bolt diameter

and t is the laminate thickness. The stress lunc-
Thus the holomorphic part of 0•: :,, is completely tions ( are then determined by solving the equa-
determined through cqns 191 and ;2W. If friction tion system ! 16 to obtain the non-holomorphic
is included a similar assumption for the shear part and through eqns 29). lf9 and 20, to obtain
stress distribution can be made and the same the holomorphic part.
procedure as for the contact stress applied. 1`o The stress distribution for a more general case
enforce the interface conditions between pin and than a loaded hole, where the stresses at the hole
plate, the displacements and stresses (j. r,, must edge are reacted at infinity, is obtained with the
be expressed in the coefficients of the sine-series, technique introduced by de Jong." The solutions
a,. via eqns 15)-f9) and appropriate transfor- for tension/compression and shear loaded infinite
malions,. plates with open holes are superimposed on the

As in Rcf. 5 the loading is performCd Iy giving the loaded hole case, as shown in Fig. 4.
iv-componenl of the resulting bolt force. I',. i.e.
the bolt is given an unknown displacement in a 4.2 Failure prediction
known direction. In the case when the direction of
the holt load and one of the principal material In this section the failure criteria used in the simple
directions coincide, the contact stress distribution analytically based method are prCsenLed. Those
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where E, is the radial E-modulus in the point con-
sidered and f is an empirically determined layup
correction factor. The iayup correction factor. f is
determined from bearing tests with different lami-
nates and is expressed as a function of the square
root of the ratio between the tangential and radial E-
moduli. If this factor is assumed to be material inde-

Su • pendent. which seems to be reasonable at least for
the same type of materials. e.g. carbon composites.,
the only strength parameter required is the allow-

Q "- + able strain. eh. Therefore. this method is very useful
for preliminary design and design of joints in secon-
dary structures, where materials with insufficient

nfl design data for a more rigorous prediction may be

Fig. 4. Superposition of different solutio s. used.
Through-thickness effect, due to. for example.

secondary bending and fastener bending in single
shear joints are accounted for through empiricaly

criteria are simple and require a smaller amount determined correction factors.
of testing than the more advanced criteria which
x'ill be presented in Section 5.3. It is of course
possible to use the criteria in Section 5.3 together 5 DESIGN METHODS INCLUDING
with the simplified stress analysis presented in the SOLUTION OF THE CONTACT PROBLEM
previous section.

Byv prescribing minimum edge distances and Two methods. in which the solution of the fric-
bolt spacing and applying some layup restrictions. tionless contact problem is included are presented
the only failure modes which have to ,,e consi- below. The two methods differ only in the stress

dered are the bearingz and net-section failure analysis part. In the first method the two-dimen-
modes. sional anisotropic elasticity theory presented in

The failure load for the two different failure Section 3 is used to obtain the stress distribution
modes are predicted usin,,1z two different failure while in the second method this is done by FEM.
criteria, one for net-section failure and one for
bearincL faihlre. The two failure criteria are both 5.1 Analvticallv based local stress analysis
based on the same allowable far field strain for
bolted joint,, t'F. The local stress analysis of an infinite plate loaded

Net-section failure is predicted using a stress with a rigid pin including the solution of thcontact
criterion in which the tangential stress on the hole problem and an infinite plate with an open hole
edge is compared výith the allowable tangential loaded at infinity is presented in Section 3. In order
tre,,s. o..'. determincd as to obtain a more general loading case with both

"P" K-, bearing and by-pass loading. the expressions for the
displacements for the case \with the open hole are

x• here I,, is the tangential 1<-modulus in the point added to the case with a pin loaded hole before the
considered and K, is the stress concentration contact conditions in cqn 22, are imposed, i.e. the
factor with respect to the direction to the current contact problem is solved for the case when both
evaluation ptoint. The failure criterion is usually bearing and by-pass loads arc present.
cevaluated in the eight points around the circum-
fcrencc where fibres touch in a laminate contain-Inc(F- 9tF- nd 4 '-pies nerin falur is 5.2 Local stress analysis wilh FEM1in(- W!-. (AY'- and ±45S"-plies. Bearing f'ailure is

predicted with a stress criterion in which the Two-dinsional F analyses have been used In a
maximum radial stress on the edge of the hole is number of studies"' to determine the stress (is-
compared with an allowable radial stress, ar", tribution in the vicinity of the hole. Only a few
determined as,-, authors--> have performed three-dimensional

(;'I /, p,' (33i analyses.
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The FE-based design method. COBOJ1 con- loading situation and S is the shear strength. In
sists of three parts: a model generation part in which contrast to the approach proposed by Chang et ul.."
the FE model is generated automatically, the FE who assumed a cosinusoidal shape of the charac-
analysis itself and a failure prediction part. teristic curve, no restrictions are put on the shape of

The FE analysis is performed with the FE system the curve. Instead, the characteristic curve is deter-
ASKA and includes a solution of the frictionless mined from bearing tests with different layups and
contact problem between the bolt and the hole. The FE analyses. The FE analyses are performed with
contact algorithm in ASKA is developed by Torst- models generated with the same mesh generator as
enfelt2 " and is based on a nodal point iteration tech- in the design procedure. The failure load for each
nique. The type of FE model used is shown in Fig. test specimen is applied to the FE model and the
21c).Themodelconsistsoftwoparts.onefixedpart curve along which the Yamada-Sun failure crite-
close to the hole including the fastener which is non is satisfied with equality is determined. The
common in all models and one flexible part which characteristic curve is then determined as the cure
can be adjusted to the part cutout from the load along which the failure is predicted for each speci-
distribution analysis model, men as good as possible without being unconserva-

tive. The bearing tests are performed wxith the
5.3 Failure prediction fasteners torque tightened finger tight. The charac-

teristic curve can also be dekpndent on the hole
Various types of failure criteria have been used to diameter and tests with difLci, hole diameters
predict the strength of mechanically fastened joints. must therefore be included in the test program.
The characteristic distance approach introduced In a general loading case failure is predicled by
by Whitney and Nuismer:" has been frequently evaluating the Yamada-Sun lailure criterion in a
used. - - Another approach is to use pro- number of points along the characteristic curve
_,rcssive failure theories either by removing failed which arc svnimetrically located with respect to the
plies'' or by elastoplastic modelling." '"-' bolt load direction.

As in the simple design method the only failure
modes considered are net-section or bearing fail-
ure. F-or the prediction of net-section failure a 6 DESIGN DIAGRAMS
variant of the "Point Stress Criterion'. PSC. intro-
duced by Whitney and Nuismer-' is used. The PSC For simple loading cases the easiest design metho0d
assumes failure to occur \%hen the tangential stress to use is the design diagram. Hart-Srnith-: .'. pre-
at a fixed distance. d,. from the hole boundarv scnts a number of different diagrams determined
reaches the unnotched strength. ,,,. of the laminate from experiments.
with respect to the tangential direction. The Instead of periorming experiments to obtain
unnotchedstrength, afor the laminate is predicted design diagrams, the computer based design
with the maximum strain criterion and the charac- methods presented in the previous sections can be
teristic distance as a function of laVup and hole used to generate design diagrams of diflerent tvpes.
diameter is determined from experiments. In a The two types ofdesigndiagrams used at Saab Mi\i-
general loading case it is assumed that failure tarv Aircraft are sho-\ n in Figs 5 and 0.
initiates at points on the hole boundary having In the first diagram the bearing strength for dif-
louching fibres. Vihe failure criterion is evaluated at ferent layups within the 0;); 90_ 4 t5 familk can be
the radial distance. te, Ioml these p ints.The bear- deterrmined. Tlhe diagrams can be determined for
ifg lailirc strength predictiom follows the colceept different degrees of bypass loading. The othe, di-
pr( p'),scd by ('hang eCt l. wh assume that failure agramn is of the bearing-bypass type introduced h\
,ccurs when the Yamada-Sun> failure criterion is Hart-Smith" which has also been used in the study'

satisfied in any point on a characteristic curve. The by ('rews and Naik. The bcaring-bypass kiagram
Yamada-Sun failure criterion states that failure is only valid for one layup but can be used for design
occurs when in any uniaxial bearing-by pass situation.

_Ir, )34i

,A')/W 7 NI-MERICA RESU[:LTS

where a, and T, are the longitudinal and shear
stresses in a ply. X is the longitudinal tension or The analytically based method including the solu-
compression streng7th depending on t'.e current tion of the contact problem and the FF-based
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method have been used to calculate the stress dis- of the Ciba-Geigy T300/914C graphite/epoxv
tributions in three different bearin- loaded lami- material system with 65"/, fibre volume.
nates. In the analytically based method, 40) The geo)metry and loading of the analysed ]ami-
collocation points in the interval - 90:! 0• 90'. natcs are shown in Fio. 7. In all case,, the bolt dia-
have been used to determine the contact stress dis- meter. d. is 6v(0 mm and the radial clearance. A R.AS
tribution. The laminate properties in terms of engi- 0-02 1 mm which is aimeain value for the clearaince in
neerinsg elastic material constants are shown in the co)mmonly used ISO fitting H 101f7. In the cal-
Table I. The elastic properties have been calculated culations withý the FE-based method. the bolt kkas
with classical laminate theory using the properties considered elastic with L = 110 () Pa and v= 0-29

while the analytically based method is limited to at
rigid bolt. The applied bearing, str-"ss. /),. defined in
eqn (3)is 300 MPa.

The calculated normalized contact stress distri-
butions and the tangenitial stress distribution for the

K~J three different laminates are shown in Fi-,s 8 and 9.
6 A ABN'I and FEN indicate results obtained "~ ith the

'//4 Analytically Based Mlethod aind] the IFE-based
// 2(1Method respectivecly.

-~ / The radial and tanaential stress distributions In
the beariniz and net-section planes re~spectivly l a
shown in Fios I10 and 11.

/It can be seen from Ficis lz- I I that the _,cncral
V C 0"QpfieN aeTreement between thze stress distributions

1obtained ~vith the analyticali ll(an FEI-basedl

/methods is _,ood. Vhe ugreatest differences are
obtained for thle ()'-domi nated laminate. This,
laminate is probably more sensitive to the differ-

/ ~ences in tlx' contact solution methodolooN used in
the two methods. Another reason for the devilations

45" t)ies betwýeen thle two methods, is the approximiate treat-
Fin.5. Xmz di~~rim t a11~rhc harin ',rcs~. en t of the finite wxidth in tIile analytically based

method. I]he soflc'wkhat physically unrealistic ten-

(.ahi 1. I'robper(ivs offam1inates us~ed in i i~n iri cA \ in ptiesc'

tjh

~i'hp I' qt)
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stacking Ctquence

0 6 an.r ... RP d6m

t= ,I mmfi

27e(
(0unicu~unk famcnerý,

Inm] 1d'kicnel

Stacking sequence:

Fig. 12. Spiccimcen A:\Shcar Ioaded ioint%%.ith a incte r()" of Table 2. 1Pru~ptrtitfsdiarninaiw%ujsedin tecI %peiFm14'n'

Spsctcintl 1. f.

'd4d A 1 5 I'

C 7 3 2

I abhle -3. Srength pre~diction%

I he load distribuLtion ill the joints has been deter-
150 mined from F~F analvses lollowingz the dlescriptionHd-~6 in Section 2. Ihe f'astener flexibility used has b-een

_________________________determined from me~asurements in the tests.
9 9 TIhe results frorm the failure predictions x' ith the

99 t,,No methods in termis of' the ratio between the
Stacking sequence: experimental and predicted f~ailure loads are shown r

{(I90'/4/t 5/r'/5'i ~!9y'f0/S"iA/Y'/45"11 ;S-/91)`/wI'lw in Ttable 3. A is the ratio bet-weeni predicted and(

Visn. 11. !\pcýuclic tý: Slwilr loadctt Itmini voilh mu xeimnal btie )hueod is the failure
ta~Icnci1. moe indicated with 13 for lBeariniz failure and N I'r

Net-section f'ailure and the superscripts SAM N and
[FFM indicate the type of method. Sinmple Anals-

etc.. anid in the numerical examples inl the previous tically based Method and FL-based Method
5,c~tiot. In) the strenith predictio)ns presented beclow respectively.
nm corrections l*Or throuizh-thickness effects have From 'Table 3 it can be seen that the predictions
been made2 because the test specimens are selected with both methods arc conservative compared w,\ith
so that these effects arc small. Hos'.cver. in the the experimen~ts but the Vwront1_ falilure mode is prc-
des,-i , of'a joint in a real tructure such a correction dicted for specimen A and that the simiple methlod
%k tild have been made. seems, to be more conservative at least in the last two
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cases. One source of the conservatism is that the better predictions than the simple criteria but
fasteners in the test specimens were torque tight- require a considerable number of experiment,, to

ened 5-6 N m while the design method assumes determine the necessary paramelers. I herelore.
finger tight torque tightening -05 N m). The there is a strong need for failure criteria which
reason for the prediction of the wrong failure mode require fewer experimentally determined para-
for specimen A is probably ignorance of the meters and arecapable of predicting the strength of
through-thickness effects, i.e. in the case of shear a joint with sufficient accuracy. Again three-dirncn-
loading and the non-uniform stress distribution sional modelling in which the interlaminar stresses
through the thickness caused by the bending and can be considered will be important.
tilting of the fastener. Even in the future three-dimensional modelling

will probably not be a commonly used tool in the
design of mechanically fastened joints due to the

9 CONCLUDING REMARKS complexity and the need for computer power.
There will always be a need for simple and last

Each step in the design procedure of a mechanically methods such as design diagrams and analytically
fastened joint or in any design procedure is equally based computer programs for the large volumes of
important, therefore the research efforts should be joints in an aircraft. Only for critical primark joints.
directed to improve the weakest links in the design advanced three-dimensional FE models can be
chain. The load distribution analysis must be con- useful in the design. Another interestingapplication
sidered as such a part due to many difficulties asso- of more advanced modelling and failure prediction
ciated with the representation of the joint in the load is to generate correction factors for, for example.
distribution FE model. Another important area for through-thickness effects, which can be used
improvements which is strongly related to the load together with two-dimensional analyses in the
distribution analysis is the presence of through- design.
thickness effects. In addition to more basic research
including. three-dimensional FE analyses and expe- REFERENCES
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Mechanical bending behaviour of composite
T-beams

A. Silva." J. Travassos." M. M. de Freitas" & C. M'. Mota Soaresa
( - U A Al t a.lojtott .\peioftr l I t'~olictA.lt, Rfpviso 10qo I(iY I.i.'ht a ( odct'. i ~ trito/

l.\I)A1'JS. Rua 1-Crnaitdo Pl'/ha. AV02 IListlsa ( i'd,'x. ltor-iuaI

A stud), of the desion and mechanical behiaviour of co-cured T-beamns sUb jecied
to \crY hig~h loading is presentedL. The T-becams \%ere made b% pres.. moulding~
from pre-precs od urn-directional glass ort carbon fibre aind olass fabric'
reinforced Ni1h performant epiox matrix. Each ty pe oft beamn \\ a, i nst runiented
\s th strain ga~ug es in the wecb and flance in order to carry out experimental fo ur
point bending tests. Analytical and numerical studics were also performed to
compare experimental sersus numerical and inalytical results and to establish
the So itahiliti of a Simplified benrd incL tfCo rv 10r staticalls determinate
composite bwanis constructed from laminated composite panel,,. The maximum
carrxina loaids in the beam lavers \were exalualed expeiirimental ly and analv i -
calls usirith Nilk[i-\VU failure criterion. Results shoss inuc the suitabilits ofth
simplifi..d bca tnt theor arc preseitted and discussed.

INTRODUCTION composite beams has been reported by Nixon.i
Chandra et al."' Also Bank' presented I modifica-

The use of composite mnaterials is continuously lions to at beamn theory, fr the betiding, and txit

increasine, for a variety ol purposes because of the intl of comiposite material open-section beams.\
potential benefits of decreased ",eight and The theor\ has been formulated in term,,, of' effec-
increased stiffness. In the case of laminated comn- live laminate properties to describe the overall
posite materials. made of long, fibres in polymer beamn deformation under bending). 155isti ni- aitd
matrix. the bending- behaviour catn be enhanced axial extension.
by the use of reinforcc-ements, a procedure also More recently Bank and ('ofie" and Smith and
used in metallic structures. For plates and shells. Bank'' carried out experimental verification of a
these reinforcement structures are in gcneral modified theory for thin-walled openl-sectilonl" for
beams that are riveted or bonded to the structure. anisotflopic composite beams, applied to sylnv
Recently, the use of co-cured beam;, in plates metric and antisymmetric glass'/ polyester I-beams.
became an attractive procedure. as it helps to These beamis wvere tested under transverse load-
minimize manufacturing time and eventually to ing and end-moments. usingz a cantilever model ito
maximize structural performance. evaluate induced twvist, out-of-plane and in-plane

The analvtical tools available to predict the lateral and transvecrse deflection respectively. A
mechanical behaviour of beams are based on thec good correlation has been reported betwecen
Bernoulli-Eulecr theory of bending' or. alterna- experimental. analytical atid tnumerical atnalysis
tively on Tirimoshcrnko beam theory, while for carried out using a finite element model.
plates Kirchhoff. or Mindlin"' theories are used In the sequence of the work presented b't Bank
ass~ociated with analytical or numerical methlods, and Cofie" and Smith and Hank.' the present
The lay -up for at beam made up (if composite developments are anl extension of the former by
plates respectively for the flange and web are not predicting analytically the failure (ifTI composite
the same. since in the co-cured junction non- beams using the Tsai-Wu failure criterion'
symmetrical lay-up occurs whose mechanical applied to glass and hybrid (carbon and gtlassi
behaviour is affected by coupling effects of bend- fibre composites. 'i'he *experimental results are
ing and tension. compared with the simplified composite beam

Some work related to the experimental investi- theory and alternatively with a finite element
gyatioti of coupled deformations in thin-walled model using plate elements. Different dimensions.
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lay-up and materials are considered, with and v' the Po~isson's ratio. (G the shear mo~dulus, and
without hvbrid lay-ups to establish the range of the subscript 1, denotes the direction of the fibre,
application of the analytical and numerical calcu- and the subscript T the direction perpendicular to
fatios the fibres. In 'Fable 2 are listed the tensile isub-

script 1 ;. compressive ýIsuhscript C1 and ,hear
strength S of the laminate material.

NIATERIALS

The materials used in the beamn manufacture are Fable 1. Elastic properties
unidirectional and fabric pre-pregs o)f glass or /. . i, ( I liickncv.
carbon fibres on an epoxy resin matrix: (W1a 6111 61' 111111

* Unidirectional pre-pregs of h-glass o)n at high VI+45. R305 0_5 4 (V9 (1 (135
performant epoxy resin R367 manufactured C 1 4" R 3 0 4; 172ý 52 (w3 I ! S(-440

by STRUICTIL iFrance;. AS57 2u 211(> 2S (2

* unidirectional pre-pregs of T300 (Torav i on
a high perfoirmant epoxy resin R367 manti-Fal2.Nehoc pprts
factured by STRUCTIL; France), ----- -.Xehncl rJe~e

* fabric pre-press of E-glass on epoxy resin I. I I /1
manufactured by Hexcel-Genin (France,. NI1'a Nilk, N\IPa Mkia MRI

The nominal mechanical properties of the lami- VE[F 45. R 3 h5 121 ýr() (10 3 141 3

nate matrialfor ~I), I ibrevolue ar (CI '.45., R,ýw 1_1th 3 2 4
58 1I-L S-o7 400( 39( 4(10 ( 39(1 15

listed in Taible I where 1< is the Young_ýs modulus.........~- .

FABRICATION OF 1-BEANIS

i-beams were- Manufactured from the pre-pregs by press mouldin~g. simulating the fabrication of co-culred
plate,, reinforced with beams,. This manufacturing procedure. showkNn schemnatically in Fig. I. ensures, that
the x' ch and the tipper flange of the beamn are designed with symmetrical lay-up but the flange u Lpper and

lo\rlh~sIs composed o~f the prev ious sy mmet rical lay- up i geethe r Nwiiith half lay-utp lowe\ Cr flange of
t he \k cb1. Thelý fo Ilovi n,- chatracteri stics dlinlensiolls an d stack ing sequ tences were obtained for cach beam
tested 'He. 2

S4. I 60;. web.; x 401 flangec mm. with radius of curvature 3 mim between web and fianc'e. made
oA mridi recti(mial 1 usg and fabric fg; glass fibre. \ý ith 5"(,% 1 *,and the followin uc tackinlL
seqIuCIens:

-lan1e - 0 45" 4 (1 (I.4i K' . ~

54.2 60, webh x -401 flange;c mim. with radius (if curvature 3 mml between webh and flange. Made
(4, unid i rection~ali ut I and fabric (fgY glass fibre. with 50'%)' V and the follow\ing stacking,
sequences:

S4.3 60; web; x 40; flange) mm. with radius oif curvature 3 mm betwecen we-b and flange. made
oif unidirectional carbon (tic) and fabric 1 fgt glass fibre. with 50%'"' 1', aind] the followving
stacking sequences:

Web -- 14 ,ý0, 5, (0,, 1), 451, 11 1.,

Flange - It 1,_ 4 5 ,,,,, 0,, 0,,,, 45,,. , ' 45,,. 0,,,. 45, 1
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S4.4 Identical to S4.1, but with 43 ,,, Vt.
$4.1.5 Identical to S4.1 but with radius of curvature 5 mm between web and flange.
S4.1.7 Identical to S4.1 but with radius of curvature 7 mm between web and flange.
S4. 1 i 4() x 40) Identical to S4.1 but with 40)web) x 40(flange) mm.

The manufacturing procedure used was press moulding with steel moulds where the laminate thickness
was imposed, giving an accurate control of % V,. The pressure, temperature and time of curingi were used
according to the pre-preg manufacturer's instructions.

FLEXURAL TESTS SIMPLIFIED COMPOSITE BEAM THEORY

All 650 x 40 mm T-beams were instrumented with The classical beam theory is used in the desin of
five strain gauges. as schematically represented in structures built up of beams such as I, T, L, W or
Fig. 3. They were loaded in a mechanical testing other types of beams. although they arc actuall\
machine, in four point bending to achieve uniform made of thin panels. In the case of the T-heams,
bending moment in the middle section, where the thev are made of two panels, as Fig. 4 showNs. Each
strain gauges \%ere placed. All the specimens had panel has a *panel coordinate s\stenm 1. 2_. other
a test span of 300 mm. At least three T-beams of than the 'global coordinate system x. v. Z- of the
each type were tested to final fracture. beam. For a general panel. therc is a constitutive

relation' in the form of eqn I

I -- Vi. I';,,

-7., Li, Li,,

ihe stresses 7,, o0, and (Y, are average stresses
across the panel thickness, and ,=2, ',. The
mechanical constants are average mechanical
constants across the thickness.' The Youtn's
modulus t-, is the in-plane longitudinal modulus.

60 I tobtained from the laminate in-plane stiffness co-
____efficicnts (the A" matrix) which is obtained from

the laver stiffness coefficients, (the *'Q matrix%1 depending on the mechanical constants of each
layer.: The mechanical constants I. and EI,, areobtained in the same manner, as well as p1 , and

Fig. 2. '1ypical heam section and cxperimcntal setup. obthe in-plamen mal in ects and
v:,, the in-phane normal Coupling effects and ,

and v,.. the in-plane shear coupling effects.
Since the section of interest in the btam is the

middle one and that section is under pure bending
only, the expressions presented will serve for this

oý1 62mm particular case.
Cb 15mm In the case of pure bending, an assumption is
d,30mm made in which the deformations due to the shear
P_12mm strains do not affect the linear axial normal stress

•- distribution. If a couple is applied to the beam
Fill. 3, 1 ocafion of, train gauges on the (if x 40 mm beams, along the z-axis. then the classical form for the
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2

2, 
2

Fig. 4. Coordinate ''srrnis on T-hcamN.

stress distribution is' For beams with different mechanical constants
.x; ~in the web and flange. the section is transformed

o., 2) as indicated by Bank.''
The average stress across the panel or, is thus

where AL is the bendint, moment and Fand v are, given by
respectively. the second moment of area about the
neutral axis and the distance from the neutral axis. J/ 1-V v
Since in pure bending- the only existing stress is
the stress (,7 then. a, aT, and use of eqn ( I )yields

I - 1.v The stresses in the individual lavers inside the
F, 3 paniel wvill be given by'

One has to notice that, in a composite beam. F
there is only one component of stress. but there is E'-, i
a shear strain along~ with the axial strain. althou1eh
this shear strain is not used in this work. where the subscript i denotes the ith laver,

FAILU RE CRITERION

There are a considerable number of' failure criteria throug~hout the literature.'' Somec involve stress
failure criteria, others involve strain failure criteria. andl others vet use enerev failure criteria. In the first
stageo of this work, the Tsai-Wu criterion wats precferred.

The Tsai-Wu energy criterion states that failure will occur if the following conditions are satisfied

F, , ±Ii, a a = I i./ 1. 2....6

F0F, -1ŽF 1.1 ....2.

wkhere for the special case of bi-dimensional anisotropic materials such as composite material layers. eqn
.6 1and its quantities F, and F,, are given by`

+ t (± I +F, o" + F o(Jj + f b,,, of' + 2 Fa 7"

I P

/11 L( TI T( ( 2..1,-,*, 1,

and the quantities 1, 1/. T, 'I(' are the tensile and compressive maximum stresses in the respective
directions in the J.,TI coordinate system, while S is the maximum shear stress in the layer.

in the present case, there is only one component of stress (y, in the (xr, Y. z) global coordinate system.
Noting that, for the web of the beam, a o, each layer has a unique stress component in the x direction
givecn by eqn (5). D~epending on the fibre orientation in the ith laver. the Young's modulus in the x
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direction in the same layer will be given by'

CE, = , si I i
-- E + -F 2 cos n, su 6 2(, L-

where Oi is the angle between the (x. -v) and (L. T) coordinate systems.
The stress a, must then be transformed to the (L, T ) coordinate system.2 yielding-:

al 0s cos' 2 cos 0sin 1 [or,

, - os6 0sn cos0si 0 -cos0 -smn- I , 101
Itoucing e-cos 85. () and (9) into 7T one obtains the maximum load in the laver, according to

Ts,,ai-Wu.

FINITE ELEMENT MODEL Similar results were obtained for the other
T-beams mentioned previously.

A finite element model of the T-beam (Fig,. 5) was These tensile and compressive strains wvere
built up using, the cornmercial program COS- calculated using the simplified beam theory and
N,10S'ý for personal computer use. The beam was the finite element model. Figures 7 a-7e and Table

constructed of quadrilateral and triangular 3 show the comparison between the strains
generic plate-shell elements so called SHEIA,4 obtained for a load of" 10 kN. experiment flix and
and SHFLUL with laye red input and six degrees calculated ?analitically and numerlcall1h for ill
of freedom per node. The elements are based on
Mindlin theory with linear C" fields and using the
concept of decomposing the deformation into
well-defined bending and shear modes."' 41

-The loads were distributed across the flange of t-4+ 4 -- ~
the beam. and the mesh was refined around the t '- -f4tt- -
location of the loads using a total of 3293 degrees At
of freedom. 550 nodes and 504 elements. 4- _'-NVEý

Particular attention was given to the application4
of boundary conditions to simulate the experi- - tt I, . .

mental test. Ihbemwslftreto displace
axially at one end and the flange was constrained Fig. 5. Finite clement tnceýh us.ed for numerical calculation".

in the transverse direction in the nodes where
loads are applied. The web was left completely
free to deform and bend in all directions. 20

RESULTS AND DISCULSSION
0

Figure 6 shows an axial strain profile obtained .10
from the five strain gauges attached to the surface
at the centre position of the T-beam S4.3, a beam 2
(A)mposed of' hybrid layers. tested in four point 3
b,-nding. No significant deviation of the linearity .6 *4 20 2 4 6 8

of the experimental data obtained is observed for micro strain (x 1000)

the two loads presented with no modifications F'ig. 6. Experimental data from S4,3 beam ý%ith 1i) and 20t
with respect to the location of the neutral axis. kN applied loads,.
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Fig. 7. a S4.1I beam strain verstis distaince fromn hottont of web, v. for 10U kN load: b h S4.2 beamn strain wersto. dilstance front
bottomn of web. i. for 101 kN load: fc} S4.3 beam strain verstis distance from botom of web. (. for !() kN load: I' S4.4 beamn
,,Irkon xctsus distance trom hottom of web, Y. for 10f kN load. e0 S4.1 40f x 40 mim beamn strain versus distance f~rom bottom of

web,.%' for 10 kN load.

types of beams tested. No significant scatter is obtained for the hybrid composite T-beam and
observed between the results for each T-beam, smaller values are obtained for the other type of
-showing that, despite the existence of a non-sym- beams. The finite element model always calculates
metrical lay-up in the flange of the beam and the the lowest value location of the neutral axis below
different theories used for the beam calculation, the flange of the beam.
the analytical, numerical and experimental results As expected, all the T-beams presented failure
are in good agreement. Concerning the position of in tension on the web, with loads presented in
the neutral axis, a maximum difference of 40% is Table 4 (average values of three beams tested).
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Table 3. Comparison of anahytical, numerical and experi- kN

mental results for a 10 kN applied load

Beam Method Neutral X 1 r X I Ok. 3:
axis

location
Mlll

S4.1 T'hcory 29"83 11.94 - 4.07
FEM 28,64 111- -4.38
Fxperimental 30-51 13.08 - 4-06 0.

S4.2 Theory 29.59 12'01 - 423
FEM 28-64 1I ) -4'38
IExperimental 29,78 12-83 -4-4

S43 Theory 27.47 3-38 - 154
F M 2534 3-62 -- 029 0
Fxperimental 26-77 4-3 -2 13

S4.4 1 hcorN 29"42 12'66 -4'56
FFM_ 28. I 1.78 - 4-93
Experimental 28,91 1 1'26 -4-32

S4.1- I 1hor. -27-86 12-60 - .r,49
40x40 F-M 27"53 11-41 -517

I-xperimental 28-31 12-79 - 5.28 0 10'5

Fig. 8. Typical load-diifsplaccment diagerami,, ( I .3
beams and • 2 S4.1 bcams, until iailurL.

-rable 4. Experimental maximum carrying loads

Maximum experilcnjal bload Ni table 5. Theoretical and experimental failure loads for
-......-... . ... ...-- S4.1 and S4.4 heams

S4.2 22 073 Beam Maximum load \
S4.3 31 981.
84.4 23 '54 [hcorN c-\ flniLcnlal
S4.1.5 22955
S-4 1.7 21 870 tnidircc. I-abric
S 1.I-40 X 4 ) 21 lot ) . .. . . .. ... .

... . ..... . .. . - 14 I 26 173-7 24 20 .- 1 221 )22
S4-3 31 479-2 s5, .1-A 31 'j ,1
S4.4 24 587-0 22 12 237 5-_

Figure 8 shows two load-displacement curves
Obtained onf the lailure tests of the T-beams S4.1
and S4.3. manufactured respectively with glass No significant influence on the maximum load
only and hybrid composite materials. A different obtained at failure was observed for the beams
failure behaviour is observed. For the S4.1 beam tested with different curvature radius betx•ecn the
and all the T-beams made of glass composite web and the flange. as shown in Table 4. Neither
materials, the failure is characterized by a certain the simplified beam theory nor the finite element
amount of plastic behaviour before failure. For the calculations can simulate this behaviour since it is
hybrid T-beam a sudden failure occurs during the not possible for the modelling of the curvature
elastic loading. This behaviour can be explained, radius on the beams. Nevertheless. it mo',t be
calculating the stresses in each layer by the simpli- remarked that a different failure behaviour can be
ficd beam theory and applying the Tsai-Wu cri- expected for out of plane bending.
lerion of failure. Table 5 shows the maximum load
predicted for each layer of the web of the I-beams
S4.1, S4.3 and S4.4, together with experimental CONCLUSIONS
results. It can be seen that for the hybrid T-beam,
the unidirectional carbon layers present the low- The study of the mechanical behaviour in four
est value of the load, while for the other two point bending, of co-cured T-bcams made of corn-
beams all the layers present similar values of fail- posite materials allowed the following conclu-
ure loads. sions:
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ment) and experimental results. Material ('onf.. AIAA paper 87-0772, Monterey. CA.

-The beam theory is applicable to this type of ,-8 April. 1987.

beam and loading where non-symmetrical lay- 6. Chandra, R.. Stemple. A. 1). & Chopra. I.. 1hin-Aalled
composite beams under bending. torsional, and exten-

up exists. sional loads. J. Aircraft. 27 i 1990( 619-26.

-The Tsai-Wu failure criterion, with stresses cal- 7. Chandra. R. & Chopra. L.. Experimental and theoretical

culated analytically. can predict with accuracy analysis of composite I-beams with elastic couplings. In

fProc. AIAA 32nd Structures. Structural )vDnmiaics and
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Torsional response of inhomogeneous and
multilayered composite beams

Marco Savoia & Nerio Tullini
I nit e trsjtrv 4ologna. lsIituto di fern ica delh' (ostruzioni. ['iahc Risorgimenio 2. 40130. Bolog'na, lIty

The elastic response of inhomogeneous trthotropic beams with general cross-
section and subject to uniform torsion is investigated. The problem is formu-
lated both in terms of the wkarping and of the Prandtl stress function. Morcover.
the exact solution for rectangular orthotrripic beams constituted by any number
of avers is derived. making use of a series form which is unaffected by unstal~e
behaviours. Seceral examples are presented, showing that approximate
solutions based on simplified kinematical models can yield very poor estimate.
of the torsional rigidity. Finally, it is shown that the plating of homogeneous
beams o\ means of thin carbon or glass, fibre-reinforced laminae can be used to
make the torsional , idity 8- 10 times as much.

1 INTRODUCTION rigidity especially for thick laminates constituted
by a low number of plies with vere dissimilar

Problems concerning the elastic response of elastic properties (as is the case of plated wood or
inhomogencous anisotropic beams often arise in cross-ply fibre-reinforced cross-sections . Finally.
many engineering fields, for instant- in the analv- a design formula for the evaluation of the
sis of plated wood beams' and composite rotor torsional rigidity of sandwich beams is presented.
blades.' In this paper, the torsional response of which is accurate over the whole range of thick-
composite beams of arbitrary cross-section is ness-to-width ratios.
analysed. The beam considered consists of pris-
matic components joined along their side sur-
faces. Making use of the Prandtl stress function. 2 BASIC STATEMENTS
expressions are derived for calculating the shear
stress distributions. the cross-sectional warping Consider a prismatic beam of general cross-
and the torsional rigidity. It should be remem- section and comrosed of orthotropic media. The
bered that cross-sectional warping can be the beam is referred to a right-handed orthogonal co-
starting point for deriving one-dimensional theo- ordinate system ýO v*. x.. X;i. where the _x, and x.
ries for composite beams under more complex axes lie in the root cross-section N x; = 0) and x., is
hb undarv and loading conditions,' . the centroidal axis. The cross-scction of the beam

lhe exact solution for the uniform torsion of consists of S regions of area A,, cv;rcspondini to
rectangular multilayered orthotropic beams is different materials, with external boundary F'

prc,cntcd. making use of' a series form which is and interfaces FY' (see Fig. I . For each laver the
unalfected by unstable bchaviours even for low orthotropy axes are assumed to coit,cide with the
ratios of thickness to width. At present. exact reference axes. Moreover. K holes are present in
solutions are available only for two-lavercd iso- the cross-section. having areas A '• and bounda-
tropic." symmetric sandwich isotropic' and ries F,, Finally, we assume that the bKindarv 1'
homogeneous anisotropic' cross-sections. For of the sth laver is a piecewise (C curve, and that
ortholropic laminates, to the authors' knowledge. no points of the interfaces are shared by more
only approximate solutions based on the than two layers.
Rcissner-Mindlin theory (FSI)T) have been Within the framework of the St Venant prob-
proposed." It is shown that FSL)T results are very Icm, tangential force distributions at the two ends
poor when compared with the exact solution; in arc considered, whose resultants reduce to two
particular FSI)T underestimates the torsional twisting moments M,. so that the beam is subject
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r k) (5) 3 GENERAL. SOLUTION OF TORSION'
rC PROBLEM FOR COMPOSITE

ORTHOTROPIC BEAMS
(C A

The solution to differential problems, I -7 .can
be obtained either in terms of the torsion warping

1 (S) function or making use of the Prandtl strLSS func-

tion. As usual in the analysis of uniform torsion

Fk problems. the assumption is made that all trans-
verse sections remain undeformed inl their planes

X 2 and that an axial warping takes place, constant

Fig 1,Agclcrl iholIOICO', ros-sctlin. along the beam. Hence. the displacement field is
Fig.I .- \rc nralinhmorc~rouscr~-.sctrn.case in the form:

it, = -E0x x. it, =0v-xjx: it i 20- -v,. v_,

8
to uniform torsion. ', he problem of' thle elastic where E) is the angle ol relative twi1st and w, is thle
equilibrium of such a beam leads to the following osoa apn f h t ae.ueo
differential probler;tecntttieeutos5an:fen h

A L quilibrium equation. traction-free nh on-eostrtussv comptonens t -akeo qn thefom

equations for the lateral and the hole boundaries. no-eosrscmpetsakthfr:

stress continul*:v condition at the laver interfaces. T G' ,i0- w1 (1" X,! T (;0- , (1

strcss halance at the ends of the beam:

r ~in I Hence, substituting_ eqn 9ý in the g~overning

U ~ t= n 'an ~ , equations 1 . the following gyeneral ised Laplac-e

equation for the ýth region is obtajned:

T . dl : 1 (1,1-1: F-lqU~iton I 10) shows that the warping function

T T-1 -d 1 1 (1), reduces to a harmonic function for tranis-
Nxerselv isotropic materials. where (;, =6,!

13 Strain- displacement relations and consti- A-nalogYously. suIbstitulting, cqns, 8! andti in thle
tnt iVC la%% displacemeint ct mpatihi litx at thle intecr- bou1ndarv. interface and miornodronw conditions

in 1, onl 1',, and VF

\0here the symbhol -stands [or jumip oftilte 5 c;,, G x;n, N: oilU

arg~umncrt repottred inside. I-or mu ilriply-ct mnectcod
reeTions vqns I -6,f have to be suppletnented b,. (if 0 onl 1",

Tlie conditiot n t ,i n,,l,-v,,ltiedncss of (I* nlacc-
mniii OI e tporier s. 'i his cotndition can h, Jed dw ' f dA, + W, d I)
hN in 1 tsýirg tile vanishins- of the following line. 1, - -

inlteg,_ral taken along~ any close(] circuit F,
sUrroundingL a note1 h cross-section" see for A'1. I I
Il.iv. I wh r ,= ' -

ofu It! du it du, ( for k= I- K [11 he torsion probleni canl he stated in an alter-
Jr .native waV by defining apotential function 11ll

7 I'randtl stress function so as to sattisfy identically
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B The unknown coetficients a_, and b_, are deter-
1 ~mined by makingz use of' the boundary condiitions

in eqns 1 5 ý.Due to the linear independence of'
h ~the trigonometric f'unctions appearing in eqn 1 IS

CH eqns 15 giv re. for each n:

If h 1, G: w"', /,j Ii,'
h ,.E

F-ina~lly the torsional rigidity for a multila\ ered
b bI rectangular cross-section can he obtained 1y sub-

X, ~ stituting eqns. 1S and I4 into; 17 :. so obtaining:

Fig. 2. The rectangular Mul~tIta`verei CrO',-setion.1

ei cen fun ct ioni expansion of' the corresponding where the f'ollowkIng, positions have been made:
elliptic boundary Value problem. For a rectangular
l aver this expansion is given by a linear combina- h'
nion of tric-ononietric f'unctions of x, and unknown(, .

functionsý of xv..Then. taking into account eqn, 1 5.
top at the lateral faces,, the Prandtl [unction for 19
the xth layer can be cast in the form: S( cos /i_, H h2,

x ,:N cos (t, ~.I 
ihL

lie ere ~I .- I 'and (z, 2 n -t1 ;.7. 13v substi-
ltotingcoiqn IS into the field equationm 14, t F~or aspect ratios qj \ < I it is convenientl to wkrite
"\CCond 4)rder total differential equation f'or zhe eqin 24ý In at different form. %,.here the minor)I
unknow,%n f*unctioni Wi) v, x is obtained, MiIw. dimension oft the cross-section IS LIP ito three:
soIlut(II iti hnca e Cast inthe OhCrm011-

A t? - cosh 13.1 b-sinh j3_, 1 3

1for 1. I...oand n~ 1...I c 19: (

l here tile ft llo\k In,- po~iliotis havec beenl miade: It is \%cll kni%%n that the 61Calculato of- theC series

U ( G reported inl Cqn 5 ttoiad.cneunl
p ,,o, ~ a : '(V thle layer cc efflicintsý .k in eqi "I

B IN unstablei ftt I()\ 1cn aPect raic lw I/ B. so that

B\tecM-rat ili.- equls 13 and mak inc use 0' the appr( )\ill l Iclilo dcls have beenl lpro~pc lc"C henCf
thle numbervi of, layers increase,,. I-t r instance, tor1

ettdiitn A......- a - N . the axi1l at homtogencous 'cross-section x\ ith q - (H)I the
X a rpitwf 1(r the th lav er can he ýk it ten as: sunimat it in eqin 20, takes thfe ft rm

B 1-- 9)999 0- 1IK '. to ev aluate cqn 26 . up to ni
(1 ki- ,AV ',N sun (1 significant figures. the summation 25must he

U U omptedup o Ut 4sicifiCant ficure-s. B~ut the
'Iacen racy of hie series in ceqn -'(I can be dclfinitel\

- impro~ cc by scttIllj:

\A here

It 0 111 /- s i"II K, + S
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In this way the non-dimensional thickness o, of has a torsional rigidity 62";o higher than that ot

the sth layer is up to three. Finally, making use of Fig. 4. whereas for R(, = 100 it has a rigidity 2-4

the following hyperbolic series: times lower. Figure 51b+ distinctly shows that, for
two special values of the aspect ratio, the torsional

1-q= 192 -= tana, rigidity presents two relative maximum values.

a, [ ah2 corresponding to two completely different beha\-
iours. In fact. for 11/B > I Fig. 4 a: some of the

- q` tanlha| (28• j lines of shearing stress close up in the two stiffer
2 q8 external layers. whereas for smaller valucs Fig.

3(a)) the lines of shearing stress close over the
which can be obtained in the homogeneous case t)thlieofsarnsrsscsevrth
wc cwhole section. This circumstance suggested us to

1S = 1. 61 = 1 by expressing the indifference con- develop a simple approximate formula for the
dition of the stress function with respect to a rota- torsional rigidity of sandwich beams as the sum of
fion oif ~.2about the x., axis. Then. K, cari be t oitten f 2as. two simplified scheme. In scheme I only the tx'o
written as: stiff external layers are considered. adopting for

"1 ,them the formulas giving the torsional rig,,idity of

K = 61- 1 92~ \z. -- I ' tanhT,~ rectangular homogeneous layers.' In scheme II
.a,, \r/,6, the laminate section is idealised as a hollosk

rectangular section. constituted by the twvo exter-
ta1 h • 29 nal la\ers and two ideal laver,, in the correspond-
tanh 13- S, ence of the soft lawer. As'.uming for the soft laver a

linear variation of the shear stresses and making

which is unaffected by unstable behaviours, use of equivalence considerations, the thickness of
these ideal layers has been estimated as equal to
02 11 B. A simple evaluation of the correspond-

5 EXAMPLES ing torsional rigidity can be performed by consid-
ering it as a thin tubular cross-section. Assuming a

In this section some examples are presented, con- linear variation of the stress function over the
cerning the torsional response of sandwich iso- thickness"' and making use of cqns ,16 and 17

tropic and orthotropic cross-sections. The ratios the follo\wing expressions for the torsional rigidity
betwteen the shear moduli of external I , and of a closed thin-walled section. of variable thick-
internal i2, lavers are denoted by: ness h. constituted of 8 layers made of trans-

versely isotropic material connected in scries, is
u = /- 30' derived:

R,. (30. t,

The first examples refer to two isotropic sand- J o

x\ich cross-sections with a non-dimensional exter-
nal thickness 6, = h /11 1 /4. aspect ratios where
I/143 = l/2 and 2. and ratio between the shear
moduli of the lavers equal to R,= 1W. Figures j 31"3; w . 4i a and 'fable I sho\\ the lines of' shearini! G =f; " 31

stress and some distributions of shear stress com-
ponents. Moreover. the corresponding warping where A ,. is the area surrounded by the middle-
functions i.x, x are reported in 1-igs 3tbh and line r, = U [,,,
-4 b1. The torsional rigidities for sections having '[he dashed lines in Figs 51a and 54b) repre-
the same cross-sectional area and 11/1B = 0-00(1 sent the torsional rigidities corresponding to the
100 have been reported mi Figs 5,aw and 5fb, for two simplified schemes as well as to the sum of
A'•, It and 100. It is worth noting that. even them. Note that the error with respect to the exact
though the two section, have the same amount of solutions 124, and 260 is less than 20"0 over the

the two different materials, the stress distribu- %vholc range of 1I1.4 aspect ratios, this error is
tiors, the axial warping and. consequently, the essentially due to the simple scheme adopted for
torsimnal rigildities, arc completely different. For the hollow\ section. in the same figure,, the solu-
instance, for ',- If) the cross-section of Fig. 3 tion proposed in Rcf. ) is reported. lhis solution is



Fig. 3. a Iinc's (i shearing~ ;rc. and di~t ribi it ion-, (1 'hcar '.1rcý, c oil i )felc ý 1t C h o - c liii ii a 1 for allI isoln
sand ~ich c roN-scctii in w tfi a ii; n-dini cn; i mat L\ Icnaý thick ness 6, =I 11= 1 4, ;spc ratio 1 2. miad raxt bvmk \kxc

heC shea r ITnIdUii Of the hla 17 /?,. R, ).

Ulig. -4. uan o! fi-lcarmu2 strcs,~ and dis:rihutionx oiI Nhcai sic,', c))rtpuocrti'; 1) cio,-ýscctionaI fort UC hm i it)j

',If\ctCr))"\-scuojnt ss ith anit ?dtll~~?a ~e~a dufiieke A, I? (I ' 41- a1 ec ialto 11 BU 2.and raio I1c~kct? The
shcar m;;;iitol ) thek~i /?,er= W.

1a~h~v 1. Some cha~raIcteristic '.JIues of the %beatr %Ire%% con; pollefl%

2;) In I

I I

hasecd oni the Rei ,ner--.vMindhin theorvr. and the ý1iso Used to increase the Iorstional rigidit% inI order
aa I xkarpingt is assumed to he proportin al to to prevent the lateral instahi lit\ pheniomnita of
k f , t is, eidenit that these resuilts are c nnpletelk slender wood heamls. especially dui-ng the Instal-

un reliable evenl for sul1ficicult v thin larin ates lation prcsss Lamnhrae rein forced. by mteans (f
//'/? = I/ Hr . due to thle too 10imple displacement vwo families of carboin fibres ait ±45;ý with respect

rclresrntatuion ado pted. Firiall%. the plating o f' to the hc;ni axis are considtircd. ']'he shear rn duhI
hi mit,01 I I)ene1 hV bem lv Means oll thin fibre- adopted for -wood 12) and fibre-reinforced
tel inh; o r l- arminae is an-,"d 'I s tech nique is 1Utnintie, I -are the fo)lio"N\i
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Fig 6.j 14 Nl4rc'' itnp 4 n1 ' 44 ~ '1-tc" uldC 2 d II'I!O1

A I (~.1kll -I44'VL4lt4II \\ It11 1 ) 4 11 11 4 .111,1

A~~ tiI 2 crocmnn .41 lltot nii mal p t t' I,,,,'

2 f, F 4 6 P 2 8 8

and the inacricrlcit of tor,,ional rii-ziditx- dILIC 10 tile

platingi are re..ported If-. Fig'N () a antd 0 1) . [i:cnrcI
I 1 6ibl rct'cr', to section,, vtith tl sanic ;im.nunt f'd

I'~ .144 14414,41O sIihI(Iala 111 1/ 1~.r~t 1~~tVl and\ Ihbre-rcinfhorccd material used for the plating, It J,

III 1. ;11( U. 1011 worth ni tiljtat pOamNW in he p rr-c'pmukrcnc ()I

the longer faces of the beam I,, more clI'ctIi t> It 41

instance. l'or a secction a\ ithl ratio equal to II0

(i, (; ( )(i( ( ill: QtV -' 6b ( ill. beCt\k cul heighzlt and waitith and adopting (i I St 1,

the torsionial rigidits is inre rased up to 10 t inic,
-66 (ill 3 2 k p latIingt tile It Ig laces of1 the w.Ctitul

"o4 t hat11 11 It.u I and p - 101. 1? IT Ihe Mt1h 0-M1. "bhcras it is increaed IU W My hý

lines (1) shear wm r Ai r 11,41 1 QI 6, -. I~ 1 I) HL platig the 1" 1 short lace It B- 11
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Clamped spherical cap under external pressure. 547-55 iquations of motion

463 Damage state, representation of, 420 cantilever beams, 373-6

Classical beam theory, 581 Damage-tolerant bonded joints, designing for, high-order laminate theory, 442-4
Classical lamination theory (CI.T), 29, 61, 289, 201-7 in terms of displacements, 471-P)

420, 451,454-6 l)CB test, 552 reduced, 71-2

Classical plate theory (CPT), 77 Deformation solution of, 479-810

Classical sandwich theory (CSI), 519 analysis of laminated spherical shells, 297-9 unreduced, 70

Complementary energy in laminated composites, in integrally stiffened layered composite Equilibrium equations, in-plane and out-of plane,

330--1 panels, 131 531

Composite crush cylinders, failure mode of, in laminated composite plates and shells, Equivalen-single-layer (ESL) laminate theories,

37-43 173-85 23-4

Composite laminates. See Laminated composites Delamination Euleci-Bemoulli beam model, 381

Compression after impact (CAI) behaviours of in composite laminates. 407

large structures, 268 in cross-ply laminates due to spherical

Compression test monitoring by acoustic indenter, 257-65 Failure analysis

emission, 123-8 in integrally stiffened layered composite angle-ply laminated plates, 529-39

Compressional behaviour of composite lamin- panels, 133 first-ply. See First-ply failure analysis

ates, 427-38 initiated by free edge stresses. 287 in integrally stiffened layered composite

Compressive buckling analysis. See Buckling predicted growth sequence panels, 135-6

analysis with surface matrix crack, 263 large deflection initial, 529-39

Compressive buckling strengths of ,MC without surface matrix crack, 262 Tsai's first-and last-ply, 14, 15

sandwich panels, 234, 235, 236, 239 size as function of impact velocity, 251 Failure characteristics for fibres and matrix, 5

Concrete beams size predicted and measured with respect to Failure criteria

comparison between short and long term quasi-impact energy, 263 and Hlill's work ois plasticity. 5-7

behaviour of fibre reinforced and strain energy release rates of Modes 1, II. and Black's, 9

unreinforced, 45-9 i11, 264 bolted joints, 571-2, 573

control test data, 45-6 strain energy release with or without surface generalized maximum -shear stress, 7

crack width development, 48 matrix crack. 262 integrally stiffened layered composite panels,

deflection rates, 49 typical contact zone with internal crack and/or 132

long term static loading. 47-9 surface matrix crack, 263 T-beams, 5S2-3
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buckling, 462 196 in sandwich plates, 501
buckling of stiffened panels, 470-I see also Stress field around holes in
CFRP laminates with transverse crack, Gaussian quadrature, 279 orthotropic comtiposite plates under in-

407-17 GFRP plane conditions
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general application, 354 transverse Poisson's ratio, 190 rectangular multi-layered cross-section.shell equations. 354-5 transverse shear modulus, 190 589-91
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pressures, 300 lHoles stiffness loss in, 419-25
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resin layers, 412 Impact damage shells, 173-85

Fracture mechanics, in delamination analysis, creation of, 116 prismatic shell structures. 353-62
549-50 evaluation on advanced stitched composites, shearing stress distribution in, 326-8

Fracture toughness, free edge, 287 121-8 simply supported. 365
Fragmentation failure mode, 40 examination of, 116-17 stacking sequence effect on tensile fracture
Free edge in fibre composites, scaling from laboratory stress of, 290
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carbon/epoxy laminates, 287-303 X-ray results, 117-19 tensile damage analysis method for, 61-7
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Free edge stresses, 30-1 Impact tests Laminated cylindrical panels. See Metal matrix
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temperature of, 198 graphite/epoty, 190 angle-ply. 529-39
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376 clamped at both ends, 350-1
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identification examples, 282-4 electro-mechanical property of, 383 thermal buckling of bimodular three-layer.

plate specimens, 277-85 tip response excited by, 386 345-52
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in cross-ply laminates, 446 panels, 134-5 finite o ement methods, 39p-405
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448 Poisson's ratio, 70. 190, 508 hg-re eombeter,494

Mechanical properties Polytetrfluoroethylene. See PTFE i-plane stresses in, 501
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